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.Bbi`B#mi2/ 1p2Mi@h`B;;2`2/
*QMi`QH 7Q` JmHiB@�;2Mi avbi2Kb

rBi? a2+QM/@P`/2` .vM�KB+b

J�v�MF a2rHB�
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.Bbi`B#mi2/ 1p2Mi@h`B;;2`2/
*QMi`QH 7Q` JmHiB@�;2Mi avbi2Kb

rBi? a2+QM/@P`/2` .vM�KB+b

_2b2�`+? h?2bBb

am#KBii2/ BM T�`iB�H 7mH}HHK2Mi Q7 i?2 `2[mB`2K2Mib
7Q` i?2 /2;`22 Q7 J�bi2` Q7 a+B2M+2 BM �2`QbT�+2 1M;BM22`BM;

J�v�MF a2rHB�

am#KBii2/ iQ i?2 a2M�i2
Q7 i?2 h2+?MBQM ě Ab`�2H AMbiBimi2 Q7 h2+?MQHQ;v

aAo�L 8d3y >�B7� CmM2 kyky
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h?Bb `2b2�`+? r�b +�``B2/ Qmi mM/2` i?2 bmT2`pBbBQM Q7 S`Q7X .�MB2H w2H�xQ- BM i?2
6�+mHiv Q7 �2`QbT�+2 1M;BM22`BM;X

aQK2 `2bmHib BM i?Bb i?2bBb ?�p2 #22M Tm#HBb?2/ �b �M �`iB+H2 #v i?2 �mi?Q` �M/
`2b2�`+? +QHH�#Q`�iQ`b BM � +QM72`2M+2 /m`BM; i?2 +Qm`b2 Q7 i?2 �mi?Q`Ƕb K�bi2`b `2b2�`+?
T2`BQ/- i?2 KQbi mT@iQ@/�i2 p2`bBQMb Q7 r?B+? #2BM;,

( R ) JX a2rHB� �M/ .X w2H�xQ- Ǵ.Bbi`B#mi2/ 2p2Mi@#�b2/ +QMi`QH 7Q` b2+QM/@Q`/2`
KmHiB@�;2Mi bvbi2Kb-Ǵ BM kyRN kdi? J2/Bi2``�M2�M *QM72`2M+2 QM *QMi`QH �M/
�miQK�iBQM UJ1.V- TTX jRy@jR8- A111- kyRNX

�+FMQrH2/;2K2Mib

6Q`2KQbi- A rQmH/ HBF2 iQ 2tT`2bb Kv bBM+2`2 ;`�iBim/2 iQ Kv �/pBbQ` S`Q7X .�MB2H
w2H�xQ 7Q` ?Bb +QMiBMmQmb bmTTQ`i iQr�`/b Kv JXa+ bim/B2b �M/ `2b2�`+?X >Bb ;mB/�M+2
?2HT2/ K2 BM �HH i?2 iBK2 Q7 `2b2�`+?- �/KBMBbi`�iBp2 i�bFb �M/ r`BiBM; Q7 i?Bb i?2bBbX

"2bB/2b Kv �/pBbQ`- A rQmH/ HBF2 iQ i?�MF i?2 `2bi Q7 Kv 2t�K +QKKBii22, S`Q7X
G2QMB/ JB`FBM �M/ S`Q7X u��FQp Pb?K�M- 7Q` i?2B` iBK2- BMbB;?i7mH +QKK2Mib �M/ ?�`/
[m2biBQMbX

A �HbQ �+FMQrH2/;2 i?2 ;2M2`Qmb }M�M+B�H ?2HT Q7 i?2 h2+?MBQM @ Ab`�2H AMbiBimi2 Q7
h2+?MQHQ;vX
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*QMi2Mib

GBbi Q7 6B;m`2b

�#bi`�+i R

�##`2pB�iBQMb �M/ LQi�iBQMb j

R AMi`Q/m+iBQM 8
RXR GBi2`�im`2 _2pB2r X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X d

RXRXR 1p2Mi@i`B;;2`2/ *QMi`QH X X X X X X X X X X X X X X X X X X X X X X X d
RXRXk 1p2Mi@i`B;;2`2/ *QMb2Mbmb *QMi`QH X X X X X X X X X X X X X X X X X d
RXRXj 1p2Mi@i`B;;2`2/ 6Q`K�iBQM *QMi`QH X X X X X X X X X X X X X X X X X 3

RXk h?2bBb *QMi`B#miBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X N
RXj h?2bBb P`;�MBx�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ry

k 1p2Mi@h`B;;2`2/ *QMi`QH RR
kXR *H�bbB}+�iBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RR

kXRXR a�KTH2/@/�i� *QMi`QH X X X X X X X X X X X X X X X X X X X X X X X X Rk
kXRXk 1p2Mi@i`B;;2`2/ *QMi`QH X X X X X X X X X X X X X X X X X X X X X X X Rk
kXRXj a2H7@i`B;;2`2/ *QMi`QH X X X X X X X X X X X X X X X X X X X X X X X X R9

kXk �TT`Q�+?2b iQ 1p2Mi@i`B;;2`2/ *QMi`QH .2bB;M X X X X X X X X X X X X X X X Re
kXj w2MQ@#2?�pBQ` X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rd

j 1p2Mi@i`B;;2`2/ *QMb2Mbmb *QMi`QH kR
jXR S`Q#H2K ai�i2K2Mi X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kR
jXk 1p2Mi@i`B;;2`2/ .2bB;M X X X X X X X X X X X X X X X X X X X X X X X X X X X X kj

jXkXR 1p2Mi h`B;;2`2/ *QMi`QH 7Q` �p2`�;2 *QMb2Mbmb X X X X X X X X X X k9
jXkXk 1p2Mi h`B;;2`2/ *QMi`QH 7Q` w2`Q o2HQ+Biv *QMb2Mbmb X X X X X X X k3

jXj aBKmH�iBQM `2bmHib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jk
jXjXR �p2`�;2 +QMb2Mbmb X X X X X X X X X X X X X X X X X X X X X X X X X X jk
jXjXk w2`Q p2HQ+Biv +QMb2Mbmb X X X X X X X X X X X X X X X X X X X X X X X jj

9 1p2Mi@i`B;;2`2/ 6Q`K�iBQM *QMi`QH j8
9XR "2�`BM;@QMHv 6Q`K�iBQM *QMi`QH X X X X X X X X X X X X X X X X X X X X X X X j8
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9Xk S`Q#H2K ai�i2K2Mi X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jd
9Xj LQ/2 h`B;;2`BM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j3

9XjXR 1p2Mi@i`B;;2`2/ .2bB;M X X X X X X X X X X X X X X X X X X X X X X X X j3
9XjXk aBKmH�iBQM _2bmHib X X X X X X X X X X X X X X X X X X X X X X X X X X 9R

9X9 1/;2 h`B;;2`BM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9k
9X9XR 1p2Mi@i`B;;2`2/ .2bB;M X X X X X X X X X X X X X X X X X X X X X X X X 9j
9X9Xk aBKmH�iBQM _2bmHib X X X X X X X X X X X X X X X X X X X X X X X X X X 98

9X8 �Hi2`M�iBp2 1/;2 h`B;;2`BM; X X X X X X X X X X X X X X X X X X X X X X X X X 9e

8 *HQbBM; ai�i2K2Mi 8R
8XR *QM+HmbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8R
8Xk 6mim`2 qQ`F X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8k

�TT2M/Bt � "�bB+ �H;2#`�B+ LQiBQMb 8j

�TT2M/Bt " :`�T? h?2Q`v 88

�TT2M/Bt * ai�#BHBiv Q7 .vM�KB+�H avbi2Kb 8d

�TT2M/Bt . "2�`BM;@#�b2/ 6Q`K�iBQM *QMi`QH 8N
.XR "2�`BM; _B;B/Biv h?2Q`v X X X X X X X X X X X X X X X X X X X X X X X X X X X 8N
.Xk .Bbi`B#mi2/ "2�`BM;@QMHv 6Q`K�iBQM +QMi`QH X X X X X X X X X X X X X X X X ek
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GBbi Q7 6B;m`2b

kXR aB;M�H `2+QMbi`m+iBQM mbBM; wP>X X X X X X X X X X X X X X X X X X X X X X X Rk
kXk *QMb2Mbmb mM/2` i?2 1h* VkXdUX X X X X X X X X X X X X X X X X X X X X X X R8
kXj hvT2b Q7 b2[m2M+2b Q7 2p2Mi@iBK2b X X X X X X X X X X X X X X X X X X X X X X R3

jXR �;2Mi i rBi? +QMi`QHH2` VjXeU �M/ 2p2Mi i`B;;2`2/ +QM/BiBQM VjX8UX X X X X k8
jXk �;2Mi i rBi? +QMi`QHH2` VjXRkU �M/ 2p2Mi i`B;;2`2/ +QM/BiBQM VjX8UX X X X kN
jXj *QKKmMB+�iBQM ;`�T? G Q7 i?2 KmHiB@�;2Mi bvbi2KX X X X X X X X X X X X X jk
jX9 �p2`�;2 +QMb2Mbmb `2bmHib b?QrBM; TQbBiBQM �M/ p2HQ+Biv +QMp2`;2M+2

�HQM; rBi? BMbi�Mib r?2M �M 2p2Mi Bb i`B;;2`2/X X X X X X X X X X X X X X X jj
jX8 _2bmHib T2`i�BMBM; iQ i?2 �p2`�;2 +QMb2Mbmb T`Q#H2KX X X X X X X X X X X X j9
jXe _2bmHib T2`i�BMBM; iQ x2`Q@p2HQ+Biv +QMb2Mbmb T`Q#H2KX X X X X X X X X X X j9

9XR AHHmbi`�iBQM Q7 MQ/2 i`B;;2`BM; 1h* 7`QK i?2 T2`bT2+iBp2 Q7 �;2Mi iX X X X j3
9Xk *QKKmMB+�iBQM ;`�T? 7Q` i?2 2t�KTH2X X X X X X X X X X X X X X X X X X X X 9R
9Xj _2bmHib T2`i�BMBM; iQ i?2 MQ/2@i`B;;2`BM; +�b2 X X X X X X X X X X X X X X X 9k
9X9 AHHmbi`�iBQM Q7 2/;2 i`B;;2`BM; 1h* 7`QK i?2 T2`bT2+iBp2 Q7 �;2Mi iX X X X 9j
9X8 _2bmHib T2`i�BMBM; iQ i?2 2/;2@i`B;;2`BM; +�b2 X X X X X X X X X X X X X X X 98
9Xe .2T2M/2M+2 Q7 +QMp2`;2M+2 QM σX X X X X X X X X X X X X X X X X X X X X X X 9e
9Xd _2bmHib T2`i�BMBM; iQ i?2 �Hi2`M�iBp2 2/;2@i`B;;2`BM; +QM/BiBQM X X X X X X 9N

"XR � /B`2+i2/ ;`�T? G1 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8e

.XR hrQ 2[mBp�H2Mi #mi MQM@+QM;`m2Mi 7`�K2rQ`Fb G(p) �M/ G(p′) X X X X X X ey

.Xk hrQ +QM;`m2Mi 7`�K2rQ`Fb G(p) �M/ G(p′) X X X X X X X X X X X X X X X X X ey

.Xj �M BM}MBi2bBK�HHv #2�`BM; `B;B/ 7`�K2rQ`F X X X X X X X X X X X X X X X X X ek

.X9 aBKmH�iBQM Q7 i?2 bvbi2K BM V.XRUX X X X X X X X X X X X X X X X X X X X X X ej

.X8 �M mM/B`2+i2/ ;`�T? X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e9

.Xe aBKmH�iBQM Q7 i?2 bvbi2K BM V.XkUX X X X X X X X X X X X X X X X X X X X X X e9
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�#bi`�+i

h?2 7Q+mb Q7 i?Bb i?2bBb Bb iQ bim/v /Bbi`B#mi2/ 2p2Mi@i`B;;2`2/ +QMi`QH 7Q` KmHiB@�;2Mi
bvbi2Kb UJ�aVX AM 2p2Mi@i`B;;2`2/ +QMi`QH- T2`BQ/B+ i�bF 2t2+miBQM Bb `2TH�+2/ rBi?
/2HB#2`�i2- QTTQ`imMBbiB+- �M/ �T2`BQ/B+ i�bF 2t2+miBQM- i?2`2#v `2/m+BM; i?2 HQ�/ QM
+QKKmMB+�iBQM �M/ +QKTmi�iBQM `2bQm`+2bX q2 +QMbB/2` K�BMHv irQ T`Q#H2Kb BM i?Bb
}2H/- 2p2Mi@i`B;;2`2/ +QMb2Mbmb +QMi`QH �M/ 2p2Mi@i`B;;2`2/ 7Q`K�iBQM +QMi`QHX

AM 2p2Mi@i`B;;2`2/ +QMb2Mbmb +QMi`QH- r2 T`QTQb2 bi�i2@/2T2M/2Mi 2p2Mi i`B;;2`BM;
+QM/BiBQMb iQ �+?B2p2 +QMb2Mbmb 7Q` � i2�K Q7 �;2Mib KQ/2H2/ rBi? /Qm#H2@BMi2;`�iQ`
/vM�KB+bX q2 bim/v irQ 2p2Mi@#�b2/ +QMb2Mbmb �H;Q`Bi?KbX AM i?2 }`bi �H;Q`Bi?K r2
;m�`�Mi22 i?2 �;2Mib `2�+? TQbBiBQM +QMb2Mbmb rBi? � MQM@x2`Q +QMbi�Mi }M�H p2HQ+BivX
h?2 b2+QM/ �H;Q`Bi?K ;m�`�Mi22b i?�i i?2 �;2Mib `2�+? TQbBiBQM +QMb2Mbmb rBi? � x2`Q
}M�H p2HQ+BivX

AM 2p2Mi@i`B;;2`2/ 7Q`K�iBQM +QMi`QH- r2 bim/v #2�`BM;@#�b2/ 2p2Mi i`B;;2`BM; +QM@
/BiBQMb iQ �+?B2p2 7Q`K�iBQM bi�#BHBx�iBQM 7Q` bvbi2Kb rBi? /Qm#H2@BMi2;`�iQ` /vM�KB+bX
6B`bi- r2 /2bB;M � +QMi`QHH2` i?�i K�F2b mb2 Q7 HQ+�H �;2Mi bi�i2 K2�bm`2K2Mib �HQM;
rBi? i?2 K2�bm`2/ #2�`BM; bi�i2b iQ �+?B2p2 � bi�iBQM�`v }M�H 7Q`K�iBQMX PM i?Bb M2rHv
/2bB;M2/ +QMi`QHH2`- r2 T`QTQb2 �M 2p2Mi@i`B;;2`2/ +QM/BiBQM U1h*V r?B+? /`Bp2b i?2
b2MbBM; �M/ +QMi`QH mT/�i2b Q7 i?2 �;2Mib �HQM; rBi? � T`QQ7 i?�i i?2 BMi2`@2p2Mi iBK2
Bb bi`B+iHv TQbBiBp2X a2+QM/- r2 `2bi`B+i Qm`b2Hp2b iQ QMHv `2H�iBp2 bi�i2b �M/ /2bB;M �M
1h* i?�i Bb 2/;2 /2T2M/2Mi �M/ /`Bp2b i?2 +QMi`QH mT/�i2b Q7 i?2 �;2MibX

�HH i?2 T`QTQb2/ b+?2K2b �`2 /Bbi`B#mi2/ BM i?2 b2Mb2 i?�i MQ ;HQ#�H T�`�K2i2` Bb
`2[mB`2/ �M/ �;2Mib HQ+�HHv /2i2`KBM2 �M/ 2p�Hm�i2 i`B;;2` +QM/BiBQMbX q2 mb2 Gv�TmMQp
i?2Q`v iQ T`QpB/2 +QMp2`;2M+2 �M/ bi�#BHBiv T`QQ7b 7Q` i?2 �#Qp2 T`Q#H2Kb �M/ p2`B7v
i?2 `2bmHib mbBM; bBKmH�iBQM 2t�KTH2bX
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�##`2pB�iBQMb �M/ LQi�iBQMb

R , a2i Q7 `2�H MmK#2`b
R≥0 , a2i Q7 MQM@M2;�iBp2 `2�H MmK#2`b
N , a2i Q7 M�im`�H MmK#2`b
G , � ;`�T?
E , a2i Q7 ;`�T? 2/;2b
V , a2i Q7 ;`�T? MQ/2b Up2`iB+2bV
L , :`�T? G�TH�+B�M
H , AM+B/2M+2 K�i`Bt
〈·, ·〉 , _2�H /Qi T`Q/m+i
‖ · ‖ , 1m+HB/2�M MQ`KUk@MQ`KV

n , n@/BK2MbBQM�H p2+iQ` rBi? �HH 2Mi`B2b R
In , n@/BK2MbBQM�H B/2MiBiv K�i`Bt
⊗ , E`QM2+F2` T`Q/m+i
inf(·) , AM}KmK
min(·) , JBMBKmK
wP> , w2`Q P`/2` >QH/
1h* , 1p2Mi@h`B;;2`2/ *QMi`QH
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*?�Ti2` R

AMi`Q/m+iBQM

JmHiB@�;2Mi bvbi2Kb UJ�aV �`2 bvbi2Kb +QKTQb2/ Q7 KmHiBTH2 /vM�KB+ mMBib i?�i BM@
i2`�+i rBi? 2�+? Qi?2` �M/ �`2 +?�`�+i2`Bx2/ #v i?2B` �miQMQKv- HQ+�H T2`bT2+iBp2-
�/�Ti�#BHBiv �M/ /2+2Mi`�HBx�iBQMX �M �;2Mi Bb �M 2MiBiv i?�i i�F2b i?2 b?�T2 Q7 i?2
T`Q#H2K Bi Bb /2}M2/ BM- bm+? �b � ?mK�M BM � TQTmH�iBQM bim/v- �M �miQMQKQmb `Q#Qi
BM � KmHiB `Q#Qi bvbi2Kb- � +2HH BM �M Q`;�MBbK Q` �M BMi2`7�+2 �;2Mi BM � mb2`@+QKTmi2`
BMi2`�+iBQMX h?2 +QHH2+iBp2 #2?�pBQ` Q7 KmHiBTH2 BMi2`�+iBM; �;2Mib +QK2 rBi? �M �/p�M@
i�;2 Q7 H�`;2@b+�H2 bT�iB�H /Bbi`B#miBQM- 2�b2 Q7 /2THQvK2Mi- `Q#mbiM2bb- ?B;? b+�H�#BHBiv
�M/ HQr +QbiX h?2b2 bvbi2Kb �`2 `2+2MiHv ;�BMBM; i`�+iBQM /m2 iQ i?2B` #`Q�/ �TTHB+�iBQM
BM b2p2`�H }2H/b bm+? �b +QMi`QH i?2Q`v- /Bbi`B#mi2/ +QKTmi�iBQM- M�MQbvbi2Kb- bQ+B�H
M2irQ`Fb- TQr2` bvbi2Kb- KB+`Q2+QMQKB+b i?2Q`v- QT2`�iBQM�H `2b2�`+? �M/ 2K#2//2/
bvbi2KbX aT2+B}+�HHv BM +QMi`QH i?2Q`v- i?2 �TTHB+�iBQMb �`2 BM 7Q`K�iBQM ~vBM;- i�bF
�HHQ+�iBQM T`Q#H2K- QTiBKBx�iBQM �M/ 2biBK�iBQM- +Qp2`�;2 +QMi`QH- �iiBim/2 �HB;MK2Mi
�KQM; KmHiBTH2 bT�+2+`�7ib �M/ b2MbQ` K�M�;2K2Mi T`Q#H2Kb (RĜ8)X

AM +2Mi`�HBx2/ bvbi2Kb- � bBM;H2 2MiBiv 2t2+mi2b � b2`B2b Q7 i�bFb iQ Q#i�BM � /2bB`2/
`2bmHi- r?2`2�b BM /Bbi`B#mi2/ bvbi2Kb i?2 b�K2 ;Q�H Bb �++QKTHBb?2/ #v KmHiBTH2 2MiBiB2b
+QKKmMB+�iBM; rBi? 2�+? Qi?2` �M/ rQ`FBM; BM T�`�HH2HX h?2 M22/ 7Q` /Bbi`B#mi2/
bvbi2Kb �`Bb2b #2+�mb2 K�Mv `2�H rQ`H/ bvbi2Kb �`2 iQQ H�`;2 �M/ +QKTH2t �M/ `2[mB`2
� KmHiBim/2 Q7 T`Q+2bbQ`b- MQM2 Q7 r?B+? TQbb2bb 2MiB`2 bvbi2K FMQrH2/;2- iQ Q#i�BM
/2bB`2/ `2bmHibX �//BiBQM�HHv- i?2`2 �`2 HBKBi�iBQMb QM i?2 �KQmMi Q7 BM7Q`K�iBQM b?�`2/
#2ir22M i?2b2 �;2Mib �M/ Bi KB;?i #2 BKT`�+iB+�H iQ b?�`2 �HH �p�BH�#H2 BM7Q`K�iBQM �M/
+QMp2`i i?2 T`Q#H2K iQ � +2Mi`�HBx2/ QM2 (e)X

*QMb2Mbmb T`Q#H2Kb- }`bi bim/B2/ BM +QMi`QH i?2Q`v BM (d)- Bb /2}M2/ �b i?2 T`Q+2bb
iQ `2�+? �M �;`22K2Mi QM � [m�MiBiv Q7 BMi2`2bi i?�i /2T2M/b QM i?2 bi�i2 Q7 �HH �;2MibX
� +QMb2Mbmb T`QiQ+QH Bb �M BMi2`�+iBQM `mH2 i?�i /2}M2b i?2 BM7Q`K�iBQM 2t+?�M;2 #2@
ir22M �M �;2Mi �M/ Bib M2B;?#Q`bX *QMb2Mbmb T`QiQ+QHb T`QpB/2 � /B`2+i +QMM2+iBQM
#2ir22M ;`�T? i?2Q`v �M/ /vM�KB+�H bvbi2Kb r?B+? ?�b +QK2 �b � ?�M/v iQQH BM T2`@
7Q`KBM; /Bbi`B#mi2/ +QKTmi�iBQM Qp2` M2irQ`Fb (3)X *QMb2Mbmb T`Q#H2Kb �HbQ T`QpB/2
� TH�i7Q`K iQ bim/v ?Qr i?2 mM/2`HvBM; ;`�T? iQTQHQ;v /B`2+ib i?2 2pQHmiBQM Q7 i?2
/vM�KB+�H bvbi2K Qp2` BiX Ai }M/b �TTHB+�iBQM BM T`Q#H2Kb bm+? �b ~Q+FBM;- br�`KBM;
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�M/ `2M/2xpQmb (k- N)X

6Q`K�iBQM +QMi`QH T`Q#H2Kb- � bT2+B�HBx2/ p2`bBQM Q7 i?2 +QMb2Mbmb T`Q#H2K- �BKb
iQ �+?B2p2 � i�`;2i ;2QK2i`B+ 7Q`K�iBQM b?�T2 #v /2}MBM; +QMbi`�BMib QM i?2 `2H�iBp2
bi�i2b Q7 i?2 �;2MibX h?2b2 T`Q#H2Kb �`2 BMi2`2biBM; BM i?2 b2Mb2 i?2v 2t?B#Bi �M/
;2M2`�i2 +QKTH2t #2?�pBQ` �M/ T�ii2`Mb pB� bBKTH2 BMi2`�+iBQM #2ir22M �;2MibX am+?
T`Q#H2Kb �`2 ;2M2`�HHv +?�`�+i2`Bx2/ #v i?2 b2MbBM; +�T�#BHBiB2b Q7 2�+? �;2Mi, bm+? �b
�;2Mib 2[mBTT2/ rBi? TQbBiBQM b2MbQ`b- /BbTH�+2K2Mi b2MbQ`b- /Bbi�M+2 b2MbQ`b �M/fQ`
#2�`BM; K2�bm`BM; b2MbQ`bX AM TQbBiBQM@#�b2/ +QMi`QH- �;2Mib b2Mb2 i?2B` QrM TQbB@
iBQMb iQ �+?B2p2 � /2bB`2/ 7Q`K�iBQM �M/ BM /BbTH�+2K2Mi@#�b2/ +QMi`QH- �;2Mib b2Mb2
i?2B` `2H�iBp2 TQbBiBQMb rBi? `2bT2+i iQ i?2B` M2B;?#Q`bX AM /Bbi�M+2@#�b2/ +QMi`QH- bBK@
BH�` iQ /BbTH�+2K2Mi@#�b2/ +QMi`QH �;2Mib b2Mb2 i?2B` `2H�iBp2 TQbBiBQMb rBi? `2bT2+i iQ
i?2B` M2B;?#Q`b #mi BM i?2B` QrM HQ+�H +QQ`/BM�i2 bvbi2Kb- �M/ }M�HHv BM #2�`BM;@#�b2/
+QMi`QH- �;2Mib b2Mb2 i?2 `2H�iBp2 #2�`BM;b rBi? `2bT2+i iQ i?2B` M2B;?#Q`b BM � ;HQ#�H
7`�K2 (Ry- RR)X AM #2�`BM;@#�b2/ 7Q`K�iBQM +QMi`QH- i?2 7Q+mb Q7 i?Bb rQ`F- i?2 i�`;2i
7Q`K�iBQM Bb bT2+B}2/ #v BMi2`@�;2Mi #2�`BM;b- i?2 b2MbBM; K2�bm`2K2Mib �`2 `2H�iBp2
#2�`BM; p2+iQ`b �M/ i?2 �;2Mib �+iBp2Hv +QMi`QH i?2B` �++2H2`�iBQMbX �b b22M BM (Rk)
�M/ (Rj)- #2�`BM; K2�bm`2K2Mib �`2 Q7i2M +?2�T2` iQ b2Mb2 �M/ � 7Q`K�iBQM bT2+B}2/ #v
#2�`BM;b Bb BMp�`B�Mi iQ i`�MbH�iBQM �M/ b+�HBM;- i?2`2#v T`QpB/BM; 2�bv K�M2mp2`�#BHBiv
BM i?2b2 �bT2+ibX JQbi `2+2MiHv- (R9) T`QTQb2/ b2p2`�H #2�`BM;@QMHv +QMi`QH H�rb 7Q` p�`@
B2/ �;2Mi KQ/2Hb BM+Hm/BM; bBM;H2@BMi2;`�iQ`- /Qm#H2@BMi2;`�iQ` �M/ mMB+v+H2 /vM�KB+bX

AM i?2 bim/v Q7 J�a- �M �bbmKTiBQM Q7 +QMiBMmQmb +QKKmMB+�iBQM #2ir22M �;2Mib
�M/ +QMiBMmQmb �+im�iQ` mT/�i2b Bb p2`v +QKKQMX >Qr2p2`- BM `2�H rQ`H/ BKTH2K2M@
i�iBQMb QM /B;Bi�H #2/b rBi? rB`2H2bb +QKKmMB+�iBQM bm+? �bbmKTiBQMb +�M H2�/ iQ
BM2{+B2Mi miBHBx�iBQM Q7 `2bQm`+2b Q` rQ`b2- 7�BHm`2 iQ 2t2+mi2 b�B/ i�bFbX 6Q` 2t�KTH2-
+QMbB/2` � b2MbQ`@�+im�iQ` bvbi2K `2;mH�iBM; i?2 i2KT2`�im`2 Q7 � `QQKX >2`2- i?2
b2MbQ` +�M #2 �bF2/ iQ Q#i�BM M2r b2MbBM; K2�bm`2K2Mib �b 7�bi �b TQbbB#H2 �M/ i?2 �+@
im�iQ` +�M �+i �++Q`/BM;HvX "mi QM+2 i?2 i2KT2`�im`2 Bb #`Qm;?i iQ � /2bB`2/ H2p2H- bm+?
7�bi b2MbBM; Bb MQi `2[mB`2/ �b Bi Bb � r�bi2 Q7 `2bQm`+2X h?Bb +�M #2 KBiB;�i2/ #v b2MbBM;
�b 7�bi �b TQbbB#H2 r?2M i?2 bBim�iBQM /2K�M/b �M/ bHQr i?2 b2MbBM; 7`2[m2M+v �i Qi?2`
iBK2bX AM �MQi?2` 2t�KTH2- +QMbB/2` i?2 i2KT2`�im`2 `2;mH�iBQM Q7 � K2;� 7�+BHBiv i?�i
`2[mB`2b KmHiBTH2 b2MbQ`b TH�+2/ �i p�`BQmb HQ+�iBQMb �M/ � bBM;H2 +2Mi`�HBx2/ �+im�iBQM
U�B`@+QM/BiBQMBM;V K2+?�MBbKX h?2b2 b2MbQ`b +QKKmMB+�i2 rB`2H2bbHv rBi? 2�+? Qi?2`
�M/ �;`22 QM � +QKKQM i2KT2`�im`2 `2�/BM; r?B+? Bb i?2M +QKKmMB+�i2/ iQ i?2 �+@
im�iQ`X AM i?Bb b+2M�`BQ- i?2 b?�`2/ M2irQ`F K�v #2 Qp2`HQ�/2/ r?2M �HH i?2 b2MbQ`b
i`�MbKBi �i i?2 b�K2 iBK2 `2bmHiBM; BM /2H�vb- T�+F2i HQbb2b �M/ Qp2`�HH /2;`�/�iBQM Q7
bvbi2K T2`7Q`K�M+2X hQ �pQB/ bm+? bBim�iBQM- i?2 b2MbQ`b M22/ iQ b2Mb2 �i +2`i�BM BM@
i2`p�Hb �M/ +QKKmMB+�i2 rBi? i?2 M2B;?#Q`BM; b2MbQ`b QMHv r?2M i?2 M22/ �`Bb2bX "mi
?Qr /Q r2 /2bB;M bm+? BMi2`p�Hb\ h?Bb [m2biBQM Bb �Mbr2`2/ #v 2p2Mi@i`B;;2`2/ +QMi`QH
r?2`2 r2 /2i2`KBM2 �M mTT2` #QmM/ 7Q` rQ`bi +�b2 2t2+miBQM iBK2 #v Q#b2`pBM; i?2
bi�i2 i`�D2+iQ`B2b Q7 i?2 bvbi2K (R8ĜRd)X
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RXR GBi2`�im`2 _2pB2r

q?BH2 i?2 }2H/ Q7 2p2Mi@i`B;;2`2/ +QMi`QH Q7 KmHiB@�;2Mi bvbi2Kb Bb `�TB/Hv ;`QrBM;- Qm`
7Q+mb Bb QM �TTHvBM; i?Bb K2+?�MBbK iQ bQHp2 T`Q#H2Kb Q7 +QKKmMB+�iBQM �M/ �+im�iBQM
#2ir22M �;2Mib iQ �+?B2p2 � +QKKQM ;Q�HX h?2 irQ K�BM �`2�b Q7 7Q+mb ?2`2 �`2 iQ
bQHp2 i?2 +QMb2Mbmb �M/ 7Q`K�iBQM +QMi`QH T`Q#H2Kb mbBM; 2p2Mi@i`B;;2`2/ b+?2K2bX

RXRXR 1p2Mi@i`B;;2`2/ *QMi`QH

AM i?2 2tBbiBM; HBi2`�im`2- i?2 �bbmKTiBQM Q7 p2`v ?B;? b�KTHBM; 7`2[m2M+v �M/ �+im�iBQM
`�i2 Bb p2`v +QKKQMX h?Bb Bb /B{+mHi iQ K�BMi�BM �b `2�H rQ`H/ BKTH2K2Mi�iBQMb QM
/B;Bi�H #2/b ?�p2 HBKBi2/ +QKKmMB+�iBQM �M/ T`Q+2bbQ` +�T�#BHBiB2b (R8)X �//BiBQM�HHv-
QM+2 i?2 mT/�i2 `�i2 +`Qbb2b � +2`i�BM i?`2b?QH/- i?2`2 Bb MQ BKT`Qp2K2Mi BM i?2 }M�H
+QMp2`;2M+2 �++m`�+vX �b � `2bmHi- r2 M22/ iQ }M/ � bmBi�#H2 mT/�i2 7`2[m2M+v r?BH2
biBHH �+?B2pBM; � /2bB`2/ �++m`�+vX JQ`2Qp2`- i?Bb mT/�i2 7`2[m2M+v �HbQ /2T2M/b QM
i?2 +m``2Mi bi�i2b Q7 i?2 bvbi2K �M/ p�`B2b i?`Qm;?Qmi i?2 2pQHmiBQM Q7 i?2 �;2MibX
>2M+2- Bi Bb BMimBiBp2 iQ b�KTH2 �M/ mT/�i2 bi�i2b �i ?B;?2` 7`2[m2M+B2b QMHv r?2M i?2
bBim�iBQM /2K�M/b- �M/ b�KTH2 �i HQr2` 7`2[m2M+B2b Qi?2`rBb2X hQ bQHp2 i?Bb T`Q#H2K- r2
K�F2 mb2 Q7 2p2Mi@i`B;;2`2/ +QMi`QH U1h*V r?2`2 r2 QTTQ`imMBbiB+�HHv �M/ /2HB#2`�i2Hv
}M/ b�KTHBM; �M/ mT/�i2 BMbi�Mib rBi?Qmi +QKT`QKBbBM; i?2 }M�H `2bmHib (R3)X AM
(RN)- i?2`2 Bb �M 2ti2MbBp2 `2pB2r QM i?2 iQTB+ Q7 2p2Mi@i`B;;2`2/ +QMi`QH bim/vBM; i?2
KQiBp�iBQM- K2i?Q/QHQ;v- +?�HH2M;2b �M/ �TTHB+�iBQMb Q7 bm+? � +QMi`QH BM /Bbi`B#mi2/
bvbi2KbX q2 mb2 wP> iQ ;2M2`�i2 � TB2+2rBb2 +QMiBMmQmb bB;M�H 7`QK /Bb+`2i2 p�Hm2b
Q7 +QMi`QH �i 2p2Mi@iBK2bX wP> Bb i?2 KQbi +QKKQMHv mb2/ ?QH/ BM i?2 2p2Mi@i`B;;2`2/
HBi2`�im`2- #mi i?2`2 �`2 Qi?2` ivT2b Q7 ?QH/ bm+? �b bvbi2K@K�i+?2/ ?QH/ bim/B2/ BM (ky)X
avbi2K@K�i+?2/ ?QH/ Bb � ;2M2`�HBx2/ ?QH/ i?�i K�i+?2b i?2 bvbi2K /vM�KB+b rBi? i?2
/vM�KB+b Q7 i?2 ?QH/X �Hi?Qm;? ?B;?2` Q`/2` ?QH/b �`2 b2H/QK mb2/ BM i?2 2p2Mi@
i`B;;2`2/ HBi2`�im`2- /Bz2`2Mi ivT2b Q7 ?QH/BM; K2+?�MBbKb +�M #2 7QmM/ BM *?�Ti2` 8
Q7 (kR) �M/ (kk)X

*?�Ti2` k T`QpB/2b �M 2ti2MbBp2 `2pB2r �#Qmi i?2 }2H/ Q7 2p2Mi@i`B;;2`2/ +QMi`QHX

RXRXk 1p2Mi@i`B;;2`2/ *QMb2Mbmb *QMi`QH

1p2Mi@i`B;;2`2/ +QMb2Mbmb +QMi`QH- }`bi bim/B2/ BM (R8) r?2`2 � iBK2 /2T2M/2Mi 2p2Mi
#�b2/ +QM/BiBQM Bb T`2b2Mi2/ 7Q` � +2Mi`�HBx2/ +QMi`QHH2` �M/ H�i2` 2ti2M/2/ iQ � /Bb@
i`B#mi2/ +�b2X _2H�i2/ iQ i?Bb +?�Ti2` �`2 (kjĜk8)X AM T�`iB+mH�` (kj) T`QTQb2b � iBK2
/2T2M/2Mi 2p2Mi@i`B;;2`BM; 7mM+iBQM 7Q` }`bi �M/ b2+QM/ Q`/2` /vM�KB+b iQ �+?B2p2
�p2`�;2 p2HQ+Biv +QMb2MbmbX AM (k9)- 2p2Mi@#�b2/ T`QiQ+QHb QM bBM;H2 BMi2;`�iQ` /vM�K@
B+b BMpQHpBM; #Qi? }t2/ �M/ brBi+?BM; iQTQHQ;v Bb �M�Hvx2/X AM �//BiBQM- Bi T`QpB/2b
#QmM/b QM i?2 b�KTHBM; T2`BQ/ BM i2`Kb Q7 2B;2Mp�Hm2b Q7 i?2 ;`�T? G�TH�+B�MX h?2
rQ`F (k8) BMp2biB;�i2b i?2 T`Q#H2K Q7 bvM+?`QMBx�iBQM BM +QKTH2t M2irQ`Fb �M/ T`Q@
pB/2b +QM/BiBQMb iQ 2Mbm`2 i?�i BM}MBi2Hv 7`2[m2Mi i`B;;2`BM; Bb 2t+Hm/2/ #v T`QpB/BM;
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HQr2` #QmM/b QM BMi2`@2p2Mi iBK2bX 6m`i?2`KQ`2 KQbi Q7 i?2 +m``2Mi rQ`F QM 2p2Mi@
#�b2/ +QMi`QH 7Q+mb2b QM iBK2@/2T2M/2Mi i?`2b?QH/b BMbi2�/ Q7 bi�i2@/2T2M/2Mi QM2bX
h?Bb �TT`Q�+? `2[mB`2b i?2 bvbi2K iQ ?�p2 T`BQ` FMQrH2/;2 Q7 i?2 bK�HH2bi MQM@x2`Q
2B;2Mp�Hm2 Q7 i?2 ;`�T? H�TH�+B�M K�i`Bt �M/ i?2 2p2Mi i`B;;2`2/ +QM/BiBQM U1h*V Bb
mT/�i2/ +QMiBMmQmbHv (ke)X h?Bb- ?Qr2p2`- K�v MQi #2 T`�+iB+�H r?2M i?2 ;`�T? ?�b
brBi+?BM; iQTQHQ;v Q` B7 �M �;2Mi Bb /Bb+QMM2+i2/ 7`QK i?2 bvbi2KX AM (kd)- i?2 �mi?Q`b
bim/v 2p2Mi@i`B;;2`2/ +QMb2Mbmb +QMi`QH Q7 KmHiB@�;2Mi bvbi2Kb rBi? /Qm#H2@BMi2;`�iQ`
/vM�KB+bX >2`2 i?2 BM7Q`K�iBQM ;`�T? 7Q` TQbBiBQM �M/ p2HQ+Biv b?�`BM; �`2 ?2i2`Q;2@
M2Qmb �M/ 2p2Mi@i`B;;2`2/ +QM/BiBQMb 7Q` +2Mi`�HBx2/ �M/ /Bbi`B#mi2/ +�b2b �`2 T`2b2Mi2/X
h?2 �mi?Q`b BM (k3) bim/v 2p2Mi@i`B;;2`2/ +QMb2Mbmb T`Q#H2K BM i?2 T`2b2M+2 Q7 T�+F2i
HQbb2b �M/ +QKKmMB+�iBQM /2H�vb- r?2`2�b i?2 �mi?Q`b BM (kN) bim/v i?2 7Q`K�iBQM +QM@
i`QH T`Q#H2K rBi? +QMM2+iBpBiv +QMbi`�BMibX AM (kdĜkN)- i?2 2p2Mi@i`B;;2`2/ +QM/BiBQMb
/2T2M/ QM i?2 2B;2Mp�Hm2b Q7 i?2 G�TH�+B�M K�i`Bt �M/ i?2v b?�`2 �M B/2MiB+�H bi`m+im`2
r?2`2 i?2 b�KTHBM; 2``Q` 7mM+iBQMb �`2 #QmM/2/ #v �M 2tTQM2MiB�H i?`2b?QH/ 7mM+iBQM
i?2`2#v �HbQ `2[mB`BM; bvM+?`QMBx2/ +HQ+F /�i�X h?2 /Bb+mbbBQM BM (jy) Bb bQH2Hv iQ bim/v
2p2Mi@i`B;;2`2/ �M/ b2H7@i`B;;2`2/ +QMb2Mbmb 7Q` J�a rBi? /Qm#H2@BMi2;`�iQ` /vM�K@
B+bX >2`2 i?2 T`QTQb2/ 2p2Mi@i`B;;2`2/ b+?2K2b `2Hv ?2�pBHv QM i?2 mM/2`HvBM; ;`�T?
iQTQHQ;v- �M/ 2�+? �;2Mi 2p�Hm�i2b KmHiBTH2 i`B;;2`BM; 7mM+iBQMb �M/ pBQH�iBQM Q7 �Mv
QM2 Q7 i?2b2 rBHH `2bmHi BM �M 2p2MiX AM *?�Ti2` 8 Q7 (jR)- i?2 �mi?Q` bim/B2b +QMb2Mbmb
BM � H2�/2`@7QHHQr2` M2irQ`F Q7 1mH2`@G�;`�M;2 �;2MibX h?2`2 �`2 K�BMHv j �H;Q`Bi?Kb
bim/B2/- i?2 }`bi �H;Q`Bi?K Bb #mBHi QM p�`B�#H2@;�BM �TT`Q�+?- i?2 b2+QM/ �H;Q`Bi?K
�bbmK2b /B`2+i2/ ;`�T? iQTQHQ;v rBi? b2KB@;HQ#�HHv 2tTQM2MiB�H +QMp2`;2M+2 �M/ i?2
i?B`/ �H;Q`Bi?K BM+Q`TQ`�i2b ;`�pBi�iBQM�H 7Q`+2bX h?2 rQ`F BM i?Bb i?2bBb- QM i?2 Qi?2`
?�M/- �BKb iQ �pQB/ �Mv FMQrH2/;2 Q7 T�`�K2i2`b /2T2M/BM; QM i?2 ;`�T? iQTQHQ;v-
bm+? �b 2B;2Mp�Hm2b Q7 i?2 G�TH�+B�M K�i`Bt- �b bm+? T�`�K2i2`b �`2 #QmM/ iQ +?�M;2
B7 i?2 mM/2`HvBM; ;`�T? +?�M;2bX

RXRXj 1p2Mi@i`B;;2`2/ 6Q`K�iBQM *QMi`QH

h?2`2 ?�b #22M HBiiH2 rQ`F BM �TTHvBM; 2p2Mi@i`B;;2`2/ +QMi`QH iQ bQHp2 7Q`K�iBQM +QMi`QH
T`Q#H2KbX LQi�#Hv- (jk) bim/B2b #2�`BM;@#�b2/ 2M+B`+H2K2Mi 7Q`K�iBQM +QMi`QH mbBM;
2p2Mi@i`B;;2`2/ b+?2K2b 7Q` bBM;H2 BMi2;`�iQ` /vM�KB+bX h?2 �mi?Q`b /2KQMbi`�i2 ;HQ#�H
�bvKTiQiB+ bi�#BHBiv �M/ T`Qp2 i?2 �pQB/�M+2 Q7 x2MQ #2?�pBQ`X >Qr2p2`- i?2 2p2Mi
i`B;;2`BM; Bb +2Mi`�HBx2/ BM i?2 b2Mb2 i?�i �HH �;2Mib b�KTH2 �M/ T2`7Q`K +QMi`QH mT/�i2b
�i i?2 b�K2 BMbi�M+2X h?2 rQ`F #v (jj) T`QpB/2b /vM�KB+ 2p2Mi@i`B;;2`2/ +QM/BiBQMb
iQ bQHp2 i?2 7Q`K�iBQM +QMi`QH T`Q#H2K 7Q` �;2Mib rBi? HBM2�` /vM�KB+bX h?2 1h*
+QM/BiBQM Bb /vM�KB+ BM i?2 b2Mb2 i?�i i?2 2p2Mi p�`B�#H2 ǵσǶ Bb ;`�/m�HHv `2/m+2/ +HQb2`
iQ y 7`QK � +2`i�BM BMBiB�H p�Hm2 �b iBK2 T`Q;`2bb2bX >2`2- i?2 b2MbBM; p�`B�#H2b �`2
i?2 bi�i2b Q7 M2B;?#Q`BM; �;2Mib �HQM; rBi? #2�`BM; p2+iQ`b BM � ;HQ#�H `272`2M+2 7`�K2X
�//BiBQM�HHv- (j9) bim/B2b TQbBiBQM@/2T2M/2Mi 2p2Mi@i`B;;2`2/ 7Q`K�iBQM +QMi`QH T`Q#H2K
7Q` �;2Mib rBi? bBM;H2 BMi2;`�iQ` /vM�KB+b �M/ T`QTQb2b �M �H;Q`Bi?K iQ bQHp2 i?2
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KmHiBi�`;2i b2H2+iBQM T`Q#H2KX � ;2M2`�HBx2/ ;`�/B2Mi #�b2/ +QMi`QH H�r Bb T`QTQb2/
BM (j8) 7Q` �;2Mib rBi? bBM;H2@BMi2;`�iQ` /vM�KB+b �M/ 2tTQM2MiB�H +QMp2`;2M+2 Bb b?QrM
7Q` i?Bb +QMi`QHH2`X >2`2- i?2 1h* Bb � 7mM+iBQM Q7 i?2 bK�HH2bi 2B;2Mp�Hm2 Q7 � K�i`Bt
r?B+? Bb � T`QT2`iv Q7 i?2 ;`�T?X h?Bb Bb bQK2iBK2b mM/2bB`2/ �b Bi Bb � ;HQ#�H T`QT2`iv
Q7 i?2 M2irQ`F- �M/ +�M MQi +QT2 rBi? +QKKmMB+�iBQM Q` �;2Mi HQbb2bX AM *?�Ti2`
e Q7 (jR)- i?2 �mi?Q` /Bb+mbb2b /Bbi�M+2@#�b2/ 2p2Mi@i`B;;2`2/ 7Q`K�iBQM +QMi`QH 7Q`
�;2Mib KQ/2H2/ rBi? bBM;H2@BMi2;`�iQ` /vM�KB+bX h?2 �mi?Q` T`QTQb2b +2Mi`�HBx2/ �M/
/Bbi`B#mi2/ 2p2Mi@i`B;;2`2/ +QMi`QH H�rb rBi? i?2 �pQB/�M+2 Q7 x2MQ@#2?�pBQ` �M/ T`Qp2b
2tTQM2MiB�H +QMp2`;2M+2 Q7 i?2 /Bbi�M+2 2``Q` bvbi2KX

RXk h?2bBb *QMi`B#miBQM

AM i?Bb b2+iBQM r2 T`2b2Mi � bi�i2K2Mi Q7 i?2 i?2bBb +QMi`B#miBQMb iQ 2p2Mi@i`B;;2`2/
+QMi`QH Q7 b2+QM/@Q`/2` KmHiB@�;2Mi bvbi2KbX h?Bb i?2bBb bim/B2b �M/ �TTHB2b 2p2Mi@
i`B;;2`2/ +QMi`QH bi`�i2;B2b iQ irQ Q7 i?2 KQbi `2b2�`+?2/ T`Q#H2Kb BM KmHiB@�;2Mi bvb@
i2Kb, +QMb2Mbmb �M/ 7Q`K�iBQM +QMi`QHX AM +QMb2Mbmb- r2 mb2 i?2b2 bi`�i2;B2b iQ /`Bp2 �
i2�K Q7 �;2Mib iQ �;`22 QM � +QKKQM p�Hm2 #v +QKKmMB+�iBM; �M/ b?�`BM; BM7Q`K�iBQM
rBi? i?2 M2B;?#Q`b �T2`BQ/B+�HHvX h?Bb �T2`BQ/B+ +QKKmMB+�iBQM Bb /2i2`KBM2/ #v �M
2p2Mi@i`B;;2`BM; +QM/BiBQM r?B+? B7 pBQH�i2/ BMBiB�i2b � /�i� i`�Mb72` #2ir22M �;2MibX AM
7Q`K�iBQM +QMi`QH- r2 bim/v bT2+B}+�HHv 2p2Mi@i`B;;2`2/ +QMi`QH Q7 #2�`BM;@#�b2/ 7Q`@
K�iBQM bi�#BHBx�iBQM r?2`2 i?2 +QMi`QH �+iBQMb �`2 2p2Mi /`Bp2MX

q2 #2;BM #v /2`BpBM; � bi�i2@/2T2M/2Mi 2p2Mi@i`B;;2`2/ +QMi`QH bi`�i2;v iQ bQHp2
+QMb2Mbmb T`Q#H2Kb 7Q` � +QMiBMmQmb iBK2 /Qm#H2@BMi2;`�iQ` /vM�KB+b J�a Qp2` �M
mM/B`2+i2/ M2irQ`FX 6B`biHv- r2 mb2 Gv�TmMQp i?2Q`v iQ �``Bp2 �i �M 1h* r?B+? bQHp2b
i?2 �p2`�;2 +QMb2Mbmb T`Q#H2KX h?Bb 1h* Bb mb2/ iQ /2i2`KBM2 i?2 +QMi`QH mT/�i2b
�M/ +QKKmMB+�iBQM BMbi�Mib #2ir22M �;2MibX a2+QM/Hv- r2 mb2 i?Bb 1h* iQ �+?B2p2
x2`Q@p2HQ+Biv +QMb2Mbmb r?2`2 i?2 �;2Mib �;`22 QM � +QKKQM TQbBiBQM rBi? � }M�H x2`Q
p2HQ+BivX h?Bb Bb BKTQ`i�Mi r?2M vQm r�Mi iQ +QMp2`i � +QMb2Mbmb T`Q#H2K iQ � `2M@
/2xpQmb T`Q#H2KX �b r2 rBHH b22 7m`i?2` BM i?Bb i?2bBb- +QMp2`iBM; � +QMb2Mbmb T`Q#H2K
iQ � `2M/2xpQmb T`Q#H2K Bb /QM2 #v mT/�iBM; i?2 TB2+2rBb2 +QMiBMmQmb +QMi`QHH2` iQ �
+QMiBMmQmb iBK2 +QMi`QHH2` r?BH2 biBHH QT2`�iBM; mM/2` i?2 b�K2 1h*X lMHBF2 i?2 HBi@
2`�im`2 /Bb+mbb2/ BM a2+iBQM RXRXk r?2`2 �;2Mib `2[mB`2 bQK2 7Q`K Q7 ;HQ#�H /�i�- �HH
i?2 1h* K2+?�MBbKb T`QTQb2/ ?2`2 �`2 /Bbi`B#mi2/ BX2X- �;2Mib HQ+�HHv /2i2`KBM2 �M/
2p�Hm�i2 i`B;;2` +QM/BiBQMbX h?2b2 `2bmHib �`2 T`2b2Mi2/ BM *?�Ti2` j Q7 i?Bb i?2bBbX

q2 i?2M T`Q+22/ iQ bQHp2 i?2 #2�`BM;@#�b2/ 7Q`K�iBQM bi�#BHBx�iBQM T`Q#H2K mbBM;
2p2Mi@i`B;;2`2/ +QMi`QH r?2`2 r2 i�F2 irQ �TT`Q�+?2b BM /QBM; i?Bb, 2/;2 i`B;;2`BM;
�M/ MQ/2 i`B;;2`BM;X AM i?2 }`bi �TT`Q�+?- r2 K�F2 mb2 Q7 i?2 #2�`BM;@QMHv +QMi`QH H�r
T`QTQb2/ BM (R9) iQ �``Bp2 �i �M 1h* i?�i Bb /2T2M/2Mi QM i?2 `2H�iBp2 K2�bm`2K2Mib
�TTHB2/ iQ #Qi? �;2Mib BM+B/2Mi iQ i?�i 2/;2XR >2`2- i?2 TQbi@i`B;;2` `2bTQMb2 Bb iQ

R�M 2/;2 #2ir22M irQ �;2Mib BM/B+�i2b i?�i � #2�`BM; K2�bm`2K2Mi Bb �p�BH�#H2X
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mT/�i2 i?2 +QMi`QHH2` r?2M i?2 1h* Bb pBQH�i2/X AM i?2 b2+QM/ �TT`Q�+?- r2 T`QTQb2
� M2r +QMi`QH H�r #�b2/ QM i?2 QM2 T`QTQb2/ BM (R9) iQ �+?B2p2 � bi�iBQM�`v }M�H
7Q`K�iBQMX >2`2 i?2 1h* Bb /2bB;M2/ Qp2` �M �;2Mi- i?�i �HQM; rBi? Bib b2H7@bi�i2b
mb2b i?2 +QHH2+iBp2 `2H�iBp2 K2�bm`2K2Mi 7`QK �HH Bib M2B;?#Q`b iQ 2p�Hm�i2 i?2 i`B;;2`
+QM/BiBQMX q2 7m`i?2` T`Qp2 i?�i BMi2`@2p2Mi iBK2b �`2 bi`B+iHv ;`2�i2` i?�M x2`QX h?2
TQbi@i`B;;2` `2bTQMb2 BM i?Bb +�b2 Bb iQ �+[mB`2 M2r bi�i2 K2�bm`2K2Mib �M/ mT/�i2 i?2
+QMi`QHH2`X �HH �;2Mib �`2 /2bB;M2/ rBi? /Qm#H2@BMi2;`�iQ` /vM�KB+b �M/ i?2 T`QTQb2/
+QMi`QH BMTmib �HQM; rBi? i?2 1h* �`2 /Bbi`B#mi2/X h?2b2 `2bmHib �`2 T`2b2Mi2/ BM
*?�Ti2` 9X

RXj h?2bBb P`;�MBx�iBQM

h?Bb rQ`F Bb Q`;�MBx2/ �b 7QHHQrb- BM *?�Ti2` k- r2 T`2b2Mi �M BMi`Q/m+iBQM iQ 2p2Mi@
i`B;;2`2/ +QMi`QH �M/ `2pB2r /Bz2`2Mi �TT`Q�+?2b BM /2bB;MBM; 2p2Mi@i`B;;2`2/ +QMi`QH
bvbi2KbX q2 i?2M bi�`i Qm` K�BM +QMi`B#miBQMb BM *?�Ti2` j r?2`2 r2 �TTHv i?2 iQQHb Q7
2p2Mi@i`B;;2`2/ +QMi`QH iQ i?2 +QMb2Mbmb T`Q#H2KX AM *?�Ti2` 9- r2 �TTHv i?2b2 `2bmHib
iQ i?2 #2�`BM;@#�b2/ 7Q`K�iBQM +QMi`QH T`Q#H2K �M/ BM *?�Ti2` 8 r2 +QM+Hm/2 i?2 rQ`F
T`2b2Mi2/ �M/ T`QpB/2 /B`2+iBQMb 7Q` 7mim`2 `2b2�`+?X AM �TT2M/B+2b r2 T`2b2Mi T`2HBK@
BM�`B2b mb2/ i?`Qm;?Qmi i?2 i?2bBb- bT2+B}+�HHv- #�bB+ �H;2#`�B+ MQiBQMb BM �TT2M/Bt �-
;`�T? i?2Q`v Bb BMi`Q/m+2/ BM �TT2M/Bt "- bi�#BHBiv MQiBQMb Q7 /vM�KB+�H bvbi22Kb �`2
BMi`Q/m+2/ BM �TT2M/Bt * �M/ }M�HHv- #2�`BM;@#�b2/ 7Q`K�iBQM +QMi`QH Bb BMi`Q/m+2/
BM �TT2M/Bt .X
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*?�Ti2` k

1p2Mi@h`B;;2`2/ *QMi`QH

6Q` � HQM; iBK2- 2t2+miBQM Q7 722/#�+F +QMi`QH HQQTb r2`2 T2`7Q`K2/ BM � T2`BQ/B+ K�MM2`
QM /B;Bi�H TH�i7Q`KbX qBi? i?2 �/p2Mi Q7 KQ/2`M +QKTmi2`b- bm+? HQQT 2t2+miBQM BM
T2`BQ/B+ K�MM2` ?�b ;QM2 Qmi Q7 7�b?BQM bBM+2 KQ/2`M T`Q+2bbQ`b 2t2+mi2 KmHiBim/2 Q7
i�bFb �M/ +QKTmi�iBQM TQr2` �HHQii2/ iQ 2�+? i�bF Bb HBKBi2/ (Rd)X h?Bb ;�p2 `Bb2 iQ
�T2`BQ/B+ +QMi`QH Q` M22/@#�b2 +QMi`QH iQ �//`2bb i?2 BKTQ`i�M+2 Q7 `2bQm`+2 b�pBM; BM
+QKTmi�iBQM- +QKKmMB+�iBQM �M/ 2M2`;vX �MQi?2` KQiBp�iBQM �b ?B;?HB;?i2/ BM (je)-
+QK2b 7`QK BKTH2K2MiBM; ?v#`B/ +QMi`QHH2`b i?�i brBi+? #2ir22M /Bz2`2Mi �H;Q`Bi?Kb
r?2`2 2�+? �H;Q`Bi?Kb QT2`�i2b �i � /Bz2`2Mi 7`2[m2M+vX >2`2 i?2 �mi?Q` T`2b2Mib i?`22
bB;MB}+�Mi `2�bQMb iQ `2bQ`i iQ 2p2Mi@#�b2/ +QMi`QHX 6B`bi- Bi Bb �`;m2/ i?�i 2p2Mi@#�b2/
+QMi`QH Bb +HQb2` iQ ?Qr � ?mK�M rQmH/ #2?�p2 �b � +QMi`QHH2` `�i?2` i?�M iBK2@i`B;;2`2/
+QMi`QHX a2+QM/- 2p2Mi@#�b2/ +QMi`QH Bb � M�im`�H +?QB+2 r?2M �+im�iQ`b �`2 QMfQz BM
M�im`2- �M/ i?B`/- +QMi`QH +�H+mH�iBQMb T2`7Q`K2/ QM *Sl �`2 T2`7Q`K2/ QMHv r?2M
M22/2/ i?2`2#v b�pBM; +`m+B�H *Sl iBK2 mb�;2X

h?2 +QKKQM �TT`Q�+? iQ /2bB;MBM; �M 2p2Mi@i`B;;2`2/ K2+?�MBbK Bb i?2 T2`im`#�@
iBQM �TT`Q�+?X h?2 7mM/�K2Mi�H [m2biBQM �bF2/ Bb ?Qr 7�` +�M i?2 bvbi2K #2 T2`im`#2/
r?BH2 biBHH ;m�`�Mi22BM; bQK2 /2bB`2/ #2?�pBQ`\ >Qr2p2`- r2 rBHH `2pB2r p�`BQmb �T@
T`Q�+?2b iQ 2p2Mi@i`B;;2` +QM/BiBQM /2bB;M �M/ �HbQ +H�bbB7v i?2K #�b2/ QM 2t2+miBQM
iBK2bX AM i?Bb +?�Ti2`- r2 bi�`i #v +H�bbB7vBM; +QKKQM mT/�i2 K2+?�MBbKb 2M+QmMi2`2/
BM i?2 HBi2`�im`2 BM i?2 M2ti b2+iBQMX

kXR *H�bbB}+�iBQMb

h?Bb b2+iBQM bim/B2b ivT2b Q7 +QMi`QHH2` mT/�i2 K2+?�MBbKb �M/ Bb #mBHi QM i?2 `2@
bmHib �M/ /Bb+mbbBQMb 7`QK (R8ĜRd)X h?2b2 K2+?�MBbKb �`2 +H�bbB}2/ BMiQ j +�i2;Q`B2b,
b�KTH2/@/�i� +QMi`QH- 2p2Mi@i`B;;2`2/ +QMi`QH- �M/ b2H7@i`B;;2`2/ +QMi`QHX
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kXRXR a�KTH2/@/�i� *QMi`QH

a�KTH2/@/�i� +QMi`QH `272`b iQ +QMi`QH r?B+? i�F2b T2`BQ/B+ �+iBQM B``2bT2+iBp2 Q7 i?2
+m``2Mi bi�i2b Q7 i?2 bvbi2KX *QMbB/2` i?2 bvbi2K-

ẋ = f(x, u),

r?B+? Bb bi�#BHBx2/ #v � +QMi`QHH2` u = k(x)X h?2 +QMi`QHH2` Bb /2bB;M2/ iQ mT/�i2 �i �
+QMbi�Mi T2`BQ/- b�v T b2+QM/bX h?2M-

ẋ = f(x(t), k(x(tl))) t ∈ [tl, tl+1),

7Q` l ∈ Z≥0 �M/ tl+1 − tl = T 7Q` �HH lX

f(t)

t

T

U�V *QMbi�Mi iBK2 b�KTHBM;X

f(t)

t

U#V 1p2Mi@i`B;;2`2/ b�KTHBM;X

6B;m`2 kXR, aB;M�H `2+QMbi`m+iBQM mbBM; wP>X

>2`2 i?2 +QMi`QHH2` Bb mT/�i2/ �i � +QMbi�Mi 7`2[m2M+v 1
T �M/ �Mv ?�`/r�`2 /2bB;M2/

iQ rQ`F 7�bi2` i?�M i?Bb 7`2[m2M+v +�M #2 mb2/ 7Q` BKTH2K2Mi�iBQMX h?Bb +�M #2 b22M
BM 6B;m`2 kXR� r?2`2 i?2 +QMiBMmQmb iBK2 bB;M�H f(t) Bb b�KTH2/ 2p2`v ‘T Ƕ b2+QM/b �M/
Bb F2Ti +QMbi�Mi #2ir22M i?2b2 b�KTH2b mbBM; � x2`Q Q`/2` ?QH/ UwP>VX h?Bb b�KTHBM;
7`2[m2M+v Bb � 7mM+iBQM Q7 i?2 bvbi2K �M/ bQ r2 M�im`�HHv �bF i?2 [m2biBQM ?Qr /Q r2
+?QQb2 bm+? � 7`2[m2M+v\ 6Q` K�Mv v2�`b i?2 �Mbr2` r�b ǳ7�bi 2MQm;?Ǵ iQ ;m�`�Mi22 �
/2bB`2/ }M�H `2bmHi- ?Qr2p2`- i?Bb MQiBQM Q7 ǳ7�bi 2MQm;?Ǵ F22Tb +?�M;BM; QM i?2 +m``2Mi
bi�i2b Q7 i?2 bvbi2KX aQ Bi K�F2b b2Mb2 iQ +?Qb2 � 7�bi2` 7`2[m2M+v r?2M i?2 bBim�iBQM
/2K�M/b �M/ `2bQ`i iQ bHQr2` 7`2[m2M+v Qi?2`rBb2 iQ b�p2 `2bQm`+2b- i?Bb T`BM+BTH2 Bb
+�Tim`2/ BM 2p2Mi@i`B;;2`2/ +QMi`QH r?B+? Bb i?2 iQTB+ Q7 /Bb+mbbBQM BM i?2 M2ti b2+iBQMX

kXRXk 1p2Mi@i`B;;2`2/ *QMi`QH

h?Bb b2+iBQM BMi`Q/m+2b 2p2Mi@i`B;;2`2/ +QMi`QH rBi? � #�bB+ 2t�KTH2 7`QK (R8)X 1p2Mi@
i`B;;2`2/ +QMi`QH- �b MQi2/ 2�`HB2`- Bb `2�+iBQM�`v BM M�im`2 �M/ i�F2b �+iBQM QMHv r?2M
i?2 +m``2Mi bi�i2 Q7 i?2 bvbi2K `2�+?2b i?2 #QmM/�`v Q7 � T`2@bT2+B}2/ `2;BQMX lMHBF2
b�KTH2/@/�i� +QMi`QH- ?2`2 i?2 b�KTHBM; iBK2 Bb MQi +QMbi�Mi �M/ F22Tb p�`vBM;X h?Bb Bb
pBbm�HBx2/ BM 6B;m`2 kXR#X h?2 MQM@mMB7Q`K 2p2Mi@iBK2b �`2 /2bB;M2/ #�b2/ QM �M 2p2Mi
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i`B;;2`BM; +QM/BiBQM �M/ i?2 bB;M�H Bb F2Ti +QMbi�Mi #2ir22M 2p2Mib mbBM; � wP>X G2i
mb BHHmbi`�i2 i?Bb T`Q+2bb rBi? �M 2t�KTH2X *QMbB/2` � KmHiB@�;2Mi bvbi2K `2T`2b2Mi2/
#v � ;`�T? G(V, E) r?2`2 2�+? �;2Mi ?�b i?2 7QHHQrBM; bBM;H2@BMi2;`�iQ` /vM�KB+b-

ẋi(t) = ui(t) i ∈ V, UkXRV

r?2`2 xi ∈ R �M/ ui ∈ RX h?2 2Mb2K#H2 bi�i2b Q7 �HH �;2Mib +�M #2 r`Bii2M �b +QM+�i2@
M�iBQM Q7 2�+? �;2Mi bi�i2b �b 7QHHQrb-

ẋ(t) = u(t), UkXkV

r?2`2 n Bb i?2 MmK#2` Q7 �;2MibX :Bp2M L Bb � G�TH�+B�M K�i`Bt Q7 i?2 ;`�T? G(V, E)-
/2}M2/ BM �TT2M/Bt "- i?2 B/2�H +QMi`QHH2` iQ �+?B2p2 +QMb2Mbmb 7Q` i?2 bvbi2K BM UkXkV
Bb-

u(t) = −Lx(t), UkXjV

�M/ i?2 +HQb2/@HQQT /vM�KB+b Q7 i?2 bvbi2K �b b22M BM (k) �`2-

ẋ(t) = −Lx(t), UkX9V

r?2`2 +QMb2Mbmb Bb /2}M2/ �b 7QHHQrb-

.2}MBiBQM kXR U (k)VX *QMb2Mbmb Q++m`b r?2M � +QHH2+iBQM Q7 �;2Mib �;`22 QM � +QK@
KQM bi�i2 p�Hm2- i?�i Bb- i?2 /vM�KB+b UkX9V �bvKTiQiB+�HHv +QMp2`;2b iQ �M �;`22K2Mi
b2i M ⊆ Rn /2}M2/ #2HQr-

M = {x ∈ Rn|xi = xj , ∀ i, j}.

LQr +QMbB/2` i?2 /B;Bi�H BKTH2K2Mi�iBQM Q7 i?2 +QMi`QHH2` UkXjV �M/ i?2 `2bmHiBM; TB2+2@
rBb2 +QMiBMmQmb +QMi`QHH2` Bb-

u(t) = −Lx(tl) t ∈ [tl, tl+1),

r?2`2 i?2 BMi2`p�H [tl, tl+1) H2M;i? Bb MQM@mMB7Q`K 7Q` l ∈ Z≥0X .2}M2 #v

e(t) = x(tl) − x(t), UkX8V

r?B+? Bb i?2 K2�bm`2K2Mi 2``Q` BM bi�i2- �M/ i?2 `2bmHiBM; +HQb2/@HQQT /vM�KB+b �`2-

ẋ(t) = −Lx(tl) = −L(e(t) + x(t)). UkXeV

LQr Qm` ;Q�H Bb iQ /2bB;M 2p2Mi@i`B;;2`BM; +QM/BiBQMb- bm+? i?�i i?2 bvbi2K BM UkXeV
�+?B2p2b KmHiB@�;2Mi +QMb2MbmbX q2 rBHH mb2 bi�#BHBiv i?2Q`v HBF2 ǵGv�TmMQp bi�#BHBivǶ
T`2b2Mi2/ BM �TT2M/Bt * iQ /2bB;M bm+? +QM/BiBQMbX q2 +?Qb2 � +�M/B/�i2 Gv�TmMQp
7mM+iBQM V (x) �M/ 2t�KBM2 Bi �HQM; i?2 i`�D2+iQ`B2b Q7 i?2 bvbi2K �M/ 2M7Q`+2 bQK2
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+QM/BiBQMb U1h*V QM i?2 2``Q` 7mM+iBQM /2}M2/ BM UkX8V bm+? i?�i V̇ (x) Bb M2;�iBp2
b2KB@/2}MBi2X 1Mbm`BM; V̇ ≤ 0- r2 FMQr V (x) rBHH /2+`2�b2 �HQM; i?2 bQHmiBQMb Q7 UkXkV
�M/ i?�i i?2b2 +QM/BiBQMb ;m�`�Mi22 bi�#BHBiv BM i?2 b2Mb2 Q7 Gv�TmMQpX aQ �b HQM; �b
bm+? +QM/BiBQMb �`2 b�iBb}2/ i?2 +QMi`QH Bb F2Ti +QMbi�Mi mbBM; � wP> �M/ MQ 2p2Mi Bb
;2M2`�i2/- r?2M pBQH�i2/ �M 2p2Mi Bb ;2M2`�i2/ �M/ TQbi@i`B;;2` `2bTQMb2 7QHHQrbX

AM i?Bb /B`2+iBQM- #�b2/ QM i?2 /Bb+mbbBQM BM (R8)- +QMbB/2` i?2 7QHHQrBM; Gv�TmMQp
7mM+iBQM-

V (x) = 1
2xT Lx,

r?Qb2 iBK2 /2`Bp�iBp2 Bb-

V̇ (x) = xT Lẋ = xT L(−L(e + x)) = −‖Lx‖2 − xT LLe.

AM i?2 �#Qp2 /2`Bp�iBp2- i?2 }`bi i2`K “ − ‖Lx‖2” Bb �Hr�vb MQM@TQbBiBp2 �M/ iQ 2Mbm`2
V̇ < 0- r2 mb2 i?2 bm#KmHiBTHB+�iBp2 T`QT2`iv Q7 i?2 bT2+i`�H MQ`K iQ �``Bp2 �i-

V̇ ≤ −‖Lx‖2 + ‖Lx‖‖L‖‖e‖.

LQr- 2M7Q`+BM; i?2 7QHHQrBM; +QM/BiBQM QM i?2 2``Q`-

‖e‖ ≤ σ
‖Lx‖
‖L‖ , UkXdV

7Q` σ ∈ (0, 1) r2 �``Bp2 �i-
V̇ ≤ (σ − 1)‖Lx‖2

r?B+? Bb M2;�iBp2@/2}MBi2 7Q` �HH Lx *= 0X h?2 +QM/BiBQM BM UkXdV- r?2M K2i- �M 2p2Mi Bb
i`B;;2`2/ �M/ i?2 bi�i2b �`2 b�KTH2/ �M/ +QMi`QHH2` mT/�i2/X h?2 2``Q` 7mM+iBQM “‖e‖”
Bb � MQM@M2;�iBp2 �M/ MQM@/2+`2�bBM; 7mM+iBQMX h?2 2``Q` 7mM+iBQM `Bb2b 7`QK y mMiBH Bi
K22ib U2[m�HbV i?2 i?`2b?QH/ 7mM+iBQM σ ‖Lx‖

‖L‖ - �i i?Bb TQBMi- �M 2p2Mi Bb i`B;;2`2/X h?2M
i?2 2``Q` 7mM+iBQM Bb b2i iQ x2`Q �M/ +QMiBMm2b iQ 2pQHp2X h?Bb +�M #2 pBbm�HBx2/ BM
6B;m`2 kXk r?2`2 i?2 +QMb2Mbmb T`QiQ+QH UkXjV Bb `mM 7Q` e �;2Mib Qp2` � +QMM2+i2/ �M/
mM/B`2+i2/ ;`�T?X 6B;m`2 kXk� b?Qrb i?2 bi�i2b Q7 i?2 �;2Mib �M/ 6B;m`2 kXk# b?Qrb
?Qr �M 2p2Mi Bb i`B;;2`2/X �b bi�i2/ 2�`HB2`- QM+2 i?2 +QM/BiBQM UkXdV Bb b�iBb}2/- i?2
2``Q` 7mM+iBQM Bb b2i iQ y �M/ i?Bb T`Q+2bb `2T2�ib �b HQM; �b σ ‖Lx‖

‖L‖ Bb MQM@x2`QX

kXRXj a2H7@i`B;;2`2/ *QMi`QH

a2H7@i`B;;2`2/ +QMi`QH- }`bi BMi`Q/m+2/ BM (jd)- Bb T`Q�+iBp2 BM M�im`2 �M/ +QKTmi2b i?2
(i + 1)i? b�KTHBM; iBK2 �i i?2 ii? 2p2Mi iBK2X h?Bb Bb /QM2 #v K�FBM; T`2/B+iBQMb
#�b2/ QM i?2 ?BbiQ`v Q7 bi�i2b `2+2Bp2/ �M/ FMQrH2/;2 Q7 i?2 bvbi2KX h?Bb T`Q+2bb
+�M #2 BHHmbi`�i2/ rBi? i?2 7QHHQrBM; 2t�KTH2X *QMbB/2` � bvbi2K rBi? ;2M2`�H HBM2�`
/vM�KB+b-

ẋ(t) = Ax(t) + Bu(t), UkX3V
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U#V 1p2Mi@i`B;;2`BM; +QM/BiBQMX

6B;m`2 kXk, *QMb2Mbmb mM/2` i?2 1h* UkXdVX

�M/ i?2 B/2�H HBM2�` +QMi`QHH2` r?B+? `2M/2`b i?2 �#Qp2 bvbi2K �bvKTiQiB+�HHv bi�#H2 Bb-

u(t) = Kx(t).

h?2 +HQb2/@HQQT /vM�KB+b �`2-

ẋ(t) = (A + BK)x(t),

�M/ 7QHHQrBM; 7`QK i?2 /Bb+mbbBQMb BM a2+iBQM kXRXk- i?2 +HQb2/@HQQT /vM�KB+b mM/2` i?2
2p2Mi@i`B;;2`2/ b+?2K2 �`2-

ẋ(t) = Ax(t) + BKx(tl) = Ax(t) + BK(x(t) + e(t)) = (A + BK)x(t) + BKe(t). UkXNV

�M 1h* +�M #2 /2bB;M2/ 7Q` i?2 bvbi2K BM UkXNV i?�i /2+B/2b r?2M iQ b�KTH2 i?2 bi�i2b
�M/ mT/�i2 i?2 +QMi`QHH2`X >2`2 ?Qr2p2`- �i i`B;;2`BM; iBK2 tl i?2 i`B;;2`BM; K2+?�MBbK
2p�Hm�i2b i?2 1h* Q7 i?2 bi�i2b 7Q` t > tlX AM i?2 2t�KTH2 Q7 HBM2�` bvbi2Kb �M/ mM/2`
i?2 �bbmKTiBQM Q7 B/2�H /vM�KB+b- i?2 bi�i2 i`�D2+iQ`v +�M #2 ;Bp2M 2tTHB+BiHv #v-

x(t) = exp
(
(A + BK)(t − tl)

)
x(tl) +

∫ t

tl

exp
(
(A + BK)(t − tl)

)
BKe(τ)dτ,

r?B+? +�M #2 mb2/ iQ /2i2`KBM2 r?2M i?2 7mim`2 pBQH�iBQM Q7 i?2 2``Q` 7mM+iBQM i�F2b
TH�+2 �M/ i?2 bvbi2K 2t2+mi2b TQbi@i`B;;2` �+iBQMbX h?Bb Bb � bBKTH2 2t�KTH2 Q7 /2i2`@
KBMBbiB+ M�im`2 �M/ �b `2�H@rQ`H/ B``2;mH�`BiB2b �`2 BMi`Q/m+2/ i?2 �M�HvbBb ;2ib +QK@
THB+�i2/X >Qr2p2`- bBM+2 i?2 7mim`2 bi�i2b �`2 T`2/B+i2/ i?2 `2[mB`2K2Mi Q7 +QMiBMmQmb
b2MbQ` K2�bm`2K2Mib Bb `2H�t2/X JQ`2Qp2`- �b b?QrM BM (j3)- i?2 �p2`�;2 BMi2`@2p2Mi
iBK2b Q7 b2H7@i`B;;2`2/ b+?2K2b �`2 Q7i2M HQr2` i?�M i?�i Q7 2p2Mi@i`B;;2`2/ b+?2K2bX

hQ Qp2`+QK2 i?2 +QMb2`p�iBp2M2bb Q7 b2H7@i`B;;2`2/ �TT`Q�+? �M/ iQ �pQB/ +QbiHv
+QKTmi�iBQM `2bQm`+2b mb�;2 BM 2p2Mi@i`B;;2`2/ �TT`Q�+?- i?2 �mi?Q`b BM (jN) K�F2
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i?2 #2bi Q7 #Qi? rQ`H/b #v T`QTQbBM; � b+?2K2 BM � KmHiB@�;2Mi b2iiBM; i?�i `2HB2b QM
�;2Mib K�FBM; T`QKBb2b iQ i?2B` M2B;?#Q`b �#Qmi i?2B` 7mim`2 bi�i2bX *QMbB/2` i?2 i�bF
Q7 /2bB;MBM; � +QM/BiBQM 7Q` �;2Mi i r?2`2 i?2 +QM/BiBQM Bb mb2/ iQ /2+B/2 BMbi�Mib r?2M
�;2Mi i b�KTH2b Bib bi�i2b iQ Bib M2B;?#Q`bX AM (jN) i?Bb Bb �++QKTHBb?2/ #v ?�pBM; �;2Mi
i i`�MbKBi Bib +m``2Mi bi�i2 �HQM; rBi? Bib 7mim`2 bi�i2b iQ Bib M2B;?#Q`b �M/ b+?2/mH2b
r?2M iQ i`�MbKBif`2[m2bi M2ti mT/�i2 BM7Q`K�iBQMX h?Bb +QK2b 7`QK i?2 b2H7@i`B;;2`2/
T�`�/B;KX LQr- B7 � T`QKBb2 Bb #`QF2M- BX2X- bi�i2b r2`2MǶi `2+2Bp2/ �i i?2 T`QKBb2/
iBK2b- �M 2p2Mi Bb i`B;;2`2/ �M/ M2r bi�i2b �`2 BKK2/B�i2Hv /2K�M/2/ r?B+? +QK2b
7`QK i?2 2p2Mi@i`B;;2`2/ +QMi`QH bB/2X

h?Bb i?2bBb 7Q+mb2b QM 2p2Mi@i`B;;2`2/ +QMi`QH �M/ r2 T`Q+22/ BM i?Bb /B`2+iBQM #v
BMi`Q/m+BM; bQK2 �TT`Q�+?2b +QKKQMHv 2M+QmMi2`2/ BM i?2 HBi2`�im`2 �M/ #mBH/ mTQM
i?2 iQQHb M2+2bb�`v 7Q` i?2 `2K�BM/2` Q7 i?Bb i?2bBbX

kXk �TT`Q�+?2b iQ 1p2Mi@i`B;;2`2/ *QMi`QH .2bB;M

h?2 }`bi �TT`Q�+? �M/ KQbi +QKKQMHv 7QmM/ BM i?2 HBi2`�im`2 Bb T`2b2Mi2/ BM (9y)X
h?Bb �TT`Q�+?- +QKKQMHv +�HH2/ i?2 /Bb+`2i2@iBK2 T2`im`#2/ HBM2�` bvbi2K �TT`Q�+? Bb
KQ/2H2/ �7i2` i?2 T2`im`#�iBQM �TT`Q�+? iQ bi�#BHBiv �M�HvbBb T`2b2Mi2/ BM (9R)X >2`2-
�M 2``Q` BM +QMi`QH Bb BMi`Q/m+2/ �M/ bi�#BHBiv �M�HvbBb 7QHHQrb iQ #QmM/ i?2 /2pB�iBQMb
Q7 i?Bb 2``Q`X h?2 /Bb+mbbBQM BM a2+iBQM kXRXk Bb #�b2/ QM i?Bb �TT`Q�+? �M/ i?2 `2bi Q7
i?2 rQ`F Bb �HbQ KQ/2H2/ �7i2` i?Bb �TT`Q�+?X h?2 `2bmHib Q#i�BM2/ �`2 p2`v +QMb2`p�iBp2
�M/ i?2 �bbmKTiBQM Bb i?�i i?2 +QMi`QHH2` `2M/2`b i?2 bvbi2K AMTmi@iQ@ai�i2 bi�#H2 UAaaVX

h?2 M2ti �TT`Q�+? Bb T2`7Q`K�M+2 #�b2/ /2bB;M Q` QTiBKBx�iBQM@#�b2/ K2i?Q/bX
h?2 TBQM22`BM; rQ`F Q7 (9k) b?Qr2/ i?�i G2#2b;m2 b�KTHBM;R +�M QmiT2`7Q`K T2`BQ/B+
+QMi`QH 7Q` bQK2 [m�/`�iB+ +Qbib BM HBM2�` TH�Mib rBi? :�mbbB�M /Bbim`#�M+2bX G2#2b;m2
b�KTHBM;- r?2`2 i?2 b�KTHBM; BMi2`p�Hb �`2 MQi +�MQMB+�H- BMpQHp2b 7Q`+BM; i?2 bi�i2b
Q7 � bvbi2K iQ � +QM}M2/ `2;BQM �M/ ;2M2`�iBM; � +QMi`QH bB;M�H r?2M i?2 bi�i2 H2�p2b
bm+? b�B/ `2;BQMX h?Bb r�b QM2 Q7 i?2 }`bi rQ`Fb iQ T`QpB/2 MQi QMHv � [m�HBi�iBp2 #mi �
[m�MiBi�iBp2 `2bmHi QM r?�i +�K2 iQ #2 FMQrM- 2p2Mi@i`B;;2`2/ b�KTHBM; K2+?�MBbKbX
AM (9j)- i?2 `2[mB`2K2Mib Q7 7mHH@bi�i2 722/#�+F Bb `2H�t2/ �M/ T�`iB�H QmiTmi@#�b2/ 722/@
#�+F Bb mb2/ iQ b+?2/mH2 i�bFbX S2`7Q`K�M+2 Bb /2}M2/ #v �M �p2`�;2 [m�/`�iB+ +Qbi
�M/ i?2 MQi2 ;m�`�Mi22/ 72r2` i`�MbKBbbBQMb +QKT�`2/ iQ i`�/BiBQM�H QTiBK�H T2`BQ/B+
2t2+miBQMb �M/ �//BiBQM�HHv- #v 7Q`;QBM; 10% Q7 T2`7Q`K�M+2 i?2 �mi?Q`b Q#i�BM2/ 72%
Q7 `2/m+iBQM BM M2irQ`F mb�;2X h?2 rQ`F BM (99) +?�`�+i2`Bx2b BMi2`M�HHv bi�#BHBxBM;
+QMi`QHH2`b i?�i ;m�`�Mi22 � +2`i�BM H∞ T2`7Q`K�M+2 H2p2H �M/ i?mb i?2 T`QTQb2/ 1h*
bvbi2K QmiT2`7Q`Kb QTiBK�H iBK2@i`B;;2`2/ +QMi`QH 2t+2Ti 7Q` bQK2 �ivTB+�H +�b2bX "v
/QBM; i?Bb- i?2 �mi?Q`b �m;K2Mi i?2 722/#�+F +QMi`QHH2`b #v 2M7Q`+BM; +2`i�BM T2`7Q`@
K�M+2 +`Bi2`BQM �M/ bi�#BHBiv Q7 i?2 +QMi`QHH2/ i�bFbX

RG2#2b;m2 b�KTHBM; `272`b iQ � b�KTHBM; b+?2K2 r?2M i?2 bvbi2K Bb b�KTH2/ QMHv r?2M i?2 QmiTmi
?�b +?�M;2/ #v � bT2+B}2/ �KQmMiX
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� H�`;2 T�`i Q7 `2+2Mi `2b2�`+? Bb /2/B+�i2/ iQ `2/m+BM; +QMb2`p�iBbK BM 2p2Mi@
;2M2`�iQ`b �M/ BM+`2�bBM; BMi2`@2p2Mi iBK2b r?BH2 biBHH K�BMi�BMBM; bi�#BHBivX h?Bb #`BM;b
mb iQ Qm` M2ti �TT`Q�+? BM 2p2Mi@i`B;;2` /2bB;M, /vM�KB+@i`B;;2`BM; K2+?�MBbKbX ai�iB+
2p2Mi ;2M2`�iQ`b- 7Q` 2t�KTH2 UkXdV- Q7i2M 2t?B#Bi x2MQ@#2?�pBQ`b BM i?2 T`2b2M+2 Q7 2p2M
i?2 bHB;?i2bi /Bbim`#�M+2b (98)- r?2`2 x2MQ@#2?�pBQ` Bb � T?2MQK2MQM r?2M BM}MBi2
2p2Mib �`2 i`B;;2`2/ BM }MBi2 iBK2 Ub22 a2+iBQM kXjVX hQ +B`+mKp2Mi i?Bb- /vM�KB+@
i`B;;2`BM; K2+?�MBbKb- �b T`2b2Mi2/ BM (9e)- BMi`Q/m+2 �M BMi2`M�H /vM�KB+ p�`B�#H2 i?�i
�+ib �b � }Hi2` QM i?2 i?`2b?QH/ 7mM+iBQMX AM +QMi`�bi iQ bi�iB+ 1h*b- r?B+? Bb �M�Hvx2/
#v +?QQbBM; �M �TT`QT`B�i2 /2+`2�bBM; Gv�TmMQp 7mM+iBQM V (t)- ?2`2 V (t) M22/ MQi
#2 � /2+`2�bBM; 7mM+iBQM `�i?2` Dmbi mTT2`@#QmM/2/ #v �MQi?2` �m;K2Mi2/ 7mM+iBQM
W (t) r?B+? Bb � /2+`2�bBM; 7mM+iBQMX AM (98) iQQ- i?2 �mi?Q`b rQ`F BM i?2 HBM2b Q7 (9e)-
#mi }`bi i?2v �// � KBMBKmK BMi2`@2p2Mi iBK2 iQ 2�+? 2p2Mi UiBK2@`2;mH�`Bx�iBQMV iQ
2Mbm`2 x2MQ@#2?�pBQ` Bb �pQB/2/ �M/ i?2M /2bB;M � /vM�KB+ p�`B�#H2 iQ �+?B2p2 H�`;2`
BMi2`@2p2Mi iBK2bX

AM (9d) i?2 �mi?Q`b i�F2 �M BMi2`2biBM; ?v#`B/@bvbi2Kb �TT`Q�+?X >2`2- �b BM (98)- i?2
�mi?Q`b �// � KBMBKmK BMi2`@2p2Mi iBK2 h iQ i?2 K2+?�MBbK #mi mMHBF2 �Mv T`2pBQmb
K2i?Q/b- r?2M �M 1h* Bb pBQH�i2/ ?2`2- i?2 2p2Mi@;2M2`�iQ` r�Bib h b2+QM/b #27Q`2
i�FBM; �Mv �+iBQM �M/ �7i2` i?2 2M/ Q7 i?2 r�BiBM; T2`BQ/ Bi +QMiBMmQmbHv i�F2b BM M2r
b2MbQ` K2�bm`2K2Mib mMiBH i?2 1h* Bb pBQH�i2/ �;�BM �M/ i?Bb T`Q+2bb +QMiBMm2bX h?Bb
brBi+?BM; #2ir22M T2`BQ/B+ b�KTHBM; �M/ +QMiBMmQmb 2p2Mi@/2i2+iBQM Bb b�B/ iQ ?�p2
`2/m+2/ i?2 rQ`FHQ�/ bB;MB}+�MiHvX

h?2Q`2iB+�HHv- �Mv �TT`Q�+? ;m�`�Mi22BM; #QmM/b QM i?2 bi�i2b Q7 i?2 bvbi2K r?BH2
biBHH K�BMi�BMBM; bi�#BHBiv +�M #2 mb2/ iQ /2bB;M �M 2p2Mi@i`B;;2`2/ +QM/BiBQM- T`QpB/2/
i?2 �TT`Q�+? Bb DmbiB}2/ BM `2;�`/b iQ +QMb2`p�iBp2M2bb Q7 i?2 `2;BQMb- 2�b2 Q7 BKTH2@
K2Mi�iBQM QM /B;Bi�H #2/b- +QKTH2tBiv Q7 +�H+mH�iBQMb- �M/ bQ QMX

kXj w2MQ@#2?�pBQ`

h?Bb b2+iBQM BMi`Q/m+2b i?2 x2MQ@T?2MQK2MQM #�b2/ QM i?2 `272`2M+2b (RN-93-9N)X
w2MQM2bbk /2b+`B#2b � T?2MQK2MQM r?2M � bvbi2K mM/2`;Q2b �M mM#QmM/2/ MmK#2` Q7
/Bb+`2i2 2p2Mib BM � #QmM/2/ H2M;i? Q7 iBK2X PM2 +QKKQM Bbbm2 BM BKTH2K2MiBM; i?2
i`B;;2` /2bB;M Bb iQ 2Mbm`2 i?2 2t+HmbBQM Q7 x2MQ@#2?�pBQ`- K2�MBM; iQ 2Mbm`2 BM}MBi2
2p2Mib �`2 MQi i`B;;2`2/ BM }MBi2 iBK2X

.2MQi2 i?2 b2[m2M+2 Q7 2p2Mi iBK2b #v {tl}l∈Z≥0 X 6B;m`2 kXj +�Tim`2b i?2 2bb2M+2
Q7 x2MQM2bb #v Q#b2`pBM; i?2 p�`B2/ b2[m2M+2b Q7 BMi2`@2p2Mi iBK2bX h?2 b2[m2M+2 Q7
2p2Mi@iBK2b +�M #2 +?�`�+i2`Bx2/ BMiQ 7QHHQrBM; 7Qm` +�i2;Q`B2b,

BV a�KTH2/@/�i� +QMi`QH, 6QHHQrBM; Qm` /Bb+mbbBQM 7`QK a2+iBQM kXRXR- BM � �
b�KTH2/@/�i� +QMi`QH rBi? +QMbi�Mi b�KTHBM;- �b b?QrM BM 6B;m`2 kXj #2 #Hm2

k�7i2` i?2 :`22F T?BHQbQT?2` w2MQ Q7 1H2� r?Q T`QTQb2/ i?2 �+?BHH2b �M/ iQ`iQBb2 T�`�/Qt- r?B+?
b�B/- ǵAM � `�+2- i?2 [mB+F2bi `mMM2` +�M M2p2` Qp2`gi�F2 i?2 bHQr2bi- bBM+2 i?2 Tm`bm2` Kmbi }`bi `2�+?
i?2 TQBMi r?2M+2 i?2 Tm`bm2/ bi�`i2/- bQ i?�i i?2 bHQr2` Kmbi �Hr�vb ?QH/ � H2�/Ƕ (8y)X
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6B;m`2 kXj, hvT2b Q7 b2[m2M+2b Q7 2p2Mi@iBK2b

K�`F2`b ǶYǶ- BMi2`@2p2Mi iBK2b �`2 +QMbi�Mi B``2bT2+iBp2 Q7 i?2 +m``2Mi bi�i2 Q7
i?2 bvbi2KX 6Q` 2t�KTH2- +QMbB/2` i?2 7QHHQrBM; b2[m2M+2-

tl+1 − tl = c,

7Q` bQK2 c > 0 r?B+? Bb i?2 }`bi K�`F2` BM 6B;m`2 kXjX �Mv +QMi`QHH2` /2bB;M2/
iQ QT2`�i2 �i � 7`2[m2M+v ?B;?2` i?�M i?2 BMi2`@2p2Mi b�KTHBM; 7`2[m2M+v +�M #2
BKTH2K2Mi2/ QM ?�`/r�`2X

BBV w2MQ #2?�pBQ`, *QMbB/2` i?2 K�`F2` b2[m2M+2 MmK#2` irQ- ǶYǶ- BM 6B;m`2 kXj
r?2`2 i?2 BMi2`@2p2Mi iBK2b �`2 ;Bp2M #v-

tl+1 − tl = 5
(l + 1)2 ,

7Q` l ∈ Z≥0X �b l → ∞- i?2 2p2Mi@iBK2 tl ≤ π2
3 - r?B+? K2�Mb i?2`2 2tBbib �M �+@

+mKmH�iBQM iBK2 #27Q`2 r?B+? BM}MBi2 2p2Mib rBHH ?�p2 Q++m`2/ �M/ x2MQ@#2?�pBQ`
Bb Q#b2`p2/X avbi2Kb 2t?B#BiBM; bm+? T?2MQK2MQM +�MMQi #2 BKTH2K2Mi2/ 7Q`
t > π2

3 �M/ ?2M+2 i?2 M22/ iQ 2t+Hm/2 bm+? #2?�pBQ`b 7`QK i?2 i`B;;2` /2bB;MX

BBBV LQM@x2MQ #2?�pBQ` rBi?Qmi � KBMBKmK BMi2`@2p2Mi iBK2 U∆V, AM i?2
K�`F2` b2[m2M+2 MmK#2` i?`22 BM 6B;m`2 kXj- ǶYǶ- i?2 BMi2`@2p2Mi iBK2 Bb ;Bp2M
#v-

tl+1 − tl = 1
l + 1 ,

7Q` l ∈ Z≥0X �b l → ∞- i?2 2p2Mi@iBK2 tl → ∞- r?B+? K2�Mb i?2Q`2iB+�HHv bm+? �
+QMi`QHH2` +�M #2 BKTH2K2Mi2/ #mi Bi M22/b iQ �+i BM}MBi2Hv 7�biX
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BpV LQM@x2MQ #2?�pBQ` rBi? � KBMBKmK BMi2`@2p2Mi iBK2 U∆V, h?2 }M�H
+�i2;Q`v Bb iQ 2t+Hm/2 x2MQ #2?�pBQ` #v }M/BM; � bi`B+iHv MQM@x2`Q HQr2` #QmM/
QM BMi2`@2p2Mi iBK2b BX2X- ∆ > ε r?2`2 ε > 0 �M/ Bb mMB7Q`K Qp2` �HH +QMb2+miBp2
2p2MibX h?2 HQr2` #QmM/ Kmbi �HbQ MQi #2 � 7mM+iBQM Q7 iBK2 Q` i?2 bi�i2b Q7 i?2
bvbi2KX h?Bb Bb `2T`2b2Mi2/ #v i?2 7Qm`i? K�`F2` BM 6B;m`2 kXj- ǶYǶ- r?2`2 i?2
HQr2` #QmM/ Bb ∆ = 0.1 r?B+? +�M #2 BKTH2K2Mi2/ #v �Mv /2pB+2 QT2`�iBM; 7�bi2`
i?�M i?2 7`2[m2M+v Q7 1

∆ X 6BM/BM; � MQM@x2`Q HQr2` #QmM/ QM BMi2`@2p2Mi iBK2 Bb
� bi`QM;2` +QM/BiBQM i?�M �pQB/BM; x2MQ@#2?�pBQ`X

hQ +B`+mKp2Mi i?2 2tBbi2M+2 Q7 x2MQ@#2?�pBQ`- T2`BQ/B+ 2p2Mi@i`B;;2`2/ +QMi`QH ?�b #22M
T`QTQb2/ BM i?2 HBi2`�im`2 (8R)X >2`2- BMbi2�/ Q7 2p�Hm�iBM; i?2 i`B;;2` +QM/BiBQM +QMiBM@
mQmbHv Bi Bb 2p�Hm�i2/ �i � +QMbi�Mi T2`BQ/- b�v ǵhǶX h?2 M2ti@2p2Mi iBK2 Bb i?2M ;Bp2M
#v i?2 7QHHQrBM; `mH2-

tl+1 = min{tl + ih | i ∈ N, m(e(t)) > n(x(tl + ih))},

r?2`2 i?2 2``Q`@i2`K Bb-

e(t) = x(tl + ih) − x(tl) t ∈ [tl + ih, tl + (i + 1)h),

7Q` i ∈ NX h?Bb 2t2+miBQM b+?2K2 ;m�`�Mi22b i?�i i?2 BMi2`@2p2Mi iBK2 Bb �i H2�bi h

b2+QM/b �M/ x2MQ T?2MQK2MQM Bb �pQB/2/X L2p2`i?2H2bb- i?Bb �M�HvbBb b?QmH/ #2 7QHHQr2/
#v �M mTT2` #QmM/ QM h iQ 2Mbm`2 i?2 i`B;;2` +QM/BiBQM Bb MQi pBQH�i2/ BM i?2 BMi2`p�H
[tl, tl + h) �M/ B7 pBQH�i2/ i?2 bvbi2K Bb biBHH ;m�`�Mi22/ iQ `2K�BM bi�#H2 �M/ �+?B2p2
i?2 b�B/ ;Q�HbX
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*?�Ti2` j

1p2Mi@i`B;;2`2/ *QMb2Mbmb
*QMi`QH

AM *?�Ti2` k r2 BMi`Q/m+2/ 2p2Mi@i`B;;2`2/ +QMi`QHH2` /2bB;M �M/ p�`BQmb �TT`Q�+?2b iQ
bi�#BHBx2 � bvbi2KX AM i?Bb +?�Ti2` r2 mb2 i?2b2 iQQHb �M/ �TTHv i?2K iQ QM2 Q7 i?2 KQbi
bim/B2/ T`Q#H2Kb BM KmHiB@�;2Mi bvbi2Kb- i?2 +QMb2Mbmb T`QiQ+QHX JQ`2 bT2+B}+�HHv-
r2 �`2 BMi2`2bi2/ BM mbBM; i?2b2 bi`�i2;B2b iQ /`Bp2 i?2 +QKKmMB+�iBQM �M/ +QMi`QH Q7
�;2MibX q2 mb2 Gv�TmMQp@#�b2/ 2p2Mi@i`B;;2`BM; bi`�i2;v iQ bQHp2 i?2 �p2`�;2 +QMb2Mbmb
T`Q#H2K �M/ i?2 x2`Q@p2HQ+Biv +QMb2Mbmb T`Q#H2KX

jXR S`Q#H2K ai�i2K2Mi

q2 +QMbB/2` � ;`QmT Q7 N �;2Mib ?�pBM; /Qm#H2 BMi2;`�iQ` /vM�KB+b /2b+`B#2/ �b-

ẋi(t) = vi(t),
v̇i(t) = ui(t), UjXRV

r?2`2 i ∈ {1, . . . , N}- xi(t) ∈ R- vi(t) ∈ R �M/ ui(t) ∈ R �`2 TQbBiBQM- p2HQ+Biv- �M/
+QMi`QH BMTmib Q7 �;2Mi i- `2bT2+iBp2HvX LQi2 i?�i BM i?Bb bim/v- i?2 bi�i2b x(t) �M/ ẋ(t)
�`2 +�HH2/ TQbBiBQM �M/ p2HQ+Biv `2bT2+iBp2HvX >Qr2p2`- BM ;2M2`�H- i?2v M22/ MQi #2
TQbBiBQM �M/ p2HQ+Biv �b i?2B` /2}MBiBQMb +�M /2T2M/ QM i?2 +QMbB/2`2/ bvbi2KX 1�+?
�;2Mi ?�b i?2 �#BHBiv iQ b2Mb2 Bib bi�i2b �M/ i`�MbKBi i?2K iQ Bib M2B;?#Q`b Qp2` � +QK@
KmMB+�iBQM M2irQ`FX am+? � M2irQ`F Bb +�Tim`2/ #v � bi�iB+ �M/ �M mM/B`2+i2/ ;`�T?
G rBi? Bib +Q``2bTQM/BM; H�TH�+B�M K�i`Bt L(G)X � T2`72+i BM7Q`K�iBQM b?�`BM; M2irQ`F
Bb �bbmK2/ r?2`2 i?2 i`�MbKBii2/ �M/ `2+2Bp2/ bi�i2b �`2 BMbi�Mi�M2QmbHv �p�BH�#H2 iQ
i?2 �+im�iQ`b Q7 2p2`v �;2MiX

q2 �`2 BMi2`2bi2/ BM /Bbi`B#mi2/ +QMi`QH bi`�i2;B2b i?�i /`Bp2 i?2 i2�K Q7 �;2Mib iQ
+QMb2Mbmb BM i?2B` bi�i2bX AM i?Bb /B`2+iBQM- r2 /2}M2 irQ MQiBQMb Q7 +QMb2Mbmb 7Q` i?2
KmHiB@�;2Mi bvbi2K +QKT`Bb2/ Q7 �;2Mib rBi? /vM�KB+b UjXRVX
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.2}MBiBQM jXRX � b2+QM/ Q`/2` bvbi2K Bb b�B/ iQ ?�p2 �+?B2p2/ �p2`�;2 +QMb2Mbmb- B7
7Q` �HH xi(0), ẋi(0) ∈ R- r?2`2 i = 1, 2, . . . , N -

lim
t→∞

(
xi(t) − t

N

N∑

i=1
vi(0)

)
= 1

N

N∑

i=1
xi(0) �M/

lim
t→∞

vi(t) = 1
N

N∑

i=1
vi(0).

.2}MBiBQM jXkX � b2+QM/ Q`/2` bvbi2K Bb b�B/ iQ ?�p2 �+?B2p2/ x2`Q p2HQ+Biv +QMb2Mbmb-
B7 7Q` �HH xi(0), ẋi(0) ∈ R- r?2`2 i = 1, 2, . . . , N -

lim
t→∞

xi(t) = c �M/ lim
t→∞

vi(t) = 0,

r?2`2 c ∈ R Bb � b+�H�` +QMbi�MiX

.2}MBiBQM jXR bi�i2b i?�i �HH �;2Mib bvM+?`QMBx2 i?2B` TQbBiBQMb �M/ KQp2 �i � mMB7Q`K
+QMbi�Mi p2HQ+Biv r?B+? Bb i?2 �p2`�;2 Q7 i?2B` BMBiB�H p2HQ+BiB2bX .2}MBiBQM jXk /2}M2b �
ivT2 Q7 +QMb2Mbmb r?2`2 �;2Mib �bvKTiQiB+�HHv �;`22 QM � +QKKQM TQbBiBQM rBi? x2`Q
p2HQ+Biv BX2X- �HH �;2Mib `2M/2xpQmb iQ � +QKKQM TQBMiX hQ �+?B2p2 i?2 +QMb2Mbmb /2}M2/
BM i?2 �#Qp2 /2}MBiBQMb- +QMbB/2` i?2 /Bbi`B#mi2/ +QMi`QH H�r T`QTQb2/ BM (8k) �M/ (8j)
;Bp2M #v-

ui(t) = −
n∑

j=1
aij [(xi(t) − xj(t)) + µ(vi(t) − vj(t))], UjXkV

r?2`2 aij Bb i?2 {i, j} 2Mi`v Q7 i?2 �/D�+2M+v K�i`Bt A ∈ Rn×n �bbQ+B�i2/ rBi? ;`�T? G-
�M/ µ Bb � TQbBiBp2 b+�H�`X _272` iQ �TT2M/Bt " 7Q` KQ`2 BM7Q`K�iBQM QM i?2b2 K�i`B+2bX

.2MQi2 x(t) =
[
x1 x2 . . . xN

]T
�M/ v(t) =

[
v1 v2 . . . vN

]T
- i?2M i?2@+HQb2/

HQQT /vM�KB+b +�M #2 r`Bii2M �b-
[
ẋ(t)
v̇(t)

]

= Γ
[
x

v

]

, r?2`2 Γ =
[

0 IN

−L −µL

]

.

h?2 �#Qp2 bvbi2K `2�+?2b �p2`�;2 +QMb2Mbmb 7Q` �M �TT`QT`B�i2 +?QB+2 Q7 ;�BM µ �M/ �
+QMM2+i2/ ;`�T? G- �b b?QrM BM (8k- G2KK� 9XR)X

LQr r2 �`2 `2�/v iQ /2bB;M i?2 2p2Mi@i`B;;2`2/ b+?2K2 7Q` i?2 T`QTQb2/ T`Q#H2KX
h?2 #`Q�/ ;Bbi Q7 �M 2p2Mi@i`B;;2`2/ b+?2K2 Bb iQ b�KTH2 i?2 bi�i2b (xi(t), vi(t)) �b
(xi(ti

k), vi(ti
k)) r?2`2 i?2 b�KTH2/ bi�i2b �`2 +QMbi�Mi #2ir22M i?2 2p2Mi iBK2b [ti

k, ti
k+1)X

h?�i Bb- � x2`Q@Q`/2`@?QH/ UwP>V Bb �TTHB2/ BM #2ir22M i?2 2p2Mi iBK2bX h?2 /Bz2`2M+2
#2ir22M i?2 H�bi b�KTH2/ bi�i2b �M/ i?2 +m``2Mi bi�i2b Q7 �;2Mi i �`2 +�Tim`2/ #v i?2
7QHHQrBM; 2``Q` /2}MBiBQMb-





ei

x(t) = xi(ti
k) − xi(t),

ei
v(t) = vi(ti

k) − vi(t).
UjXjV
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�;2Mi i #`Q�/+�bib Bib H�i2bi bi�i2b iQ Bib M2B;?#Q`b �M/ mT/�i2b Bib +QMi`QHH2` �i 2p2Mi
iBK2b {ti

0, ti
1, ti

2, . . . }X 6Q` MQi�iBQM�H +QMp2MB2M+2- r2 mb2 i?2 MQi�iBQM (x̂i, v̂i) 7Q` i?2
b�KTH2/ bi�i2b (xi(ti

k), vi(ti
k))- �M/ (xj(tj

k′), vj(tj
k′)) +�M #2 2[mBp�H2MiHv `2T`2b2Mi2/ �b

(x̂j , v̂j)X h?2b2 2p2Mi iBK2b �`2 /2i2`KBM2/ #v i?2 pBQH�iBQM Q7 �M 2p2Mi i`B;;2`2/ +QM@
/BiBQM-

fi(ei
x(t), ei

v(t), xi(ti
k), vi(ti

k)) > 0,

7Q` bQK2 7mM+iBQM fi(·)X am+? �M 2p2Mi i`B;;2`2/ +QM/BiBQM- �HQM; rBi? /`BpBM; i?2
�+im�iBQM �M/ +QKKmMB+�iBQM #2ir22M �;2Mib Kmbi �HbQ 2Mbm`2 i?2 bi�#BHBiv �M/ i?2`2#v
+QMp2`;2M+2 Q7 i?2 bi�i2b Q7 �;2Mib iQ � /2bB`2/ ;Q�HX h?Bb MQiBQM Bb BM+Q`TQ`�i2/ BM i?2
/2bB;M Q7 i?2 b�B/ +QM/BiBQM #v mbBM; i?2 Gv�TmMQp bi�#BHBiv �TT`Q�+? iQ ;m�`�Mi22 i?2
i`�D2+iQ`B2b Q7 i?2 �;2Mib �`2 #QmM/2/ �M/ +QMp2`;2MiX

AM i?Bb /B`2+iBQM- r2 rQmH/ HBF2 iQ +QMbB/2` �M 2p2Mi i`B;;2`2/ bi`�i2;v 7Q` BKTH2@
K2MiBM; i?2 b2+QM/@Q`/2` +QMb2Mbmb +QMi`QH H�r BM UjXkVX

S`Q#H2K jXR U*QMb2Mbmb *QMi`QHV *QMbB/2` � KmHiB@�;2Mi bvbi2K r?2`2 i?2 �;2MibǶ
/vM�KB+b Bb /2b+`B#2/ #v UjXRVX *QMbi`m+i- 7Q` 2�+? �;2Mi i ∈ V- � bi�i2@/2T2M/2Mi 2p2Mi
i`B;;2`2/ +QM/BiBQM fi(ei

x(t), ei
v(t), xi(ti

k), vi(ti
k)) > 0- �M/ � /Bbi`B#mi2/ +QMi`QH bm+? i?�i

i?2 bvbi2Kb �+?B2p2b-

BV �p2`�;2 +QMb2Mbmb r?2`2 i?2 +QKKmMB+�iBQM �M/ +QMi`QH mT/�i2b �`2 2p2Mi@/`Bp2M-

BBV x2`Q p2HQ+Biv +QMb2Mbmb r?2`2 i?2 +QKKmMB+�iBQM #2ir22M �;2Mib Bb 2p2Mi@/`Bp2MX

h?2 /B{+mHiv ?2`2 HB2b BM i?2 7�+i i?�i r2 �BK iQ /2bB;M � bBM;H2 2p2Mi@i`B;;2`BM;
+QM/BiBQM iQ bQHp2 #Qi? i?2 T`Q#H2Kb BX2X- r2 /2bB;M � bBM;H2 2p2Mi@i`B;;2`BM; +QM/BiBQM
rBi? /Bz2`2Mi #QmM/b QM Bib T�`�K2i2`b iQ bQHp2 irQ T`Q#H2Kb, �p2`�;2 +QMb2Mbmb
�M/ x2`Q@p2HQ+Biv +QMb2MbmbX AM i?2 7Q`K2` T`Q#H2K- r2 /2bB;M �M 1h* iQ /`Bp2 i?2
+QKKmMB+�iBQM �M/ +QMi`QH mT/�i2b Q7 i?2 �;2Mib �M/ BM i?2 H�ii2` T�`i- }`bi r2 /2bB;M
� +QMiBMmQmb iBK2 +QMi`QHH2` iQ bQHp2 i?2 x2`Q@p2HQ+Biv +QMb2Mbmb T`Q#H2K �M/ i?2M mb2
i?2 1h* 7`QK �p2`�;2 +QMb2Mbmb T`Q#H2K iQ /`Bp2 i?2 +QKKmMB+�iBQM #2ir22M �;2MibX
AM i?2 M2ti b2+iBQM r2 QmiHBM2 i?2 T`Q+2bb Q7 Q#i�BMBM; i?2 1h* �M/ T`2b2Mi i?2 K�BM
`2bmHib Q7 i?Bb +?�Ti2`X

jXk 1p2Mi@i`B;;2`2/ .2bB;M

AM i?Bb b2+iBQM- r2 bQHp2 i?2 b2+QM/ Q`/2` KmHiB@�;2Mi bvbi2K +QMb2Mbmb T`Q#H2K rBi?
i?2 T`2b2Mi�iBQM Q7 �M 2p2Mi i`B;;2`2/ +QM/BiBQM U1h*VX h?2 ;2M2`�H MQiBQM Q7 2p2Mi
#�b2/ b�KTHBM; Bb iQ /2}M2 � 7mM+iBQM i?�i ;m�`�Mi22b i?2 2``Q` 7mM+iBQM Q7 � bvbi2K
iQ �Hr�vb #2 H2bb i?�M bQK2 T`2@bT2+B}2/ i?`2b?QH/X am+? 7mM+iBQMb ;2M2`�HHv i�F2 i?2
7Q`K #2HQr-

f(ξ, e) ! g(e) − h(ξ), ξ =
[
x

v

]

, e =
[
ex

ev

]

, UjX9V
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r?2`2 g(e) Bb bQK2 7mM+iBQM Q7 i?2 2``Q` �M/ h(ξ) Bb � i?`2b?QH/ i?�i BM Qm` +�b2 Bb
/2T2M/2Mi QM i?2 bi�i2b Q7 i?2 bvbi2KX h?2 T`QTQb2/ b+?2K2 +HQb2b i?2 HQQT 2p2`v iBK2
i?2 2``Q` 7mM+iBQM +`Qbb2b i?2 T`2@bT2+B}2/ i?`2b?QH/- BX2X- r?2M f(x, e) = 0 �b /2}M2/
BM UjX9VX

h?2 1h* r2 T`QTQb2 Bb /2}M2/ �b 7QHHQrb-

fi(ei
x(t), ei

v(t), x̂i(t), v̂i(t)) =
(
(ei

x)2 + µ(ei
v)2
)

+
(σαi

di
(−µ + diαi + µdiαi)n̂2

i

)
, UjX8V

r?2`2 ei
x �M/ ei

v �`2 b�KTHBM; 2``Q`b /2}M2/ BM UjXjV- di Bb i?2 MmK#2` Q7 M2B;?#Q`b
Q7 �;2Mi i- αi �M/ σ �`2 TQbBiBp2 +QMbi�Mib- �M/ n̂i Bb i?2 {i} 2H2K2Mi Q7 i?2 p2+iQ`
n̂(t) = Lv̂(t)X q2 MQr mb2 i?2 1h* BM UjX8V iQ �+?B2p2 �p2`�;2 +QMb2Mbmb �M/ x2`Q@
p2HQ+Biv +QMb2Mbmb �b /2}M2/ BM a2+iBQM jXRX

jXkXR 1p2Mi h`B;;2`2/ *QMi`QH 7Q` �p2`�;2 *QMb2Mbmb

hQ KBMBKBx2 i?2 +QMi`QHH2` mT/�i2b- i?2 +QMi`QHH2` BM UjXkV Bb KQ/B}2/ �b-

ui(t) = −
n∑

j=1
aij [(xi(ti

k) − xj(tj
k′)) + µ(vi(ti

k) − vj(tj
k′))], UjXeV

7Q` t ∈ [ti
k, ti

k+1) �M/ k′(t) = arg minl∈N:t≥tj
l
{t − tj

l } /2MQi2b i?2 H�bi 2p2Mi BMbi�Mi Q7
�;2Mi jX h?2 +HQb2/@HQQT /vM�KB+b Q7 �;2Mi i �`2-

ẍi(t) = −
n∑

j=1
aij [(xi(ti

k) − xj(tj
k′)) + µ(vi(ti

k) − vj(tj
k′))].

h?2 b2[m2M+2 {ti
k}k∈N �`2 i?2 iBK2 BMbi�Mib r?2M �;2Mi i b�KTH2b Bib bi�i2b- r?BH2 �;2Mi

j b�KTH2b Bib bi�i2b �i {tj
k′}k′∈NX h?Bb Bb �M �bvM+?`QMQmb +QM/BiBQM- BX2X- �;2Mi i +�M

b�KTH2 Bib bi�i2b rBi?Qmi `2+2BpBM;f`2[m2biBM; Bib M2B;?#Q`b iQ b�KTH2 i?2B` bi�i2b- �M/
+QMiBMm2b iQ 2pQHp2 rBi? i?2 H�bi `2+2Bp2/ BM7Q`K�iBQM 7`QK Bib M2B;?#Q`bX >Qr2p2`-
�;2Mi i rBHH mT/�i2 Bib +QMi`QHH2` �b bQQM �b Bi `2+2Bp2b �Mv M2r BM7Q`K�iBQM 7`QK Bib
M2B;?#Q`bX h?2 2t+?�M;2 Q7 BM7Q`K�iBQM 7Q` i?2 bvbi2K UjXRV rBi? +QMi`QHH2` UjXeV Bb
b?QrM BM 6B;m`2 jXRX

AM 6B;m`2 jXR- i?2 2p2Mi@i`B;;2`2/ +QM/BiBQM U1h*V ?�b �++2bb iQ i?2 i`m2 bi�i2
{xi, vi} Q7 i?2 TH�Mi �M/ r?2M i?2 1h* +QM/BiBQM Bb pBQH�i2/- i?2 bi�i2 Bb b�KTH2/ �M/
T`QpB/2/ iQ i?2 +QMi`QHH2` U{x̂i, v̂i}VX h?2b2 bi�i2b �`2 �p�BH�#H2 BM � b�KTH2 �M/ ?QH/
7�b?BQM mMiBH i?2 M2ti mT/�i2/ bi�i2b �``Bp2X

q2 MQr T`QpB/2 � `2bmHi b?QrBM; i?�i i?2 i`B;;2` +QM/BiBQM UjX8V rBi? +QMi`QH H�r
UjXeV �+?B2p2b �p2`�;2 +QMb2Mbmb 7Q` i?2 bvbi2KX

h?2Q`2K jXRX *QMbB/2` i?2 bvbi2K BM UjXRV rBi? +QMi`QH UjXeV- �M/ �bbmK2 i?�i i?2
+QKKmMB+�iBQM ;`�T? Bb +QMM2+i2/ �M/ mM/B`2+i2/X amTTQb2 i?2 2p2Mi@i`B;;2`2/ +QM/BiBQM
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PiETC

Ki

j 2 Ni

Plant

Controller

ui(t
i
k)

ZOH

ui(t)

✓
x̂i(tik)
v̂i(tik)

◆

✓
x̂j(tik0)
v̂j(tik0)

◆

✓
xi(t)
vi(t)

◆

j 2 Ni

✓
x̂i(tik)
v̂i(tik)

◆

✓
x̂j(tik0)
v̂j(tik0)

◆

6B;m`2 jXR, �;2Mi i rBi? +QMi`QHH2` UjXeV �M/ 2p2Mi i`B;;2`2/ +QM/BiBQM UjX8VX

Bb ;Bp2M #v

(ei
x)2 + µ(ei

v)2 = −σαi

di
(−µ + diαi + µdiαi)n̂2

i , UjXdV

r?2`2 ei
x �M/ ei

v �`2 b�KTHBM; 2``Q`b /2}M2/ BM UjXjV- n̂i = ∑
j∈Ni

(v̂i − v̂j)- �M/ µ > 0 ∀iX
h?2M 7Q` σ > 0-ε1 > 0 �M/ 2µ+(σ−1)ε1

2(di+µdi) < αi < 2µ−ε1
2(di+µdi) �M/ 7Q` �Mv BMBiB�H +QM/BiBQMb-

i?2 bvbi2K UjXRV rBi? +QMi`QH UjXeV �+?B2p2b �p2`�;2 +QMb2MbmbX

S`QQ7X *QMbB/2` i?2 7QHHQrBM; +�M/B/�i2 Gv�TmMQp 7mM+iBQM-

V (x, v) = 1
2xT L2x + 1

2vT Lv,

r?2`2 x ∈ Rn- v ∈ Rn �M/ L Bb � bvKK2i`B+ TQbBiBp2 b2KB@/2}MBi2 G�TH�+B�M K�i`Bt
+Q``2bTQM/BM; iQ i?2 ;`�T? G �b /2}M2/ BM �TT2M/Bt "X h?2M i?2 iBK2 /2`Bp�iBp2 Q7
V (x, v) +�M #2 2tT`2bb2/ �b-

V̇ (x, v) = xT L2ẋ + vT Lv̇,

= xT L2ẋ + vT L(−Lx̂ − µLv̂).

J�FBM; mb2 Q7 i?2 2``Q` /2}MBiBQMb BM UjXjV- x̂ = ex + x �M/ v̂ = ev + v- �HQM; rBi? i?2

k8©
 T

ec
hn

io
n 

- I
sr

ae
l I

ns
tit

ut
e 

of
 T

ec
hn

ol
og

y,
 E

ly
ac

ha
r C

en
tra

l L
ib

ra
ry



MQi�iBQM n = Lv- r2 �``Bp2 �i-

V̇ (x, v) = xT L2v − vT L2x̂ − µvT L2v̂,

= xT L2v − vT L2(ex + x) − µvT L2(ev + v),
= xT L2v − vT L2ex − vT L2x − µvT L2ev − vT L2v,

= −vT L2v − vT L2ex − µvT L2ev,

= −µnT n − nT L(ex + µev),
= −µnT n −

∑

i

∑

j∈Ni

ni(ei
x − ej

x) − µ
∑

i

∑

j∈di

ni(ei
v − ej

v)

= −µnT n −
∑

i

dinie
i
x +

∑

i

∑

j∈Ni

nie
j
x − µ

∑

i

dinie
i
v + µ

∑

i

∑

j∈Ni

nie
j
v.

lbBM; uQmM;Ƕb BM2[m�HBiv (89)- r?B+? bi�i2b i?�i 7Q` � ;Bp2M x, y ∈ R �M/ 7Q` �Mv ε ∈ R>0-
|xy| ≤ x2

2ε + εy2

2 - r2 +�M #QmM/ V̇ �b-

V̇ ≤ −µ
∑

i

n2
i +

(∑

i

diαin2
i

2 +
∑

i

di(ei
x)2

2αi

)
+
(∑

i

diαin2
i

2 +
∑

i

∑

j∈Ni

(ej
x)2

2αi

)
+

µ
(∑

i

diαin2
i

2 +
∑

i

di(ei
v)2

2αi

)
+ µ

(∑

i

diαin2
i

2 +
∑

i

∑

j∈Ni

(ej
v)2

2αi

)

=
∑

i

(−µ + diαi + µdiαi)n2
i +

∑

i

di

αi

(
(ei

x)2 + µ(ei
v)2
)
.

LQr r2 rBHH mTT2` #QmM/ i?2 2``Q` 7mM+iBQM- di
αi

(
(ei

x)2 + µ(ei
v)2
)
- #v �MQi?2` MQM@

M2;�iBp2 7mM+iBQM (−µ+diαi+µdiαi) n̂2
i - bm+? i?�i �b HQM; �b i?Bb 2``Q` 7mM+iBQM b�iBb}2b

i?2 #QmM/ i?2 /2`Bp�iBp2 Q7 i?2 Gv�TmMQp 7mM+iBQM +�M #2 T`Qp2/ iQ #2 M2;�iBp2 b2KB@
/2}MBi2X h?Bb +QM/BiBQM M22/ MQi �Hr�vb �`Bb2 7`QK bi`B+iHv 2M7Q`+BM; i?2 /2`Bp�iBp2
iQ #2 M2;�iBp2 b2KB@/2}MBi2 `�i?2` +�M #2 +?Qb2M +QMp2MB2MiHv �b HQM; �b i?2 bi�#BHBiv
T`QQ7 bi�M/bX h?Bb B/2� Bb 2tTHQ`2/ BM (88)X h?2 +QM/BiBQM MQr `2�/b-

(ei
x)2 + µ(ei

v)2 ≤ −σαi

di
(−µ + diαi + µdiαi) n̂2

i = −σαi

di
βin̂

2
i , UjX3V

r?2`2 βi = −µ + diαi + µdiαi �M/ eni = n̂i − ni- �``BpBM; �i-

V̇ ≤
∑

i

βin
2
i −

∑

i

σβin̂
2
i =

∑

i

βi(n̂i − eni)2 −
∑

i

σβin̂
2
i ,

=
∑

i

βi(1 − σ)n̂2
i +

∑

i

βie
2
ni

−
∑

i

2βin̂ieni ,

≤
∑

i

βi(1 − σ)n̂2
i +

∑

i

βie
2
ni

+
∑

i

(4β2
i n̂2

i

2ε1
+ ε1e2

ni

2
)
,

=
∑

i

(
βi(1 − σ) + 2β2

i

ε1

)
n̂2

i +
∑

i

(βi + ε1
2 )e2

ni
, UjXNV
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Bb M2;�iBp2 b2KB@/2}MBi2 ∀ {x, v} ;Bp2M σ > 0- ε1 > 0 �M/ (σ − 1)ε1 < 2βi < −ε1
r?B+? i`�MbH�i2b iQ #QmM/b QM αi �b 2µ+(σ−1)ε1

2(di+µdi) < αi < 2µ−ε1
2(di+µdi) X qBi? i?2 �#Qp2

Gv�TmMQp 7mM+iBQM- r2 MQr +�M /2}M2 i?2 +QKT�+i b2i Ω = {(x, v) | V (x, v) ≤ c} �M/
H2i S = {(x, v) ∈ Ω|V̇ (x, v) = 0}X LQi2 i?�i V̇ ≡ 0 BM UjXNV Bb TQbbB#H2 QMHv r?2M
n̂i = 0 �M/ eni = 0 =⇒ n̂i = ni K2�MBM; i?�i i?2 p2HQ+BiB2b �`2 BM �;`22K2Mi UBX2X-
v ∈ span{ }VX q2 MQr b?Qr i?�i S +�MMQi +QMi�BM �Mv i`�D2+iQ`B2b r?2`2 Lx *= 0X
hQ T`Qp2 i?Bb #v +QMi`�/B+iBQM- H2i i?2`2 #2 �M �;2Mi k ∈ Ni bm+? i?�i xk > xi r?B+?
2Mbm`2b Lx *= 0X h?2M

v̇i = −
n∑

j=1
aij [(x̂i − x̂j) + µ(v̂i − v̂j)] = −

n∑

j=1
aij(x̂i − x̂j) > −aik(x̂i − x̂k) > 0,

/m2 iQ Qm` �bbmKTiBQM i?�i xk > xi- r?B+? Bb � +QMi`�/B+iBQM #2+�mb2 �Mv i`�D2+@
iQ`v BM S Kmbi ?�p2 v̇i = 0X h?2`27Q`2- S Kmbi #2 Q7 i?2 7Q`K S = {(x, v) ∈
Ω ∩ (span{ }, span{ })}X AMpQFBM; G�a�HH2Ƕb BMp�`B�M+2 T`BM+BTH2 (9R)- r2 +QM+Hm/2
i?�i �HH i`�D2+iQ`B2b bi�`iBM; BM Ω Kmbi +QMp2`;2 iQ S �b t → ∞X "

q?2M i?2 2``Q` ;`Qrb �M/ i?2 +QM/BiBQM BM UjX3V Bb pBQH�i2/- �M 2p2Mi Bb i`B;;2`2/-
BX2X- r?2M-

(ei
x)2 + µ(ei

v)2 = −σαi

di
(−µ + diαi + µdiαi)n̂2

i .

�i i?Bb BMbi�Mi- xi(t) = xi(ti
k) �M/ vi(t) = vi(ti

k) i?mb `2b2iiBM; i?2 2``Q` 7mM+iBQM
iQ 0X h?Bb T`Q+2bb Q7 2``Q` 7mM+iBQM 2pQHpBM; 7`QK y iQ � TQbBiBp2 p�Hm2 +QMiBMm2b
mMiBH +QMb2Mbmb Bb �+?B2p2/X LQiB+2 i?�i 2p2M i?Qm;? i?2 p2+iQ` n(t) Bb � 7mM+iBQM
Q7 +QMiBMmQmb iBK2 ǶtǶ- i?2 M2B;?#Q`b T`QpB/2 �;2Mi i QMHv rBi? i?2 b�KTH2/ bi�i2b
{xj(tj

l ), vj(tj
l )}l∈N �M/ r2 +�M 2Bi?2` b2i i?2 1h* iQ `2+2Bp2 xi(t) Q` xi(ti

k) rBi?Qmi
mM/2`KBMBM; i?2 `2bmHibX h?Bb Bb 2tTHQ`2/ BM i?2 b2[m2HX

q2 MQr i�F2 � KQK2Mi iQ i�HF �#Qmi i?2 2``Q` /vM�KB+b �b /2}M2/ BM UjXdVX AM
p2+iQ` 7Q`K r2 +�M `2@r`Bi2 UjXdV �b-

Ex + µEv = β /B�;(n̂2
1, n̂2

2, . . . , n̂2
N ),

r?2`2 Ex =
[
(e1

x)2 . . . (eN
x )2

]T
- Ev =

[
(e1

v)2 . . . (eN
v )2

]T
- �M/ β = /B�;(β1, . . . ,βN )

rBi? βi = −σαi
di

(−µ+diαi+µdiαi)X h?2M r?2M +QMb2Mbmb Bb �+?B2p2/- v = c rBi? c #2@
BM; � +QMbi�Mi ?2M+2 ni = 0 7Q` i ∈ VX q2 Q#i�BM Ex+µEv = β /B�;(n̂2

1, n̂2
2, . . . , n̂2

N ) = 0X
�b i?2 2``Q` 7mM+iBQM Bb �Hr�vb MQM@M2;�iBp2- r2 ?�p2 Ex + µEv = 0X *QM+Hm/BM; i?�i
r?2M +QMb2Mbmb Bb �+?B2p2/ i?2 2``Q` 7mM+iBQM ;Q2b iQ 0X

_2/m+BM; i?2 +QKKmMB+�iBQM HQ�/ BM � M2irQ`F +QK2b �i � +Qbi Q7 � bHQr2` +QMp2`@
;2M+2 `�i2X hQ T`Qp2 i?Bb- /2}M2 i?2 +QMp2`;2M+2 `�i2 Q7 V (x, v) �b (8e)-

ρ := 1
2 inf

{
− V̇ (x, v)

V (x, v) : (x, v) ∈ S
}

.
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G2i ρe #2 i?2 +QMp2`;2M+2 `�i2 rBi? 2p2Mi@#�b2/ b�KTHBM; �M/ ρw rBi?Qmi 2p2Mi@#�b2/
b�KTHBM; �M/ Qm` ;Q�H Bb iQ b?Qr ρe < ρwX h?2M-

ρe = 1
2 inf

{
∑

i

(
− βi(1 − σ) − 2β2

i
ε1

)
n2

i

1
2xT L2x + 1

2vT Lv
, (x, v) ∈ S/0

}
, UjXRyV

�M/-
ρw = 1

2 inf
{ µvT L2v

1
2xT L2x + 1

2vT Lv
, (x, v) ∈ S/0

}
, UjXRRV

�M/ 7`QK i?2 +QM+HmbBQM Q7 h?2Q`2K jXR r2 BM72` i?�i 0 <
∑

i(1−σ)(µ−diαi −µdiαi)−
2β2

i
ε1

<
∑

i(1−σ)(µ−diαi −µdiαi) �M/ Bi +�M #2 b?QrM i?�i ∑i n2
i = vT L2vX h?2`27Q`2-

ρe < (1 − σ)ρw BKTHvBM; ρe < ρwX

jXkXk 1p2Mi h`B;;2`2/ *QMi`QH 7Q` w2`Q o2HQ+Biv *QMb2Mbmb

hQ �+?B2p2 x2`Q p2HQ+Biv +QMb2Mbmb- r2 T`QTQb2 � KQ/B}+�iBQM iQ i?2 +QMi`QHH2` T`QTQb2/
BM UjXeVX AM i?Bb +�b2- r2 T`QpB/2 #Qi? i?2 1h* �M/ i?2 +QMi`QHH2` �++2bb iQ +QMiBMmQmb
iBK2 b2H7@bi�i2b {xi(t), vi(t)}- r?B+? `2M/2`b i?2 +QMi`QHH2` iQ #2 +QMiBMmQmb �b QTTQb2/
iQ i?�i T`2b2Mi2/ BM a2+iBQM jXkXR r?B+? Bb TB2+2rBb2 +QMiBMmQmbX h?Bb +�M #2 MQiB+2/
BM 6B;m`2 jXk- r?B+? BM +QMi`�bi iQ 6B;m`2 jXR T`QpB/2b +QMiBMmQmb b2H7@bi�i2b iQ i?2
+QMi`QHH2`X h?2 +QMi`QH H�r Bb MQr /2}M2/ �b-

ui(t) = −
n∑

j=1
aij [(xi(t) − xj(tj

k′)) + µ(vi(t) − vj(tj
k′))], UjXRkV

r?2`2 {xj(tj
k′), vj(tj

k′)} �`2 i?2 H�bi `2+2Bp2/ bi�i2b 7`QK i?2 M2B;?#Q`BM; �;2Mi j �M/
i?2 +HQb2/@HQQT /vM�KB+b �`2-

ẍi(t) = −
n∑

j=1
aij [(xi(t) − xj(tj

k′)) + µ(vi(t) − vj(tj
k′))]. UjXRjV

h?2 +QMi`QH BM UjXRkV +�M #2 `2T`2b2Mi2/ BM p2+iQ` 7Q`K �b-

u(t) = −(∆(G)x(t) − A(G)x(tj
k′)) − µ(∆(G)v(t) − A(G)v(tj

k′)),

r?2`2 ∆(G) �M/ A(G) �`2 i?2 /2;`22 �M/ �/D�+2M+v K�i`B+2b Q7 i?2 ;`�T? G /2}M2/ BM
�TT2M/Bt "X h?2 7QHHQrBM; i?2Q`2K b?Qrb i?�i 1h* UjXdV BM/22/ �+?B2p2b +QMb2Mbmb
7Q` i?2 bvbi2K UjXRjVX

h?2Q`2K jXkX *QMbB/2` i?2 bvbi2K BM UjXRV rBi? +QMi`QH UjXRkV- �M/ �bbmK2 i?�i i?2
+QKKmMB+�iBQM ;`�T? Bb +QMM2+i2/ �M/ mM/B`2+i2/X amTTQb2 i?2 2p2Mi@i`B;;2`2/ +QM/BiBQM
Bb ;Bp2M #v UjXdV- i?2M 7Q` ε2 > 0- βi > 2γi(ε2+2γi)

σε2
�M/ γi < −ε2/2 �M/ 7Q` �Mv BMBiB�H

+QM/BiBQMb- i?2 bvbi2K �+?B2p2b +QMb2MbmbX
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PiETC

Ki

j 2 Ni

Plant

Controller

✓
x̂j(tik0)
v̂j(tik0)

◆

✓
xi(t)
vi(t)

◆

j 2 Ni

✓
x̂i(tik)
v̂i(tik)

◆

✓
x̂j(tik0)
v̂j(tik0)

◆

ui(t)

ZOH

ZOH

6B;m`2 jXk, �;2Mi i rBi? +QMi`QHH2` UjXRkV �M/ 2p2Mi i`B;;2`2/ +QM/BiBQM UjX8VX

S`QQ7X *QMbB/2` i?2 7QHHQrBM; +�M/B/�i2 Gv�TmMQp 7mM+iBQM-

V (x, v) = 1
2xT L2x + 1

2vT Lv,

r?2`2 L Bb � bvKK2i`B+ TQbBiBp2 b2KB@/2}MBi2 G�TH�+B�M K�i`Bt +Q``2bTQM/BM; iQ i?2
;`�T? GX h?2M r2 ?�p2-

V̇ (x, v) = xT L2ẋ + vT Lv̇,

= xT L2v + vT L[−(∆x − Ax̂) − µ(∆v − Av̂)],
= −µvT L2v + vT LAex + µvT LAev,

= −µ
∑

i

n2
i +

∑

i

ni

∑

j∈Ni

ej
x + µ

∑

i

ni

∑

j∈Ni

ej
v.

lbBM; uQmM;Ƕb BM2[m�HBiv iQ #QmM/ i?2 �#Qp2 2[m�iBQM �M/ mbBM; i?2 +QM/BiBQM UjXdV-
r2 �``Bp2 �i-

V̇ (x, v) ≤
∑

i

(
− µ + µdiαi

2 + αdi

2
)
n2

i −
∑

i

σ

2βin̂
2
i =

∑

i

γin
2
i −

∑

i

σ

2βin̂
2
i ,

=
∑

i

γi(n̂i − eni)2 −
∑

i

σ

2βin̂
2
i ≤

(
γi − σβi

2 + 4γ2
i

2ε2

)
n̂2

i +
(
γi + ε2

2
)
e2

ni

r?B+? Bb M2;�iBp2 b2KB@/2}MBi2 7Q` ε2 > 0- βi > 2γi(ε2+2γi)
σε2

�M/ γi < −ε2/2X q2 ?�p2
V̇ ≡ 0 B7 �M/ QMHv B7 ni = 0 r?B+? Bb TQbbB#H2 QMHv r?2M i?2 p2HQ+BiB2b �`2 BM �;`22K2Mi
UBX2X- v ∈ span{ }V- ?2M+2 mbBM; G�a�HH2Ƕb BMp�`B�M+2 T`BM+BTH2 (9R) �M/ i?2 bBKBH�`
�`;mK2Mib TQb2/ �i i?2 2M/ Q7 h?2Q`2K jXR- r2 +�M +QM+Hm/2 i?�i +QMb2Mbmb Bb �+?B2p2/
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BX2X- |xi − xj | → 0 �M/ |vi − vj | → 0 �b t → ∞X "

lbBM; i?2 T`2+2/BM; i?2Q`2K- r2 rQmH/ HBF2 iQ /2i2`KBM2 i?�i i?2 +QMb2Mbmb �+?B2p2/
Bb BM/22/ x2`Q@p2HQ+Biv +QMb2MbmbX AM i?Bb /B`2+iBQM- +QMbB/2` i?2 +QMi`QH BM UjXRkV �M/
/2MQi2-

ξi = [xi vi]T �M/ ξ̂i = [x̂i v̂i]T ,

H2�/BM; iQ
ξ̇i = Cξi − BK

∑

j∈di

aij(ξi − ξ̂j) − BF
∑

j∈di

aij(ξi − ξ̂j), UjXR9V

r?2`2 C =
[
0 1
0 0

]

- B =
[
0
1

]

- K =
[
0 µ

]
�M/ F =

[
1 0

]
X h?2M BM bi�i2 bT�+2 7Q`K-

i?2 bvbi2K +�M #2 `2T`2b2Mi2/ �b-

ξ̇(t) = ΞG ξ(t) + ΘG ξ̂(t), UjXR8V

r?2`2
ΞG = IN ⊗ C − ∆ ⊗ B(K + F ), ΘG = A ⊗ B(K + F ).

G2KK� jXjX h?2 K�i`Bt ΞG Bb >m`rBix �M/ exp(ΞGt) → 0 �b t → ∞X

S`QQ7X .2MQiBM; i?2 2B;2Mp�Hm2b Q7 ΞG �b λ1 ≤ λ2 ≤ · · · ≤ λ2N �M/ 2tT`2bbBM; i?2
K�i`Bt ΞG �b-

ΞG = IN ⊗ C − /B�;{d1, d2, . . . , dN } ⊗ (BK + BF )
= /B�;{C − d1BK − d1BF, C − d2BK − d2BF, . . . , C − dN BK − dN BF}.

h?2 �#Qp2 K�i`Bt ΞG Bb � #HQ+F /B�;QM�H K�i`Bt �M/ r2 +�M bim/v Bib BM/BpB/m�H #HQ+Fb
iQ ;�BM KQ`2 T2`bT2+iBp2 QM Bib bT2+i`�H T`QT2`iB2bX AM T�`iB+mH�`-

/2i(C − diBK − diBF ) = /2i
([

0 1
−di −µdi

])

= di *= 0,

r?B+? b?Qrb i?�i `�MF(C − diBK − diBF ) = 2X Ai 7QHHQrb i?�i-

`�MF(ΞG) =
N∑

i=1
`�MF(C − diBK − diBF ) = 2N,

?2M+2 i?2 K�i`Bt ΞG Bb 7mHH `�MF �M/ +QMbBbib Q7 QMHv MQM@x2`Q 2B;2Mp�Hm2bX h?2 +?�`@
�+i2`BbiB+ 2[m�iBQM +Q``2bTQM/BM; iQ i?2 K�i`Bt (C − diBK − diBF ) 7Q` i = 1, . . . , N

Bb-

f(s) =
∣∣∣∣∣
−s 1
−di −µdi − s

∣∣∣∣∣ = s2 + (µdi)s + di,
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�M/ i?2 `QQib Q7 i?2 �#Qp2 TQHvMQKB�H �`2-

s =
−µdi ±

√
µ2d2

i − 4di

2 ,

∀µ, di > 0- i?2 K�i`B+2b C − diBK − CiBF 7Q` i = 1, 2, . . . , N �`2 >m`rBix bi�#H2-
BKTHvBM; i?2 K�i`Bt ΞG Bb >m`rBixX aBM+2 ΞG Bb >m`rBix- 2tT(ΞGt) → 0 �b t → ∞X "

h?2Q`2K jXjX *QMbB/2` � +QMM2+i2/ �M/ mM/B`2+i2/ ;`�T? G- i?2M mM/2` i?2 2p2Mi
i`B;;2`2/ +QM/BiBQM UjXdV +QMi`QH BM UjXRkV �+?B2p2b x2`Q p2HQ+Biv +QMb2MbmbX

S`QQ7X 6`QK h?2Q`2K jXk r2 FMQr i?�i i?2 bvbi2K �+?B2p2b +QMb2Mbmb BX2X- xi(t) →
xj(t) �M/ vi(t) → vj(t)X LQr iQ T`Qp2 i?�i i?Bb Bb � x2`Q@p2HQ+Biv +QMb2Mbmb- +QMbB/2`
i?2 ;2M2`�H bQHmiBQM iQ i?2 bi�i2 bT�+2 2[m�iBQM BM UjXR8V �b-

ξ(t) = 2tT(ΞGt)ξ(0) + 2tT(ΞGt)
∫ t

0
2tT(−ΞGτ)ΘG ξ̂(τ)dτ

= 2tT(ΞGt)ξ(0) + 2tT(ΞGt)
(

− 2tT(−ΞGτ)Ξ−1
G ΘG ξ̂(τ)

∣∣∣
t

0

−
∫ t

0
2tT(−ΞGτ)(−ΞG)−1ΘG

˙̂ξ(τ)dτ
)

= 2tT(ΞGt)ξ(0) − Ξ−1
G ΘG ξ̂(t) + 2tT(ΞGt)Ξ−1

G ΘG ξ̂(0)

+ 2tT(ΞGt)
∫ t

0
2tT(−ΞGτ)Ξ−1

G ΘG
˙̂ξ(τ)dτ.

6Q` � p2`v H�`;2 t- bBM+2 ΞG Bb >m`rBix- 2tT(ΞGt) → 0 �b t → ∞ �M/ bBM+2 +QMb2Mbmb Bb
�+?B2p2/- ˙̂v → 0 �M/ i?2 �#Qp2 2[m�iBQM `2/m+2b iQ-

lim
t→∞

ξ(t) = lim
t→∞

−Ξ−1
G ΘG ξ̂(t). UjXReV

h?2 K�i`Bt ΞG Bb � #HQ+F /B�;QM�H K�i`Bt rBi? #HQ+Fb
[

0 1
−di −µdi

]

,

�b b?QrM BM G2KK� jXjX q2 b22 i?�i BiǶb BMp2`b2 Bb �HbQ � #HQ+F /B�;QM�H K�i`Bt rBi?
#HQ+Fb [

−µ −1/di

1 0

]

.

h?2 K�i`Bt ΘG Bb �HbQ +QKTQb2/ Q7 #HQ+Fb rBi? +QKTQM2Mib
[

0 0
× ×

]

�M/ i?2 T`Q/m+i

Q7 Ξ−1
G �M/ ΘG rBHH #2 K�i`B+2b rBi? #HQ+Fb Q7

[
× ×
0 0

]

X >2M+2- r2 b22 i?�i �HH i?2

2p2M MmK#2`2/ `Qrb Q7 UjXReV r?B+? +Q``2bTQM/ iQ i?2 p2HQ+BiB2b Q7 i?2 �;2Mib �`2 0 �b
t → ∞X h?2`27Q`2 limt→∞ vi(t) = 0 �M/ Bi 7QHHQrb i?�i limt→∞ xi(t) = +QMbi�MiX "
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1 2

3 4

6B;m`2 jXj, *QKKmMB+�iBQM ;`�T? G Q7 i?2 KmHiB@�;2Mi bvbi2KX

h?2 +QM+HmbBQM �#Qmi +QMp2`;2M+2 `�i2 7Q` x2`Q@p2HQ+Biv +QMb2Mbmb T`Q#H2K Bb BM HBM2b
rBi? i?�i T`2b2Mi2/ �i i?2 2M/ Q7 a2+iBQM jXkXR �M/ r2 +QM+Hm/2 i?�i +QMp2`;2M+2 rBi?
2p2Mi@i`B;;2`2/ +QMi`QH Bb bHQr2` i?�M rBi?Qmi BiX

jXj aBKmH�iBQM `2bmHib

AM i?Bb b2+iBQM- r2 BHHmbi`�i2 i?2 i?2Q`2iB+�H `2bmHib i?`Qm;? bBKmH�iBQMb 7Q` � M2irQ`F
Q7 4 �;2Mib rBi? +QKKmMB+�iBQM ;`�T? G �M/ G�TH�+B�M K�i`Bt

L =





3 −1 −1 −1
−1 2 0 −1
1 0 2 −1

−1 −1 −1 3




,

�b b22M BM 6B;m`2 jXjX h?2 +QMbi�Mib +?Qb2M �`2 µ = 2, α1 = α2 = α3 = α4 = 0.1 �M/
σ = 0.9X A7 σ Bb +?Qb2M +HQb2` iQ 1 rBHH `2bmHi BM 72r2` i`B;;2`b #mi bHQr2` +QMp2`;2M+2
�M/ σ p�Hm2 +HQb2` iQ 0 rBHH `2bmHi BM ?B;?2` MmK#2` Q7 i`B;;2`b rBi? 7�bi2` +QMp2`;2M+2X

jXjXR �p2`�;2 +QMb2Mbmb

6B;m`2 jX9 bBKmH�i2b i?2 �p2`�;2 +QMb2Mbmb +�b2 7Q` 9 �;2Mib +QKKmMB+�iBM; Qp2` �
M2irQ`F b?QrM BM 6B;m`2 jXjX h?2 `2bmHib BM 6B;m`2 jX9 �`2 +QMbBbi2Mi rBi? h?2Q`2K R
�b �HH i?2 �;2Mib �bvKTiQiB+�HHv `2�+? TQbBiBQM +QMb2Mbmb rBi? +QMbi�Mi }M�H p2HQ+BivX
aBM+2 i?2 +QMi`QH H�r Bb TB2+2rBb2 +QMiBMmQmb- i?Bb 2p2Mi #�b2/ b+?2K2 K�F2b mb2 Q7
H2bb2` +QKTmiBM; TQr2` +QKT�`2/ iQ i`�/BiBQM�H T2`BQ/B+ b�KTHBM;X h?2 2pQHmiBQM Q7
2``Q` �M/ i`B;;2` 7mM+iBQMb 7Q` �;2Mi R Bb b?QrM BM 6B;m`2 jX8�X �b /Bb+mbb2/ 2�`HB2`-
i?2 2``Q` 7mM+iBQM BM+`2�b2b 7`QK y BM i?2 TQbBiBp2 /B`2+iBQM mMiBH 2[m�HBiv Bb �ii�BM2/
BM UjX3V �M/ bm#b2[m2MiHv i?2 2``Q` 7mM+iBQM Bb `2b2i iQ x2`Q �M/ i?Bb T`Q+2bb `2T2�ib
mMiBH +QMb2Mbmb Bb �+?B2p2/X h?2 i?`2b?QH/ 7mM+iBQM- �b BM/B+�i2/ BM 6B;m`2 jX8� Bb `2@
2p�Hm�i2/ �Mv iBK2 M2r BM7Q`K�iBQM Bb `2+2Bp2/ 7`QK i?2 M2B;?#Q`bX 6B;m`2 jX8# b?Qrb
i?2 2pQHmiBQM Q7 i?2 Gv�TmMQp 7mM+iBQM �b /2}M2/ BM h?2Q`2K jXR �M/ r2 MQi2 i?�i
V (x, v) → 0 �b +QMb2Mbmb Bb �+?B2p2/X
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0

1
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time(s)

1
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4

Agent 1
Agent 2
Agent 3
Agent 4

6B;m`2 jX9, �p2`�;2 +QMb2Mbmb `2bmHib b?QrBM; TQbBiBQM �M/ p2HQ+Biv +QMp2`;2M+2 �HQM;
rBi? BMbi�Mib r?2M �M 2p2Mi Bb i`B;;2`2/X

jXjXk w2`Q p2HQ+Biv +QMb2Mbmb

h?2 bBKmH�iBQM `2bmHib 7Q` �;2Mib rBi? +HQb2/@HQQT /vM�KB+b UjXRjV �`2 b?QrM BM 6B;m`2
jXe� r?2`2 r2 +QM+Hm/2 i?�i p2HQ+BiB2b Q7 �HH �;2Mib +QMp2`;2b iQ x2`Q �M/ TQbBiBQMb
+QMp2`;2 iQ � +QMbi�Mi p�Hm2 +QMbBbi2Mi rBi? i?2 `2bmHib Q7 h?2Q`2K jXjX h?2 +QMiBMmQmb
iBK2 +QMi`QHH2` BMTmib iQ BM/BpB/m�H �;2Mib �b /2}M2/ BM 2[m�iBQM UjXRkV Bb b?QrM BM
6B;m`2 jXe# �M/ ui → 0 �b i?2 bi�i2b +QMp2`;2X
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U�V �;2Mi R @ 1``Q` �M/ i`B;;2` 7mM+iBQMX
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*?�Ti2` 9

1p2Mi@i`B;;2`2/ 6Q`K�iBQM
*QMi`QH

h?Bb +?�Ti2` bim/B2b 2p2Mi@i`B;;2`2/ #2�`BM;@#�b2/ 7Q`K�iBQM +QMi`QH T`Q#H2Kb 7Q` �;2Mib
rBi? /Qm#H2@BMi2;`�iQ` /vM�KB+bX Pm` ;Q�H Bb iQ /2`Bp2 2p2Mi@i`B;;2`2/ +QM/BiBQMb r?B+?
/`Bp2 i?2 +QMi`QH �M/fQ` b2MbBM; mT/�i2b Q7 i?2 �;2MibX AM i?Bb +?�Ti2` r2 bi�`i #v T`2@
b2MiBM; � MQp2H +QMi`QHH2` i?�i bQHp2b i?2 #2�`BM;@#�b2/ 7Q`K�iBQM T`Q#H2KX h?2M r2
/2bB;M 2p2Mi@mT/�i2 b+?2K2b iQ bQHp2 i?2 #2�`BM;@QMHv �M/ #2�`BM;@#�b2/ 7Q`K�iBQM
T`Q#H2KbX

9XR "2�`BM;@QMHv 6Q`K�iBQM *QMi`QH

AM 7Q`K�iBQM +QMi`QH T`Q#H2Kb- i?2 �BK Bb iQ /`Bp2 �M 2Mb2K#H2 Q7 �;2Mib iQ � /2bB`2/
;2QK2i`B+ T�ii2`M /2i2`KBM2/ #v +QMbi`�BMib QM i?2B` bi�i2bX h?2b2 +QMbi`�BMib +�M
#2 bT2+B}2/ mbBM; `2H�iBp2 bi�i2b #2ir22M i?2 �;2Mib- �b Bb i?2 +�b2 BM #2�`BM;@#�b2/
7Q`K�iBQM +QMi`QHX >2`2- i?2 +QMbi`�BMib �`2 /2}M2/ BM i?2 7Q`K Q7 BMi2`@�;2Mi #2�`BM;b
�M/ i?2 7Q`K�iBQM Bb �+?B2p2/ r?2M i?2 K2�bm`2/ #2�`BM; p2+iQ` gij - 2tT`2bb2/ BM �
;HQ#�H +QQ`/BM�i2 7`�K2- �``Bp2b �i � /2bB`2/ #2�`BM; p2+iQ` g'

ij X "2�`BM; QMHv 7Q`K�iBQM
+QMi`QH- bim/B2/ 2t+2bbBp2Hv ?2`2- /2}M2b i?2 /2bB`2/ ;2QK2i`B+ T�ii2`M mbBM; #2�`BM;
K2�bm`2K2MibX "2�`BM;b �`2 d@/BK2MbBQM�H p2+iQ` [m�MiBiB2b rBi? mMBi K�;MBim/2 i?�i
/2}M2b i?2 Q`B2Mi�iBQM Q7 irQ +QMM2+i2/ �;2Mib BM � ;HQ#�H +QQ`/BM�i2 7`�K2X 6Q` KQ`2
BM7Q`K�iBQM r2 `272` i?2 `2�/2` iQ �TT2M/Bt . r?2`2 r2 T`2b2Mi �M BMi`Q/m+iBQM iQ
#2�`BM;@QMHv 7Q`K�iBQM +QMi`QH �M/ bQK2 `2bmHib 7`QK (R9)X

AM i?Bb rQ`F- r2 +QMbB/2` KmHiB@�;2Mi bvbi2Kb ?�pBM; /Qm#H2 BMi2;`�iQ` /vM�KB+b
/2b+`B#2/ �b-

ṗi(t) = vi(t), v̇i(t) = ui(t) i = 1, . . . , n, U9XRV

r?2`2 pi(t) ∈ Rd- vi(t) ∈ Rd �M/ ui(t) ∈ Rd �`2 TQbBiBQM- p2HQ+Biv �M/ +QMi`QH BMTmib Q7
�;2Mi i- `2bT2+iBp2HvX q?BH2 rQ`FBM; rBi? /Qm#H2 BMi2;`�iQ` KQ/2Hb- Bi Bb MQi bm{+B2Mi
iQ QMHv b2Mb2 i?2 `2H�iBp2 #2�`BM; p2+iQ`b- �b r2 �HbQ M22/ bQK2 BM7Q`K�iBQM QM i?2
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`2H�iBp2 p2HQ+BiB2b Q7 i?2 �;2MibX h?Bb BM7Q`K�iBQM- BM bQK2 T�`i- Bb T`QpB/2/ #v b2MbBM;
i?2 `�i2 Q7 #2�`BM;b {ġij}(i,j)∈E X �Hi?Qm;? i?2 p2HQ+BiB2b Q7 �;2Mib M22/ MQi bvM+?`QMBx2-
i?2 `�i2 Q7 #2�`BM;b /Q BX2X- {ġij}j∈Ni → 0 �b t → ∞. *QMbB/2` i?2 #2�`BM;@QMHv +QMi`QH
H�r T`2b2Mi2/ BM (R9) 7Q` i?2 bvbi2K /2}M2/ BM U9XRV �b-

ui(t) = kp

∑

j∈Ni

(gij(t) − g'
ij) + kv

∑

j∈Ni

ġij(t), U9XkV

r?2`2 kp �M/ kv �`2 TQbBiBp2 TQbBiBQM �M/ p2HQ+Biv ;�BMb `2bT2+iBp2Hv- {gij}(i,j)∈E �`2
i?2 `2H�iBp2 #2�`BM;b �M/ {ġij}(i,j)∈E �`2 i?2 `�i2 Q7 #2�`BM;bX h?2 +HQb2/@HQQT bvbi2K
Bb-

v̇(t) = −kpH̄(g(t) − g') − kvH̄ġ(t). U9XjV

�b b22M BM (R9)- i?2 bvbi2K BM U9XjV ?�b �M 2[mBHB#`BmK r?2M gij(t) = g'
ij , ġij(t) = 0 �M/

vi(t) = const i ∈ V- BX2X- i?2 }M�H 7Q`K�iBQM KQp2b �i � +QMbi�Mi p2HQ+BivX
>Qr2p2`- bBM+2 i?2 7Q+mb Q7 i?2 H�ii2` ?�H7 Q7 i?Bb T�T2` Bb iQ }M/ �M 1h* 7Q` �

bi�iBQM�`v }M�H 7Q`K�iBQM- r2 T`QTQb2 i?2 KQ/B}2/ +QMi`QH H�r-

ui(t) = kp

∑

j∈Ni

(gij(t) − g'
ij) + kv

∑

j∈Ni

ġij(t) − kvvi(t), U9X9V

r?2`2 vi ∈ Rd Bb i?2 p2HQ+Biv Q7 �;2Mi iX AM K�i`Bt 7Q`K- i?2 +QMi`QH H�r U9X9V Bb-

u(t) = −kpH̄(g(t) − g') − kvH̄ġ(t) − kvv(t). U9X8V

"27Q`2 r2 T`QpB/2 i?2 bi�#BHBiv �M/ +QMp2`;2M+2 T`QQ7 Q7 i?2 T`QTQb2/ +QMi`QHH2` U9X8V-
r2 T`2b2Mi �M �bbmKTiBQM 7QHHQrBM; Qm` /Bb+mbbBQM BM a2+iBQM .XR �M/ BMi`Q/m+2 � H2KK�
7`QK (R9),

�bbmKTiBQM 9XRX �bbmK2 i?2 i�`;2i 7Q`K�iBQM bT2+B}2/ #v i?2 #2�`BM;b {g'
ij}(i,j)∈E

Bb mMB[m2X

G2KK� 9XRX amTTQb2 MQM2 Q7 i?2 �;2Mib +QBM+B/2- BX2X- pi *= pj ∀ i, j ∈ V- i?2M
pT H̄(g(t) − g') ≥ 0 �M/ 2[m�HBiv 2tBbib B7 �M/ QMHv B7 g(t) = g'X

h?2Q`2K 9XRX *QMbB/2` i?2 /vM�KB+b BM U9XRV mM/2` i?2 �+iBQM Q7 +QMi`QH H�r U9X9VX
lM/2` �bbmKTiBQM 9XR- g(t) → g' �M/ vi(t) → 0 �b t → ∞ 7Q` i = 1, · · · , n- 7`QK �Mv
BMBiB�H +QM/BiBQMb- BX2X- i?2 bvbi2K Bb ;HQ#�HHv �bvKTiQiB+�HHv bi�#H2X

S`QQ7X .2}M2 V : R2nd → R- � +QMiBMmQmbHv /Bz2`2MiB�#H2 +�M/B/�i2 Gv�TmMQp 7mM+iBQM
�b-

V (p, v) = kppT H̄(g − g') + 1
2vT v.

lbBM; G2KK� 9XR �M/ i?2 MQ`K T`QT2`iv vT v > 0 ∀ v ∈ Rnd − {0nd×1}- r2 MQi2 i?�i
V (p, v) Bb TQbBiBp2 /2}MBi2 �M/ `�/B�HHv mM#QmM/2/ bBM+2 V (p, v) → ∞ �b ‖

[
pT vT

]
‖ →
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∞X AiǶb iBK2 /2`Bp�iBp2 Bb-

V̇ (p, v) = kp(g − g')T H̄T v + kppT H̄ġ + vT v̇, U9XeV

�M/ 7`QK i?2 /2}MBiBQM Q7 i?2 Q`i?Q;QM�H T`QD2+iBQM K�i`Bt T`2b2Mi2/ BM �TT2M/Bt .XR-
r2 �HbQ ?�p2 eT ġ = 0- ;BpBM; mb-

V̇ (p, v) = kp(g − g')T H̄T v + vT v̇,

= kp(g − g')T H̄T v + vT (−kpH̄(g − g') − kvH̄ġ − kvv),
= −kvvT H̄ġ − kvvT v,

= −kvvT H̄/B�;
( Pgij

‖eij‖

)
H̄T v − kvvT v

= −kvvT
(
H̄/B�;

( Pgij

‖eij‖

)
H̄T + I

)
v < 0, U9XdV

r?2`2 i?2 H�bi BM2[m�HBiv Bb /m2 iQ /B�;
( Pgij

‖eij‖

)
#2BM; TQbBiBp2@b2KB /2}MBi2 �M/ ?2M+2

(
H̄/B�;

( Pgij

‖eij‖

)
H̄T + I

)
Bb TQbBiBp2 /2}MBi2X qBi? i?2 �#Qp2 Gv�TmMQp 7mM+iBQM- r2

/2}M2 � +QKT�+i b2i Ωa = {(p, v) ∈ R2nd|V (p, v) ≤ c} �M/ H2i S = {(p, v) ∈ Ωa|V̇ = 0}X
6`QK U9XdV r2 MQi2 i?�i V̇ = 0 B7 �M/ QMHv B7 v(t) = 0 r?B+? BKTHB2b i?2 7Q`K�iBQM Bb
bi�iBQM�`v �M/ ?2M+2 ġ(t) = 0X �//BiBQM�HHv- v(t) = 0 ⇒ v̇(t) = 0 �M/ 7`QK U9X8V r2
Q#i�BM −kpH̄(g(t) − g') = 0X G27i KmHiBTHvBM; i?Bb 2tT`2bbBQM #v pT - r2 �``Bp2 �i i?2
`2bmHi Q7 G2KK� 9XR r?B+? Bb i`m2 B7 �M/ QMHv B7 g(t) = g'X h?2 T`QQ7 Bb +QKTH2i2 #v
BMpQFBM; Gv�TmMQpǶb bi�#BHBiv i?2Q`2KX "

9Xk S`Q#H2K ai�i2K2Mi

h?2 +QMi`QH H�rb U9XkV �M/ U9X9V �`2 +QMiBMmQmb iBK2 +QMi`QHH2`bX hQ /2bB;M �M 2p2Mi
i`B;;2`2/ b+?2K2 r2 M22/ iQ /2}M2 /Bb+QMiBMmQmb bi�i2b i?�i 2tBbi QMHv /m`BM; i?2 2p2Mi
iBK2bX h?2b2 bi�i2b �`2 /2MQi2/ #v {ĝij(tk

i ), ˆ̇gij(tk
i )} r?2`2 tk

i Bb i?2 iBK2 r?2M �M 2p2Mi
Bb i`B;;2`2/ 7Q` �;2Mi iX h?2 T`Q#H2K r2 bim/v Bb r?2M iQ mb2 i?2b2 /Bb+QMiBMmQmb bi�i2b
�M/ bQHp2 i?2 #2�`BM;@#�b2/ 7Q`K�iBQM +QMi`QH T`Q#H2K- BX2X- � T`Q#H2K r?2`2 i?2 }M�H
7Q`K�iBQM Bb bT2+B}2/ #v #2�`BM;b #2ir22M �;2MibX q2 /BpB/2 i?Bb T`Q#H2K BMiQ irQ
bm#@T`Q#H2KbX AM i?2 }`bi bm#@T`Q#H2K r2 �+?B2p2 #2�`BM;@#�b2/ bi�#BHBx�iBQM r?2`2
i?2 }M�H 7Q`K�iBQM Bb bi�iBQM�`v �M/ BM i?2 b2+QM/ bm#@T`Q#H2K- r2 �+?B2p2 #2�`BM;@
#�b2/ bi�#BHBx�iBQM mbBM; QMHv `2H�iBp2 bi�i2b r?2`2 i?2 }M�H 7Q`K�iBQM KQp2b rBi? �
+QMbi�Mi p2HQ+BivX 6Q`K�HHv- i?2b2 irQ T`Q#H2Kb +�M #2 TQb2/ �b 7QHHQrb,

S`Q#H2K 9XR .2bB;M �M 2p2Mi@i`B;;2`2/ +QM/BiBQM 7Q` 2�+? �;2Mi i ∈ V- i?�i /`Bp2b
#Qi? i?2 b2MbBM; �M/ i?2 +QMi`QH mT/�i2b mbBM; i?2 K2�bm`2/ b2H7 bi�i2b {pi, vi} �M/ i?2
#2�`BM; bi�i2b {gij , ġij} bm+? i?�i vi → 0 ∀ i ∈ V- gij → g'

ij - ġij → 0 7Q` �HH (i, j) ∈ E �b
t → ∞X
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S`Q#H2K 9Xk .2bB;M �M 2p2Mi@i`B;;2`2/ +QM/BiBQM mbBM; +QMiBMmQmbHv b2Mb2/ `2H�@
iBp2 K2�bm`2K2Mib #2ir22M �;2Mib i, j ∈ V i?�i /`Bp2b i?2 +QMi`QH mT/�i2b mbBM; i?2
K2�bm`2/ #2�`BM; bi�i2b {gij , ġij} �M/ i?2 K2�bm`2/ `2H�iBp2 p2HQ+BiB2b {ėij} bm+? i?�i
gij → g'

ij �M/ ġij → 0 7Q` �HH (i, j) ∈ E �b t → ∞X

AM S`Q#H2K 9Xk- r2 K�F2 mb2 Q7 i?2 /Qm#H2@BMi2;`�iQ` +QMi`QH H�r U9XkV iQ �``Bp2 �i �M
1h* i?�i Bb /2T2M/2Mi QM i?2 `2H�iBp2 K2�bm`2K2Mib #2ir22M �;2Mib �M/ r2 i2`K bm+?
� T`Q#H2K �b 2/;2 i`B;;2`BM;X AM S`Q#H2K 9XR- �HQM; rBi? i?2 `2H�iBp2 K2�bm`2K2Mib-
r2 mb2 �;2Mib b2H7 bi�i2b (pi, vi) BM i?2 /Qm#H2@BMi2;`�iQ` +QMi`QH H�r U9X9V iQ �``Bp2 �i
�M 1h* r?B+? Bb MQ/2 /2T2M/2Mi �M/ rBHH /`Bp2 i?2 �;2Mib iQ � bi�iBQM�`v 7Q`K�iBQMX
q2 i2`K i?Bb T`Q#H2K �b MQ/2 i`B;;2`BM;X

9Xj LQ/2 h`B;;2`BM;

AM i?Bb b2+iBQM- r2 /2bB;M 1h* 7Q` i?2 MQ/2 i`B;;2`BM; +�b2X �b b22M BM 6B;m`2 9XR- i?2
1h* Bb /2bB;M2/ Qp2` 2�+? MQ/2 �M/ 2p2`v �;2Mi ?�b �++2bb iQ #2�`BM; K2�bm`2K2Mib
�M/ Bib b2H7 bi�i2b r?B+? Bb 72/ BMiQ i?2 1h*X q?2M i?Bb 1h* Bb pBQH�i2/- i?2 �;2Mi
�+[mB`2b M2r bi�i2 K2�bm`2K2Mib 7`QK Bib b2MbQ`b- mT/�i2b Bib +QMi`QHH2` �M/ b2ib i?2
2``Q` 7mM+iBQM iQ x2`QX

ETC1

ETC3

ETC2

i

j

k

l
ETC4

ui sensing

6B;m`2 9XR, AHHmbi`�iBQM Q7 MQ/2 i`B;;2`BM; 1h* 7`QK i?2 T2`bT2+iBp2 Q7 �;2Mi iX

9XjXR 1p2Mi@i`B;;2`2/ .2bB;M

AM MQ/2 i`B;;2`BM;- i?2 b2MbBM; Bb /Bb+QMiBMmQmb �M/ /`Bp2M #v i?2 1h* r?B+? Bb /2}M2/
Qp2` i?2 +QHH2+iBp2 BM7Q`K�iBQM �+[mB`2/ 7`QK �HH i?2 M2B;?#Q`b Q7 �;2Mi iX >2`2- i?2
i`B;;2` `2bTQMb2 Bb MQi QMHv iQ mT/�i2 i?2 +QMi`QHH2` #mi �HbQ iQ /`Bp2 i?2 b2MbBM; Q7 i?2
M2B;?#Q`BM; bi�i2bX h?2 +QMi`QH H�r U9X9V Bb /Bz2`2Mi 7`QK i?2 QM2 T`QTQb2/ BM U9XkV �b
Bi mb2b b2H7 p2HQ+Biv Q7 i?2 �;2Mib iQ �+?B2p2 � bi�iBQM�`v }M�H 7Q`K�iBQMX

h?2 2``Q` /vM�KB+b BM i?Bb +�b2 �`2 /2}M2/ rBi? `2bT2+i iQ i?2 TQbBiBQM �M/ p2HQ+Biv
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Q7 i?2 �;2Mib �M/ �`2 �b 7QHHQrb-

rpi(t) ! p̂i(tk
i ) − pi(t) & rvi(t) ! v̂i(tk

i ) − vi(t), U9X3V

r?2`2 t ∈ [tk
i , tk+1

i )X h?2 +QMiBMmQmb +QMi`QHH2` BM U9X9V Bb KQ/B}2/ iQ i?2 TB2+2rBb2
+QMiBMmQmb +QMi`QHH2`-

ui(tk
i ) = kp

∑

j∈Ni

(ĝij(tk
i ) − g'

ij) + kv

∑

j∈Ni

ˆ̇gij(tk
i ) − kvv̂i(tk

i ), U9XNV

�M/ i?2 `2bmHiBM; +HQb2/@HQQT /vM�KB+b �`2-

v̇i(t) = kp

∑

j∈Ni

(ĝij(tk
i ) − g'

ij) + kv

∑

j∈Ni

ˆ̇gij(tk
i ) − kvv̂i(tk

i ). U9XRyV

h?2 7QHHQrBM; i?2Q`2K T`QpB/2b �M 1h* �M/ T`2b2Mib +QMp2`;2M+2 �M�HvbBb 7Q` i?2
bvbi2K BM U9XRyV,

h?2Q`2K 9XkX *QMbB/2` i?2 bvbi2K BM U9XRV rBi? +QMi`QH H�r U9XRyV- �bbmK2 i?2 +QK@
KmMB+�iBQM ;`�T? Bb mM/B`2+i2/ �M/ +QMM2+i2/- �M/ i?�i �bbmKTiBQM 9XR ?QH/bX amTTQb2
i?2 1h* Bb ;Bp2M #v-

‖rvi‖2 = ψ(t), U9XRRV

r?2`2
ψ(t) = 2ε

kv

(
σκ‖vi‖2 − kp

2ε‖
∑

j∈Ni

(ĝij − g'
ij)‖2 − kv

2ε‖
∑

j∈Ni

ˆ̇gij‖2
)
, U9XRkV

rvi Bb i?2 b2MbBM; 2``Q` BM p2HQ+Biv �b /2}M2/ BM U9X3V- ε > 0- �M/ κ = kv(1 − ε) − kpε
2 X

h?2M 7Q` σ ∈ (0, 1)- �M/ 7Q` �Mv BMBiB�H +QM/BiBQMb- i?2 �#Qp2 1h* /2+B/2b r?2M iQ
;2M2`�i2 i?2 +QMi`QH BMTmi ui(tk

i ) �M/ r?2M iQ K2�bm`2 i?2 b2H7@ �M/ #2�`BM;@bi�i2b bm+?
i?�i v̂i(tk

i ) → 0- ĝij(tk
i ) → g'

ij- �M/ ˆ̇gij(tk
i ) → 0- r?2`2 g'

ij Bb i?2 }M�H #2�`BM; `2[mB`2K2Mi
iQ �+?B2p2 i?2 /2bB`2/ 7Q`K�iBQMX 6m`i?2`KQ`2- i?2 BMi2`@2p2Mi iBK2b (tk+1

i − tk
i ) �`2

HQr2` #QmM/2/ #v � ∆ ;Bp2M #v-

∆ = (1/α) log
(

1 + α2ψ(t)
‖ui(tk

i )‖2

)

, U9XRjV

r?2`2 α > 0X

S`QQ7X .2}M2 V : R2nd → R �b V (pi, vi) = ∑n
i=1

1
2vT

i viX h?2 7mM+iBQM Bb � +QMiBMm@
QmbHv /Bz2`2MiB�#H2 7mM+iBQM QM i?2 b2i Ωc = {(p, v) ∈ R2nd|V (p, v) ≤ const.} r?B+? Bb
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TQbBiBp2Hv BMp�`B�Mi iQ U9XRVX Aib iBK2 /2`Bp�iBp2 Bb-

V̇ (p, v) =
n∑

i=1
vT

i v̇i =
n∑

i=1
vT

i

(
kp

∑

j∈Ni

(ĝij − g'
ij) + kv

∑

j∈Ni

ˆ̇gij − kvv̂i

)

=
n∑

i=1
vT

i

(
kp

∑

j∈Ni

(ĝij − g'
ij) + kv

∑

j∈Ni

ˆ̇gij − kv(vi + rvi)
)
.

lbBM; i?2 2``Q` /2}MBiBQMb Q7 U9X3V �M/ uQmM;Ƕb BM2[m�HBiv 7Q` BMM2` T`Q/m+ib /2}M2/
BM �TT2M/Bt �-r2 #QmM/ i?2 �#Qp2 2[m�iBQM �b-

V̇ (p, v) ≤
n∑

i=1

[
kp

(ε‖vi‖2

2 +
‖
∑

j∈Ni
(ĝij − g'

ij)‖2

2ε
)
+

kv

(ε‖vi‖2

2 +
‖
∑

j∈Ni
ˆ̇gij‖2

2ε
)

− kv‖vi‖2 + kv

(ε‖vi‖2

2 + ‖rvi‖2

2ε
)]

.

_2bi`B+iBM; ‖rvi‖2 �#Qp2 iQ-

‖rvi‖2 ≤ ψ(t), U9XR9V

rBi? ψ(t) ;Bp2M BM U9XRkV- `2bmHib BM-

V̇ (p, v) ≤
n∑

i=1
(σ − 1)κkv‖vi‖2,

r?B+? Bb M2;�iBp2 b2KB@/2}MBi2 7Q` σ ∈ (0, 1) �M/ κ = kv(1 − ε) − kpε
2 > 0X AMpQFBM; i?2

BMp�`B�M+2 T`BM+BTH2- (9R)- /2}M2 S2 = {(p, v) ∈ R2nd|V̇ = 0}X h?2M V̇ = 0 BKTHB2b vi =
0- r?B+? BKTHB2b ėij = 0 �M/ ġij = 0X 6`QK U9XRyV r2 �``Bp2 �i kp

∑
j∈Ni

(ĝij − g'
ij) = 0X

h?Bb Bb b�iBb}2/ QMHv r?2M ĝij = g'
ij r?B+? 7QHHQrb 7`QK G2KK� 9XRX

h?2 M2ti 2p2Mi iBK2 7Q` bvbi2K U9XRyV Bb-

tk+1
i = tk

i + inf
{

t | ‖rvi‖2 = ψ(t)
}

,

�M/ i?2 �#Qp2 b2[m2M+2 Q7 i`B;;2`BM; BMbi�Mib {tk
i }∞

k=0 Bb T`�+iB+�HHv 72�bB#H2 QMHv B7 r2
+�M }M/ � HQr2` #QmM/ #2ir22M irQ bm++2bbBp2 i`B;;2`BM; BMbi�MibX h?2 BMi2`@2p2Mi iBK2
∆ = tk+1

i − tk
i Bb i?2 iBK2 i�F2M 7Q` i?2 2``Q` i2`K ‖rvi‖ iQ `Bb2 7`QK y iQ i?2 i?`2b?QH/

T`2b2Mi BM U9XRRV �b /Bb+mbb2/ BM (8d)X 6Q` t ∈ [tk
i , tk+1

i )-

d
dt

rT
vi

rvi = 2rT
vi

(−v̇i) ≤
(
α‖rvi‖2 + (1/α)‖ui‖2

)
,

r?2`2 r2 mb2/ i?2 uQmM;Ƕb BM2[m�HBiv 7Q` BMM2` T`Q/m+ibX .2MQiBM; y = ‖rvi‖2- r2
Q#i�BM ẏ ≤ αy + (1/α)‖ui‖2 �M/ y b�iBb}2b y(t) ≤ φ(t) r?2`2 φ(t) Bb i?2 bQHmiBQM Q7
φ̇− αφ = (1/α)‖ui‖2X h?2 bQHmiBQM iQ i?Bb 2[m�iBQM Bb-

φ(t) = (1/α2)‖ui‖2(exp(α(t − tk
i )) − 1),
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1

2

3

4

5

6

g?12 =
⇥p

3/2 1/2
⇤T

g?23 =
⇥
0 1

⇤T

g?34 =
⇥
�
p
3/2 1/2

⇤T

g?45 =
⇥
�
p
3/2 �1/2

⇤T

g?56 =
⇥
0 �1

⇤T

g?61 =
⇥p

3/2 �1/2
⇤T

g?13 =
⇥
1/2

p
3/2

⇤T

g?14 =
⇥
0 1

⇤T

g?25 =
⇥
�
p
3/2 1/2

⇤T

g?46 =
⇥
�1/2 �

p
3/2

⇤T

6B;m`2 9Xk, *QKKmMB+�iBQM ;`�T? 7Q` i?2 2t�KTH2X

r?2`2 t ∈ [tk
i , tk

i+1)X LQr mbBM; i?2 2[m�HBiv U9XRRV- r2 �``Bp2 �i i?2 7QHHQrBM; #QmM/ 7Q`
BMi2`@2p2Mi iBK2b-

t − tk
i ≥ (1/α) log

(

1 + α2ψ(t)
‖ui(tk

i )‖2

)

,

r?2`2 ψ(t) Bb ;Bp2M BM U9XRkVX

_2K�`FX q?BH2 T`QpB/BM; � HQr2` #QmM/ QM i?2 BMi2`@2p2Mi iBK2b /Q2b MQi 2t+Hm/2
w2MQ #2?�pBQ`- r2 MQi2 i?�i BM MmK2`Qmb bBKmH�iBQMb r2 /Q MQi Q#b2`p2 i?Bb T?2@
MQK2MQMX

9XjXk aBKmH�iBQM _2bmHib

h?2 bBKmH�iBQM `2bmHib Q7 a2+iBQM 9XjXR �`2 T`2b2Mi2/ ?2`2X q2 /2KQMbi`�i2 i?2 2z2+@
iBp2M2bb Q7 i?2 i?2Q`2iB+�H `2bmHib T`2b2Mi2/ BM a2+iBQM 9Xj #v bBKmH�iBM; �M 2t�KTH2 7Q`
� M2irQ`F Q7 6 �;2Mib rBi? +QKKmMB+�iBQM iQTQHQ;v �b b?QrM BM 6B;m`2 9XkX

AM MQ/2 i`B;;2`BM;- i?2 �;2Mib BM 6B;m`2 9Xk �`2 bBKmH�i2/ rBi? TQbBiBQM �M/ p2HQ+Biv
;�BMb kp = 8 �M/ kv = 4 `2bT2+iBp2HvX h?2 BMBiB�H +QM/BiBQMb �`2 `�M/QK �M/ i?2 2p2Mi
p�`B�#H2 σ Bb bT2+B}2/ �b 0.5X

AM 6B;m`2 9Xj� r2 Q#b2`p2 i?�i i?2 /2bB`2/ 7Q`K�iBQM Bb �+?B2p2/ rBi? � +QMp2`;2M+2
iBK2 Q7 tf = 32.28s- � }M�H #2�`BM; 2``Q` Q7 yXyd �M/ i?2 }M�H 7Q`K�iBQM Bb bi�iBQM�`v �b
+QM+Hm/2/ 7`QK i?2 /Bb+mbbBQMb BM h?2Q`2K 9XkX Ai M22/b iQ #2 TQBMi2/ i?�i �HQM; rBi?
+QMi`QH mT/�i2b- i?2 b2MbBM; Bb �HbQ 2p2Mi /`Bp2M ?2`2X 6B;m`2 9Xj# b?Qrb i?2 BMbi�M+2b
r?2M �M 2p2Mi Bb i`B;;2`2/ mbBM; i?2 1h* U9XR9VX >2`2- 2p2`v K�`F2` `2T`2b2Mib �M
BMbi�M+2 r?2M �M �;2Mi mT/�i2b Bib +QMi`QHH2` �M/ �+[mB`2b M2r #2�`BM;@bi�i2 K2�bm`2@
K2MibX h?2 2pQHmiBQM Q7 #2�`BM; 2``Q`- /2}M2/ �b ∑(i,j)∈E ‖gij −g'

ij‖ Bb b?QrM BM 6B;m`2
9Xj+ �M/ i?2 HQr2` #QmM/ 7Q` i?2 BMi2`@2p2Mi iBK2 +�H+mH�i2/ 7Q` �;2Mi k mbBM; U9XRjV
�M/ i?2 �+im�H BMi2`@2p2Mi iBK2 Bb b?QrM BM 6B;m`2 9Xj/X >2`2 r2 +QM}`K i?2 }M/BM;b
i?�i i?2 �+im�H BMi2`@2p2Mi iBK2 Bb BM/22/ HQr2` #QmM/2/ #v ∆ T`2b2Mi2/ BM U9XRjVX
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U�V 6Q`K�iBQM i`�D2+iQ`v 7Q` i?2 +QMi`QH H�r
U9XRyV �M/ 2p2Mi +QM/BiBQM U9XR9VX

0 5 10 15 20 25 30 35
time(s)

1
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4
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6

Ag
en
t

U#V 1p2Mi i`B;;2`BM; BMbi�M+2b 7Q` �;2Mib
b?QrM BM 6B;m`2 9XkX

0 5 10 15 20 25 30
0

2

4

6

8

10

12

Be
ar

in
g 

er
ro

r

U+V 1pQHmiBQM Q7 #2�`BM; 2``Q` /2}M2/ #v∑
(i,j)∈E ‖gij − g!

ij‖X

0 5 10 15 20 25 30 35 40 45 50
trigger number
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0
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3.5
Inter-event time bound
Obtained inter-event times

U/V *QKT�`BbQM Q7 BMi2`@2p2Mi iBK2b 7Q` i?2
#QmM/b +�H+mH�i2/ BM U9XRjVX

6B;m`2 9Xj, _2bmHib T2`i�BMBM; iQ i?2 MQ/2@i`B;;2`BM; +�b2

9X9 1/;2 h`B;;2`BM;

AM a2+iBQM 9XjXR r2 /2bB;M2/ +QM/BiBQMb r?2M i`B;;2` +QM/BiBQMb �`2 2p�Hm�i2/ QM i?2
bi�i2b Q7 2�+? �;2MiX AM i?Bb b2+iBQM- i?2 2p2Mi@i`B;;2`2/ +QM/BiBQMb �`2 /2T2M/2Mi QM
i?2 BM7Q`K�iBQM 7`QK 2�+? 2/;2 @ i?�i Bb `2H�iBp2 bi�i2 BM7Q`K�iBQM �M/ K2�bm`2K2Mib
#2ir22M M2B;?#Q`BM; �;2MibX h?Bb +�M #2 r2HH mM/2`biQQ/ #v Q#b2`pBM; 6B;m`2 9X9X AM
i`�/BiBQM�H 2p2Mi@i`B;;2`2/ b+?2K2b- �;2Mi i KQMBiQ`b i?2 bi�i2b Q7 �HH Bib M2B;?#Q`b �M/
mb2b i?Bb �;;`2;�i2/ BM7Q`K�iBQM iQ 2p�Hm�i2 �M 1h*X >Qr2p2`- BM 2/;2 i`B;;2`BM;- r2
/2}M2 i?2 2``Q` /vM�KB+b QM i?2 `2H�iBp2 #2�`BM;b �M/ `�i2 Q7 #2�`BM;bX h?Bb K2�Mb
i?�i 2t2+miBQM Q7 � i`B;;2` `2bTQMb2 Bb MQ HQM;2` /2T2M/2Mi QM i?2 bi�i2b Q7 �HH i?2
M2B;?#Q`b #mi QM 2�+? 2/;2X 1/;2 (i, j) ∈ E ?�b Bib i`B;;2` +QM/BiBQM 2p�Hm�i2/ #v
�;2Mi i �M/ �;2Mi j �M/ B7 pBQH�i2/- i?2 #2�`BM;b �M/ `�i2 Q7 #2�`BM;b Q7 i?�i T�`iB+mH�`
2/;2 Bb mT/�i2/ �M/ � M2r +QMi`QH BMTmi Bb ;2M2`�i2/X �bbmKBM; T2`72+i BM7Q`K�iBQM-
�;2Mi i �M/ �;2Mi j i`B;;2` 2p2Mib �i i?2 b�K2 iBK2X hQ bmKK�`Bx2- 1h* /`Bp2b +QMi`QH
mT/�i2b BM 2/;2 i`B;;2`BM; �M/ 1h* /`Bp2b #Qi? b2MbBM; �M/ +QMi`QH mT/�i2b BM MQ/2
i`B;;2`BM;X h?2 iQi�H MmK#2` Q7 2p2Mi@i`B;;2`2/ +QM/BiBQMb iQ #2 2p�Hm�i2/ ?2`2 Bb 2|E|
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r?2`2�b MQ/2 i`B;;2`BM; M2irQ`F 2p�Hm�i2b |V| = n +QM/BiBQMbX

ETC1

ETC3

ETC2
i

j

k

l ui

uj

uk

ul

ui

ui

6B;m`2 9X9, AHHmbi`�iBQM Q7 2/;2 i`B;;2`BM; 1h* 7`QK i?2 T2`bT2+iBp2 Q7 �;2Mi iX

9X9XR 1p2Mi@i`B;;2`2/ .2bB;M

h?2 �BK Q7 /2bB;MBM; �M 1h* Bb iQ /2`Bp2 � i?`2b?QH/ 7mM+iBQM r?B+? /B+i�i2b ?Qr
7�` i?2 2``Q` 7mM+iBQM +�M #2 �HHQr2/ iQ `Bb2 #27Q`2 `2[mB`BM; �M mT/�i2- BX2X- ?Qr 7�`
i?2 bi�i2b Q7 i?2 bvbi2K +�M 2pQHp2 rBi?Qmi mT/�iBM; i?2 +QMi`QHH2`X h?2b2 mT/�i2b
Q++m` �i 2p2Mi iBK2b /2MQi2/ #v t1

i , t2
i , . . . , �M/ i?2 +QMi`QH BMTmi #2ir22M 2p2Mib Bb ?2H/

+QMbi�Mi BM � x2`Q@Q`/2` ?QH/ 7�b?BQMX h?2 #2�`BM; bi�i2b i?�i 2tBbi �i 2p2Mi iBK2b �`2
/2MQi2/ #v {ĝij , ˆ̇gij} �M/ �`2 +QMbi�Mi #2ir22M i?2 BMi2`p�H [tk

i , tk+1
i )X hQ +?2+F ?Qr 7�`

i?2 #2�`BM; bi�i2b ?�p2 2pQHp2/ BM i?Bb BMi2`p�H- r2 /2}M2 iBK2@/2T2M/2Mi 2``Q` i2`Kb
rgij (t) �M/ rġij (t)X lbBM; i?Bb BM7Q`K�iBQM- i?2 `2H�iBp2 2``Q`b �`2 �b 7QHHQrb-

rgij (t) ! ĝij(tk
i ) − gij(t) & rġij (t) ! ˆ̇gij(tk

i ) − ġij(t), U9XR8V

r?2`2 t ∈ [tk
i , tk+1

i )X lbBM; i?2 �#Qp2 MQi�iBQMb- r2 +�M KQ/B7v i?2 +QMiBMmQmb +QMi`QHH2`
U9XkV iQ � TB2+2rBb2 +QMiBMmQmb +QMi`QHH2` #v `2TH�+BM; i?2 bi�i2b {gij , ġij} rBi? {ĝij , ˆ̇gij}
�M/ i?2 `2bmHiBM; +HQb2/@HQQT /vM�KB+b �`2-

v̇i(tk
i ) = kp

∑

j∈Ni

(ĝij(tk
i ) − g'

ij) + kv

∑

j∈Ni

ˆ̇gij(tk
i ). U9XReV

h?2 7QHHQrBM; `2bmHi T`QpB/2b +QMp2`;2M+2 �M�HvbBb 7Q` i?2 bvbi2K U9XReV,

h?2Q`2K 9XjX *QMbB/2` i?2 bvbi2K BM U9XRV rBi? +QMi`QH H�r U9XReV �M/ �bbmK2 i?2
+QKKmMB+�iBQM ;`�T? Bb mM/B`2+i2/ �M/ i?�i �bbmKTiBQM 9XR ?QH/bX amTTQb2 i?2 2p2Mi@
i`B;;2`2/ +QM/BiBQM Bb ;Bp2M #v-

kp‖ėij‖‖rgij ‖ + kv‖ėij‖‖rġij ‖ = σkv〈ėij , ġij〉, U9XRdV
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r?2`2 σ ∈ (0, 1) Bb � /2bB;M T�`�K2i2`- ėij Bb i?2 `2H�iBp2 p2HQ+Biv- rgij Bb i?2 b2MbBM;
2``Q` BM {gij}j∈Ni �M/ rġij Bb i?2 b2MbBM; 2``Q` BM {ġij}j∈Ni �b /2}M2/ BM U9XR8VX h?2M
7Q` �Mv BMBiB�H +QM/BiBQMb- i?2 1h* BM U9XRdV /2+B/2b r?2M iQ ;2M2`�i2 i?2 +QMi`QH mT/�i2
ui(tk

i ) bm+? i?�i ġij(t) → 0 �M/ gij(t) → g'
ij- r?2`2 g'

ij Bb i?2 }M�H #2�`BM; `2[mB`2K2Mi
iQ �+?B2p2 i?2 /2bB`2/ 7Q`K�iBQMX

_2K�`FX h?2 1h* BM U9XRdV K�F2b mb2 Q7 i?2 `2H�iBp2 #2�`BM; bi�i2b {gij , ġij} �M/ i?2
`2H�iBp2 p2HQ+BiB2b {ėij}X

S`QQ7X .2}M2 V : R2nd → R- � +QMiBMmQmbHv /Bz2`2MiB�#H2 7mM+iBQM QM i?2 b2i Ωb =
{(p, v) ∈ R2nd|V (p, v) ≤ const.} r?B+? Bb TQbBiBp2Hv BMp�`B�Mi iQ U9XRV �b V (p, v) =
kpeT (g − g') + 1

2vT v. r?Qb2 iBK2 /2`Bp�iBp2 Bb-

V̇ (p, v) = kp(g − g')T H̄T v + vT v̇,

= kp(g − g')T H̄T v + vT (−kpH̄(ĝ − g') − kvH̄ ˆ̇g),
= kp(g − g')T H̄T v − kpvT H̄(ĝ − g') − kvvT H̄ ˆ̇g,

= kp〈g − g', H̄T v〉 − kp〈ĝ − g', H̄T v〉 − kvvT H̄ ˆ̇g,

= kp〈ĝ − rg − g', H̄T v〉 − kp〈ĝ − g', H̄T v〉 − kvvT H̄ ˆ̇g,

= −kpvT H̄rg − kvvT H̄ ˆ̇g = −kpėT rg − kv ėT rġ − kv ėT ġ,

= −kp

∑

i

∑

j∈Ni

〈ėij , rgij 〉 − kv

∑

i

∑

j∈Ni

〈ėij , rġij 〉 − kv

∑

i

∑

j∈Ni

〈ėij , ġij〉,

r?B+? 7QHHQrb 7`QK i?2 T`QT2`iv i?�i eT
ij ġij = 0 �M/ i?2 2``Q` /2}MBiBQMb 7`QK U9XR8VX

lbBM; *�m+?v@a+?r�`x BM2[m�HBiv |〈a, b〉| ≤ ‖a‖‖b‖- r2 #QmM/ i?2 �#Qp2 2[m�iBQM �b-

V̇ (pi, vi)≤kp

∑

i

∑

j∈Ni

‖ėij‖‖rgij ‖ + kv

∑

i

∑

j∈Ni

‖ėij‖‖rġij ‖ − kv

∑

i

∑

j∈Ni

〈ėij , ġij〉.

hQ 2Mbm`2 i?2 �#Qp2 /2`Bp�iBp2 Bb M2;�iBp2 b2KB@/2}MBi2- r2 rBHH 2M7Q`+2-

kp‖ėij‖‖rgij ‖ + kv‖ėij‖‖rġij ‖ ≤ σkv〈ėij , ġij〉, U9XR3V

r?2`2 r2 �;�BM mb2/ i?2 *�m+?v@a+?r�`x BM2[m�HBiv �M/ i?Bb +QM/BiBQM 2Mbm`2b i?�i
i?2 7QHHQrBM; /2`Bp�iBp2 Q7 i?2 Gv�TmMQp 7mM+iBQM-

V̇ (pi, vi) ≤ (σ − 1)kv

∑

i

∑

j∈Ni

〈ėij , ġij〉,

Bb M2;�iBp2 b2KB@/2}MBi2 7Q` σ ∈ (0, 1)X AMpQFBM; i?2 AMp�`B�M+2 T`BM+BTH2- (9R)- /2}M2
S1 = {(p, v) ∈ R2nd|V̇ = 0} r?2`2 V̇ = 0 BKTHB2b ėij �M/ ġij �`2 Q`i?Q;QM�H iQ 2�+?
Qi?2`X �b BMi`Q/m+2/ BM �TT2M/Bt .- ġij �M/ gij �`2 Q`i?Q;QM�H iQ 2�+? Qi?2` iQQ UBX2X-
ġT

ijgij = 0V- i?2M i?2`2 2tBbib � b+�H�` γ- bm+? i?�i ėij = γgij X LQr 7`QK i?2 /2}MBiBQM
Q7 ġij - ;Bp2M #v ġij = γPgij

‖eij‖ gij - Bb 0 bBM+2 Pgij Bb i?2 Q`i?Q;QM�H T`QD2+iBQM Q7 gij BX2X-
Pgij gij = 0X
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h?2`27Q`2 ġij = 0 �M/ gij(t) Bb +QMbi�MiX �i i?Bb TQBMi B7 gij = g'
ij i?2M i?2 T`QQ7 Bb

+QKTH2i2 �M/ B7 gij *= g'
ij i?2M u(tk

i ) BM U9XReV 2pQHp2b mMiBH gij = g'
ij X "

9X9Xk aBKmH�iBQM _2bmHib

h?2 bBKmH�iBQM `2bmHib Q7 a2+iBQM 9X9 �`2 T`2b2Mi2/ ?2`2X q2 /2KQMbi`�i2 i?2 2z2+iBp2@
M2bb Q7 i?2 i?2Q`2iB+�H `2bmHib T`2b2Mi2/ BM a2+iBQM 9Xj #v bBKmH�iBM; �M 2t�KTH2 7Q` �
M2irQ`F Q7 6 �;2Mib rBi? +QKKmMB+�iBQM iQTQHQ;v �b b?QrM BM 6B;m`2 9XkX 6Q` i?2 bvb@
i2K rBi? /vM�KB+b U9XRV rBi? +QMi`QH H�r U9XReV �M/ mM/2` i?2 �+iBQM Q7 1h* U9XR3V- �b
MQiB+2/ BM 6B;m`2 9X8� �HH e �;2Mib �+?B2p2 i?2 /2bB`2/ 7Q`K�iBQM �M/ +QMiBMm2 KQpBM;
�M/ b+�HBM; rBi? � +QMbi�Mi }M�H p2HQ+BivX h?2 bM�Tb?Qib Q7 �;2Mib �i t = 20s, 40s �M/
t = 60s �`2 �HbQ b?QrM BM 6B;m`2 9X8�X �b /Bb+mbb2/ BM �bbmKTiBQM 9XR- i?2 7`�K2rQ`F
Bb BM}MBi2bBK�H #2�`BM; `B;B/ �M/ i?2 QMHv i`BpB�H KQiBQM Q#b2`p2/ ?2`2 Bb b+�HBM;X
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U9XReVX

6B;m`2 9X8, _2bmHib T2`i�BMBM; iQ i?2 2/;2@i`B;;2`BM; +�b2

6B;m`2 9X8# b?Qrb i?2 BMbi�M+2b r?2M �M 2p2Mi Bb i`B;;2`2/ Qp2` � T�`iB+mH�` 2/;2
�M/ 2p2`v K�`F2` Qp2` �M 2/;2 (i, j) ∈ E BM/B+�i2b � +QMi`QH mT/�i2 7Q` �;2Mi i �M/ �;2Mi
jX h?2 2pQHmiBQM Q7 #2�`BM; 2``Q` �b b22M BM 6B;m`2 9X8+ Bb bKQQi? mMHBF2 i?2 #2�`BM;
2``Q` BM 6B;m`2 9Xj+X h?Bb Bb #2+�mb2 i?2 b2MbBM; Bb +QMiBMmQmb BM 2/;2 i`B;;2`BM; mMHBF2
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6B;m`2 9Xe, .2T2M/2M+2 Q7 +QMp2`;2M+2 QM σX

i?2 MQ/2 i`B;;2`BM; +�b2X h?2 +QMi`QH +QKK�M/ 7Q` �;2Mi R 7`QK U9XReV Bb b?QrM BM
6B;m`2 9X8/ �M/ �b MQi2/ 2�`HB2`- i?2 +QMi`QH �M/ ?2M+2 �+im�iBQM Bb TB2+2rBb2 +QMiBMmQmb
i?2`2#v T`QpB/BM; mb #2ii2` `2bQm`+2 2{+B2M+vX AM 6B;m`2 9Xe- r2 b22 i?2 /2T2M/2M+2 Q7
MmK#2` Q7 i`B;;2`b �M/ +QMp2`;2M+2 �++m`�+v QM i?2 /2bB;M p�`B�#H2 σX �b /Bb+mbb2/ BM
h?2Q`2K 9Xj- r2 M22/ iQ `2bi`B+i σ ∈ (0, 1)- ?Qr2p2` 7`QK 6B;m`2 9Xe r2 Q#b2`p2 i?�i σ
+�M #2 ;`2�i2` i?�M R #v bHQrBM; i?2 +QMp2`;2M+2 `�i2- r?B+? �HbQ b�vb i?�i 1h*Ƕb �`2
[mBi2 +QMb2`p�iBp2 BM KQbi +�b2bX

9X8 �Hi2`M�iBp2 1/;2 h`B;;2`BM;

�b /Bb+mbb2/ BM *?�Ti2` k- 2p2Mi@i`B;;2`BM; +QM/BiBQMb �`2 MQi mMB[m2X AM i?Bb b2+iBQM-
r2 T`2b2Mi �M �Hi2`M�i2 2/;2@i`B;;2`BM; +QM/BiBQMX hQ bi�`i rBi?- /2MQi2 i?2 /B`2+i2/
2/;2 (i, j) ∈ E #v k ∈ {1, 2, . . . , |E|}X h?2 2/;2 p2+iQ`b 7Q` ki? 2/;2 �`2-

ek = eij = pj − pi, ėk = ėij = vj − vi,

�M/ i?2 #2�`BM; p2+iQ`b �`2-

gk = gij = σ
ek

‖ek‖ , ġk = ġij = Pgk ėk

‖ek‖ .

h?2 7QHHQrBM; i?2Q`2K T`2b2Mib �M 2p2Mi@i`B;;2`BM; +QM/BiBQM 7Q` i?2 2/;2 i`B;;2`BM;
+�b2 i?�i Bb /Bz2`2Mi 7`QK i?2 QM2 T`2b2Mi2/ BM h?2Q`2K 9Xj-

h?2Q`2K 9X9X *QMbB/2` i?2 bvbi2K BM U9XRV rBi? +QMi`QH H�r U9XReV �M/ �bbmK2 i?2
+QKKmMB+�iBQM ;`�T? Bb mM/B`2+i2/ �M/ i?�i �bbmKTiBQM 9XR ?QH/bX amTTQb2 i?2 2p2Mi@
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i`B;;2`2/ +QM/BiBQM Bb ;Bp2M #v-

kv‖ėij‖‖rġij ‖ = σkv ėij ġij + kpėij(ĝij − g'
ij), U9XRNV

r?2`2 σ ∈ (0, 1) Bb � /2bB;M T�`�K2i2`- ėij Bb i?2 `2H�iBp2 p2HQ+Biv- rgij Bb i?2 b2MbBM;
2``Q` BM {gij}j∈Ni �M/ rġij Bb i?2 b2MbBM; 2``Q` BM {ġij}j∈Ni �b /2}M2/ BM U9XR8VX h?2M
7Q` �Mv BMBiB�H +QM/BiBQMb- i?2 1h* BM U9XRdV /2+B/2b r?2M iQ ;2M2`�i2 i?2 +QMi`QH mT/�i2
ui(tk

i ) bm+? i?�i ġij(t) → 0 �M/ gij(t) → g'
ij- r?2`2 g'

ij Bb i?2 }M�H #2�`BM; `2[mB`2K2Mi
iQ �+?B2p2 i?2 /2bB`2/ 7Q`K�iBQMX

_2K�`FX h?2 1h* BM U9XRNV K�F2b mb2 Q7 i?2 `2H�iBp2 #2�`BM; bi�i2b {gij , ġij} �M/ i?2
`2H�iBp2 p2HQ+BiB2b {ėij}X

S`QQ7X .2}M2 V : R2nd → R- � +QMiBMmQmbHv /Bz2`2MiB�#H2 7mM+iBQM QM i?2 b2i Ωb =
{(p, v) ∈ R2nd|V (p, v) ≤ const.} r?B+? Bb TQbBiBp2Hv BMp�`B�Mi iQ U9XRV �b

V (p, v) =
∑

k∈E
ėT

k ėk,

r?Qb2 iBK2 /2`Bp�iBp2 Bb-

V̇ (p, v) =
∑

k∈E
ėT

k ëk = ėT ë = (vT H̄)(H̄T v̇),

= vT H̄H̄T (−kpH̄(ĝ − g') − kvH̄ ˆ̇g),
= −kp(vT H̄H̄T )H̄(ĝ − g') − kv(vT H̄H̄T )H̄ ˆ̇g,

r?2`2 H̄H̄T = L̄ = L ⊗ Id r?2`2 L Bb i?2 G�TH�+B�M K�i`BtX h?2 p2+iQ` vT L̄ Bb i?2M
∑

j∈Ni
(vj − vi) = ∑

j∈Ni
ėij 7Q` i ∈ VX lbBM; i?2b2 r2 2tT�M/ i?2 2tT`2bbBQM 7Q` V̇ (p, v)

�b 7QHHQrb-

V̇ (p, v) = − kp

[∑
j∈N1 ėT

1j

∑
j∈N2 ėT

2j . . .
∑

j∈Nn
ėT

nj

]





∑
k∈N1(ĝ1k − g'

1k)
∑

k∈N2(ĝ2k − g'
2k)

. . .
∑

k∈Nn
(ĝnk − g'

nk)





− kv

[∑
j∈N1 ėT

1j

∑
j∈N2 ėT

2j . . .
∑

j∈Nn
ėT

nj

]





∑
k∈N1

ˆ̇g1k
∑

k∈N2
ˆ̇g2k

XXX
∑

k∈Nn
ˆ̇gnk




,
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r?B+? +�M #2 bmKK2/ �b 7QHHQrb-

V̇ (p, v) = −kp

∑

i

∑

j∈Ni

∑

k∈Ni

ėij(ĝik − g'
ik) − kv

∑

i

∑

j∈Ni

∑

k∈Ni

ėij(ˆ̇gik)

= −kp

∑

i

∑

j∈Ni

∑

k∈Ni

ėij(ĝik − g'
ik) − kv

∑

i

∑

j∈Ni

∑

k∈Ni

ėij(ġik + rġik)

= −kp

∑

i

∑

j∈Ni

∑

k∈Ni

ėij(ĝik − g'
ik) − kv

∑

i

∑

j∈Ni

∑

k∈Ni

ėij ġik − kv

∑

i

∑

j∈Ni

∑

k∈Ni

ėijrġik

≤ −kp

∑

i

∑

j∈Ni

∑

k∈Ni

ėij(ĝik − g'
ik) − kv

∑

i

∑

j∈Ni

∑

k∈Ni

ėij ġik + kv

∑

i

∑

j∈Ni

∑

k∈Ni

‖ėij‖‖rġik‖,

r?2`2 r2 mb2/ i?2 *�m+?v@a+?r�`x BM2[m�HBivX 1M7Q`+BM; i?2 7QHHQrBM; +QM/BiBQM-

kv‖ėij‖‖rġij ‖ ≤ σkv ėij ġij + kpėij(ĝij − g'
ij),

r2 �``Bp2 �i i?2 MQM@TQbBiBp2 7mM+iBQM-

V̇ (p, v) ≤ (σ − 1)
∑

i

∑

j∈Ni

∑

k∈Ni

ėij ġij ,

r?2`2 σ ∈ (0, 1)X h?2 +QMp2`;2M+2 +QM+HmbBQM Bb bBKBH�` iQ i?�i Q7 h?2Q`2K 9XjX "

h?2 bBKmH�iBQM `2bmHib 7Q` i?2 1h* U9XRNV Bb b?QrM #2HQr r?2`2 r2 MQi2 i?�i 1h*
U9XR3V mb2b ?�H7 i?2 MmK#2` Q7 i`B;;2`b mb2/ #v 1h* U9XRNVX h?2 i`B;;2`b 7`QK i?2
+QM/BiBQM U9XRNV +QK2 BM +Hmbi2`b �b i?2 i2`K QM i?2 `B;?i Q7 i?2 BM2[m�HBiv Bb bB;M
BM/2}MBi2X A7 kv ėij ġij + kpėij(ĝij − g'

ij) Bb M2;�iBp2 i?2M +QMiBMmQmb i`B;;2`b Q++m` �b
kv‖ėij‖‖rġij ‖ Bb MQM@M2;�iBp2 �M/ U9XRNV Bb �Hr�vb b�iBb}2/X h?Bb bBim�iBQM Bb �pQB/2/ BM
U9XR3V �b i?2 i2`K QM i?2 `B;?i Q7 i?2 BM2[m�HBiv Bb �Hr�vb MQM@M2;�iBp2X

93©
 T

ec
hn

io
n 

- I
sr

ae
l I

ns
tit

ut
e 

of
 T

ec
hn

ol
og

y,
 E

ly
ac

ha
r C

en
tra

l L
ib

ra
ry



-150 -100 -50 0 50 100

-100

-50

0

50

100

U�V 6Q`K�iBQM i`�D2+iQ`v 7Q` i?2 +QMi`QH H�r
U9XReV �M/ 2p2Mi +QM/BiBQM U9XRNVX

0 2 4 6 8 10 12 14 16 18
time(s)

(1,2)

(2,3)

(3,4)

(4,5)

(5,6)

(6,1)

(1,3)

(1,4)

(2,5)

(4,6)

Ed
ge

U#V 1p2Mi i`B;;2`BM; BMbi�M+2b 7Q` �;2Mib
b?QrM BM 6B;m`2 9XkX

0 2 4 6 8 10 12 14 16 18 20
0

2

4

6

8

10

12

Be
ar

in
g 

er
ro

r

U+V 1pQHmiBQM Q7 #2�`BM; 2``Q` /2}M2/ #v∑
(i,j)∈E ‖gij − g!

ij‖X

0 2 4 6 8 10 12 14 16 18
-15

-10

-5

0

5

10

15

C
on

tro
l I

np
ut

 fo
r A

ge
nt

 1

U/V *QMi`QH BMTmi 7Q` �;2Mi R /2}M2/ BM
U9XReVX

6B;m`2 9Xd, _2bmHib T2`i�BMBM; iQ i?2 �Hi2`M�iBp2 2/;2@i`B;;2`BM; +QM/BiBQM

9N©
 T

ec
hn

io
n 

- I
sr

ae
l I

ns
tit

ut
e 

of
 T

ec
hn

ol
og

y,
 E

ly
ac

ha
r C

en
tra

l L
ib

ra
ry



8y©
 T

ec
hn

io
n 

- I
sr

ae
l I

ns
tit

ut
e 

of
 T

ec
hn

ol
og

y,
 E

ly
ac

ha
r C

en
tra

l L
ib

ra
ry



*?�Ti2` 8

*HQbBM; ai�i2K2Mi

AM i?Bb *?T�i2` r2 +QM+Hm/2 i?2 rQ`F T`2b2Mi2/ �M/ �HbQ /Bb+mbb 72r /B`2+iBQMb 7Q`
7mim`2 `2b2�`+?X

8XR *QM+HmbBQM

AM *?�Ti2` j r2 bQHp2/ i?2 �p2`�;2 �M/ x2`Q@p2HQ+Biv +QMb2Mbmb T`Q#H2K #v T`QTQb@
BM; � MQp2H 2p2Mi i`B;;2`2/ +QM/BiBQM �KQM; � ;`QmT Q7 �;2Mib rBi? /Qm#H2 BMi2;`�iQ`
/vM�KB+bX q2 ?B;?HB;?i i?�i i?2 T`QTQb2/ +QM/BiBQM `2HB2b QMHv QM `2H�iBp2 bi�i2 K2�@
bm`2K2Mib �M/ `2/m+2b i?2 +QKKmMB+�iBQM HQ�/ QM i?2 bvbi2KX h?2 T`QTQb2/ 2p2Mi
i`B;;2`2/ b+?2K2 /2i2`KBM2/ 7Q` 2�+? �;2Mi r?2M iQ mT/�i2 Bib QrM bi�i2b �M/ r?2M iQ
#`Q�/+�bi Bib bi�i2b r?2M � HQ+�HHv +QKTmi2/ 2``Q` 7mM+iBQM 2t+22/b � bi�i2@/2T2M/2Mi
i?`2b?QH/X q2 K�/2 mb2 Q7 � bBM;H2 1h* iQ bQHp2 irQ T`Q#H2Kb �M/ H�v 2KT?�bBb QM
+QMp2`iBM; � +QMb2Mbmb T`Q#H2K iQ � `2M/2xpQmb T`Q#H2K #v mT/�iBM; i?2 +QMi`QHH2`
BM +QMiBMmQmb iBK2X AM i?2 �p2`�;2 +QMb2Mbmb T`Q#H2K- r2 mb2/ i?2 1h* iQ /B`2+i i?2
BM7Q`K�iBQM 2t+?�M;2 �M/ i?2 +QMi`QH mT/�i2b Q7 �;2Mib- r?2`2�b BM i?2 x2`Q@p2HQ+Biv
+QMb2Mbmb T`Q#H2K r2 mb2 i?2 1h* iQ /B`2+i i?2 BM7Q`K�iBQM 2t+?�M;2 #2ir22M �;2MibX

AM *?�Ti2` 9- r2 T`2b2Mi2/ /Bbi`B#mi2/ #2�`BM;@#�b2/ 2p2Mi@i`B;;2`2/ b+?2K2b iQ
�+?B2p2 7Q`K�iBQM bi�#BHBx�iBQM 7Q` �;2Mib rBi? /Qm#H2@BMi2;`�iQ` /vM�KB+bX q2 T`Q@
TQb2/ irQ i`B;;2`BM; K2+?�MBbK i?�i r2 i2`K MQ/2 i`B;;2`BM; �M/ 2/;2 i`B;;2`BM;X
q?2M i?2 QMHv BM7Q`K�iBQM �p�BH�#H2 iQ �;2Mib �`2 `2H�iBp2 K2�bm`2K2Mib- i?2b2 K2�@
bm`2K2Mib �`2 � 7mM+iBQM Q7 2p2`v 2/;2 �M/ Bi Bb MQi TQbbB#H2 iQ /2+QmTH2 i?2K iQ Q#i�BM
�;2Mib b2H7@bi�i2bX h?Bb H2�/ iQ i?2 MQiBQM Q7 2/;2 i`B;;2`BM;- r?2`2 r2 /2KQMbi`�i2/
?Qr 2�+? 2/;2 +�M ?�p2 Bib QrM 1h* �M/ /`Bp2 i?2 +QMi`QH mT/�i2b Q7 i?2 �;2MibX AM
MQ/2 i`B;;2`BM;- r2 mb2/ �//BiBQM�H BM7Q`K�iBQM BM i?2 7Q`K Q7 b2H7@p2HQ+Biv Q7 �;2Mib iQ
�``Bp2 �i �M 1h* i?�i mb2b +QHH2+iBp2 BM7Q`K�iBQM 7`QK �HH Bib M2B;?#Q`b iQ `2M/2` i?2
}M�H 7Q`K�iBQM bi�iBQM�`v �M/ 2Mbm`2b i?2 BMi2`@2p2Mi iBK2b �`2 bi`B+iHv TQbBiBp2X q2
�HbQ T`2b2Mi2/ � bBKmH�iBQM 2t�KTH2 iQ 2bi�#HBb? i?2 2z2+iBp2M2bb Q7 i?2b2 `2bmHib �M/
b?Qr2/ i?�i 2p2Mi@i`B;;2`2/ +QMi`QH +�M bm#bi�MiB�HHv /2+`2�b2 i?2 �KQmMi Q7 T`Q+2bb@
BM; TQr2` #v b2MbBM; �M/ mT/�iBM; +QMi`QHH2` �i 2p2Mi iBK2b `�i?2` i?�M i`�/BiBQM�H
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iBK2@i`B;;2`2/ mT/�i2bX

8Xk 6mim`2 qQ`F

h?Bb i?2bBb T`QpB/2b � 7QmM/�iBQM iQ �Mbr2` TH2i?Q`� Q7 7mim`2 [m2biBQMb BM i?2 }2H/X hQ
bi�`i rBi?- 7mim`2 rQ`F +�M #2 /2pQi2/ iQ T`QpB/BM; MQM@x2MQ T`QQ7b 7Q` i?2 +QMb2Mbmb
T`Q#H2K �M/ 2/;2 i`B;;2`BM; T`Q#H2KX AM i?2 MQ/2 i`B;;2`BM; +�b2- �b T`2b2Mi2/ BM (98)-
2p2M K�`;BM�H /Bbim`#�M+2b +�M +�mb2 x2MQ@#2?�pBQ` r?B+? rBHH r�``�Mi �M �M�HvbBb
rBi? iBK2@/2H�vb- /Bbim`#�M+2b �M/ MQBb2bX AM i?2 +QMi2ti Q7 T2`7Q`K�M+2- QM2 /B`2+iBQM
iQ HQQF �i Bb iQ }M/ QTiBK�H b�KTHBM; iBK2 7Q` i?2 T`QTQb2/ T`Q#H2Kb �M/ +QKT�`2
i?2K iQ i?2 i?2 2p2Mi@i`B;;2`2/ b+?2K2b T`2b2Mi2/X A7 i?2 T2`7Q`K�M+2 Bb MQi /2bB`2/-
�TT`Q�+?2b HBF2 /vM�KB+ 2p2Mi@i`B;;2`BM;- i2�K@i`B;;2`BM; +�M #2 �/QTi2/ Q` +QMi`QHH2`
`2/2bB;M +�M #2 +QMbB/2`2/ bm+? i?�i +2`i�BM T2`7Q`K�M+2 #QmM/b �`2 2M7Q`+2/X h?2
�M�HvbBb +�M #2 7QHHQr2/ BM i?2 HBM2b Q7 i?2 QM2 /Bb+mbb2/ BM S�`i AA Q7 (83)X

AM �MQi?2` /B`2+iBQM- 2tT2`BK2Mi�H p2`B}+�iBQM Q7 i?2 b+?2K2b rBHH T`QpB/2 Km+?
M22/2/ p�HB/�iBQM 7Q` i?2 BKTH2K2Mi�iBQM Q7 2p2Mi@i`B;;2`2/ �H;Q`Bi?KbX o�`BQmb /v@
M�KB+�H KQ/2Hb +�M #2 +?Qb2M iQ `2@/2p2HQT i?2 T`Q#H2K BM *?�Ti2` j �M/ *?�Ti2` 9X
�//BiBQM�HHv- � KQ`2 ;2M2`�H ;`�/B2Mi /vM�KB+�H bvbi2K �M�HvbBb +�M #2 T2`7Q`K2/ iQ
+Qp2` i?2 T`2b2Mi2/ bQHmiBQMb BMiQ �M mK#`2HH� Q7 2p2Mi@i`B;;2`2/ +QM/BiBQMbX

AM i?2 +QMi2ti Q7 iBK2@/2H�v2/ bvbi2Kb- /2H�v K�`;BMb +�M #2 mb2/ iQ mTT2` #QmM/
BMi2`@2p2Mi iBK2b iQ Q#i�BM MQM@+QMb2`p�iBp2 `2bmHibX AM �MQi?2` /B`2+iBQM- �b T`2b2Mi2/
BM (jN) bQK2iBK2b �;2Mib �`2 #2ii2` Qz #v 2biBK�iBM; i?2 bi�i2b Q7 i?2B` M2B;?#Q`b B7
i?2 /vM�KB+b Q7 i?2 2MiB`2 bvbi2K �`2 B/2MiB+�H �M/ QMHv `2[m2bi M2r BM7Q`K�iBQM r?2M
bm+? 2biBK�i2b /2pB�i2 [mB+FHvX � i`�/2@Qz bim/v +�M #2 +QM/m+i2/ iQ i?2 BKT�+i QM
+QMp2`;2M+2 `�i2- +QKKmMB+�iBQM +Qbi- +QKTmi�iBQM `2bQm`+2b `2[mB`2/ �M/ BMi2`@2p2Mi
iBK2bX

AM *?�Ti2` 9- �;2Mib rBi? HBKBi2/ }2H/ Q7 pB2r +�M #2 +QMbB/2`2/ r?B+? rQmH/ `2bmHi
BM brBi+?BM; ;`�T? iQTQHQ;vX AM �MQi?2` /B`2+iBQM- �ii�+Fb QM i?2 i`B;;2`BM; K2+?�MBbK
+�M #2 +QMbB/2`2/ r?2`2 i?2 �ii�+F2` +QMi`QHb i?2 1h* brBi+? �M/ i?2 brBi+? +�M
#2 F2Ti QT2M mMiBH i?2 Gv�TmMQp 7mM+iBQM ;2ib mM#QmM/2/ i?2`2#v /2bi�#BHBxBM; i?2
bvbi2KX q2 /Bb+mbb2/ BM *?�Ti2` 9 �#Qmi /2bB;MBM; 1h* +QM/BiBQMb Qp2` 2/;2b- �
7mim`2 /B`2+iBQM +�M #2 iQ /2bB;M i?2b2 +QM/BiBQMb Qp2` bm#;`�T?b �M/ r?2M �M 2p2Mi Bb
i`B;;2`2/ i?2 �;2Mib T`2b2Mi BM i?2 bm#;`�T? b?�`2 i?2B` bi�i2b �M/ mT/�i2 +QMi`QHH2`b
r?B+? +�M KBMBKBx2 +QKTmi�iBQM `2bQm`+2bX
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�TT2M/Bt �

"�bB+ �H;2#`�B+ LQiBQMb

h?2 1m+HB/2�M MQ`K Q7 x = [x1, x2, . . . , xn]T QM �M M@/BK2MbBQM�H 1m+HB/2�M bT�+2 Rn Bb
;Bp2M #v ‖x‖2 = ‖x‖ =

√
x2

1 + x2
2 + · · · + x2

nX � K�i`Bt M Bb bvKK2i`B+ B7 M = MT BX2X
i?2 K�i`Bt Bb 2[m�H iQ Bib i`�MbTQb2X � bvKK2i`B+ `2�H n×n K�i`Bt M Bb TQbBiBp2 /2}MBi2
B7 i?2 b+�H�` xT Mx Bb bi`B+iHv TQbBiBp2 �M/ Bb TQbBiBp2 b2KB@/2}MBi2 B7 i?2 b+�H�` xT Mx

Bb MQM@M2;�iBp2 7Q` x ∈ Rn/0X AM i2`Kb Q7 2B;2Mp�Hm2b- M Bb TQbBiBp2 /2}MBi2 B7 �HH Bib
2B;2Mp�Hm2b �`2 TQbBiBp2 �M/ TQbBiBp2 b2KB@/2}MBi2 B7 �HH Bib 2B;2Mp�Hm2b �`2 MQM@M2;�iBp2X
q2 +�M �M�HQ;QmbHv /2}M2 M2;�iBp2 /2}MBi2M2bb �M/ M2;�iBp2 b2KB@/2}MBi2M2bbX h?2
/Qi T`Q/m+i Q7 irQ p2+iQ`b x = [x1, x2, . . . , xn]T �M/ y = [y1, y2, . . . , yn]T Bb ;Bp2M #v-

〈x, y〉 = xT y = yT x =
n∑

i=1
xiyi.

L2ti r2 T`2b2Mi j BM2[m�HBiB2b 7`QK (89) i?�i rBHH +QK2 ?�M/v H�i2` QMX

.2}MBiBQM �XR UuQmM;Ƕb BM2[m�HBiv rBi? εVX 6Q` �Mv ;Bp2M x, y ∈ R �M/ 7Q` ε ∈
R>0- i?2 7QHHQrBM; BM2[m�HBiv ?QH/b-

|xy| ≤ x2

2ε + εy2

2 .

h?2 �#Qp2 BM2[m�HBiv b�vb- BM Q`/2` iQ ;�BM iB;?i2` +QMi`QH QM i?2 b2+QM/ i2`K QM2 Kmbi
HQQb2M bQK2 +QMi`QH QM i?2 }`bi i2`KX

.2}MBiBQM �Xk U*�m+?v@a+?r�`x BM2[m�HBivVX h?Bb BM2[m�HBiv bi�i2b i?�i 7Q` �HH
p2+iQ`b x �M/ y Q7 �M BMM2` T`Q/m+i bT�+2 Bi Bb i`m2 i?�i-

|〈x, y〉| ≤ 〈x, x〉 · 〈y, y〉,

r?2`2 〈·, ·〉 `2T`2b2Mib i?2 BMM2` T`Q/m+i r?B+? BM i?Bb rQ`F Bb � `2�H /Qi T`Q/m+iX

.2}MBiBQM �Xj Uh`B�M;H2 BM2[m�HBivVX AM � MQ`K2/ p2+iQ` bT�+2 S- i?2 MQ`K Q7 i?2
bmK Q7 irQ p2+iQ`b Bb �i KQbi �b H�`;2 �b i?2 bmK Q7 i?2 MQ`Kb Q7 i?2 irQ p2+iQ`b-

‖x + y‖ ≤ ‖x‖ + ‖y‖ ∀ x, y ∈ S.
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�TT2M/Bt "

:`�T? h?2Q`v

h?Bb b2+iBQM BMi`Q/m+2b +QM+2Tib 7`QK ;`�T? i?2Q`v i?�i rBHH #2 mb27mH BM i?2 `2bi
Q7 i?2 i?2bBbX � ;`�T? G Bb � i`BTH2i G = (V, E , A) +QMbBbiBM; Q7 � }MBi2 p2`i2t b2i
V = {w1, w2, . . . , wN } rBi? N p2`iB+2b- �M 2/;2 b2i E ⊂ V × V �M/ �M �/D�+2M+v K�i`Bt
A ∈ RN×N

>0 X h?2 2H2K2Mib Q7 �/D�+2M+v K�i`Bt aij = 1 B7 (wi, wj) ∈ E �M/ aij = 0
Qi?2`rBb2X h?2 b2i Q7 M2B;?#Q`b Q7 p2`i2t i Bb /2}M2/ �b-

Ni = {j ∈ V : (wi, wj) ∈ E}.

h?2 /2;`22 Q7 � p2`i2t- di = deg(wi)- 7Q` �M mM/B`2+i2/ ;`�T? Bb i?2 MmK#2` Q7 2/;2b
BM+B/2Mi iQ i?2 p2`i2t wi �M/ i?2 /2;`22 K�i`Bt ∆ Bb � /B�;QM�H K�i`Bt r?2`2 [∆]ii = diX
� ;`�T? Bb /B`2+i2/ B7 2�+? 2/;2 Bb �bbB;M2/ �M Q`B2Mi�iBQMX �M 2/;2 (wi, wj) ∈ E
Bb /B`2+i2/ 7`QK wi iQ wj B7 wi Bb i�BH Q7 i?2 2/;2 �M/ wj Bb ?2�/ Q7 i?2 2/;2X �M
mM/B`2+i2/ ;`�T? Bb QM2 r?2`2 2p2`v 2/;2 Bb #B@/B`2+iBQM�H- BX2X- (wi, wj) ∈ E BKTHB2b
i?�i (wj , wi) ∈ E X � ;`�T? +�M �HbQ #2 `2T`2b2Mi2/ #v K�i`B+2b r?B+? 7�HHb mM/2` i?2
}2H/ Q7 �H;2#`�B+ ;`�T? i?2Q`v (8N)X aQK2 Q7 i?2 K�i`B+2b �`2 /2}M2/ #2HQrX

Ç AM+B/2M+2 K�i`Bt, h?2 BM+B/2M+2 K�i`Bt Q7 � ;`�T? G Bb i?2 K�i`Bt H(G) r?2`2-

[H(G)]ij =






1, wi ∈ V Bb ?2�/ Q7 2/;2 ej ∈ E ,

−1, wi ∈ V Bb i�BH Q7 2/;2 ej ∈ E ,

0, Qi?2`rBb2.

Ç G�TH�+B�M K�i`Bt, h?2 G�TH�+B�M K�i`Bt- L- r?B+? Bb Q7 bBx2 N × N Bb /2}M2/
�b- L = ∆ − A- �M/ Bib 2H2K2Mib �`2-

[L]ij =






deg(wi) B7 i = j

−1 B7 i *= j �M/ wi Bb �/D�+2Mi iQ wj

0 Qi?2`rBb2.
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w1

w2

w3

e1

w4e2

e3

e4

6B;m`2 "XR, � /B`2+i2/ ;`�T? G1

h?2 G�TH�+B�M K�i`Bt Bb �HbQ `2H�i2/ iQ i?2 BM+B/2M+2 K�i`Bt �b 7QHHQrb-

L = HHT ,

r?2`2 7Q` �M mM/B`2+i2/ ;`�T?- L Bb � bvKK2i`B+ TQbBiBp2@b2KB/2}MBi2 K�i`BtX � K�i`Bt
Bb TQbBiBp2@b2KB/2}MBi2 B7 �HH i?2 2B;2M@p�Hm2b Q7 i?2 K�i`Bt �`2 MQM@M2;�iBp2X h?2
2B;2Mp�Hm2b Q7 i?2 G�TH�+B�M K�i`Bt b�iBb7v i?2 7QHHQrBM; BM2[m�HBiv- 0 = λ1 < λ2 ≤
· · · ≤ λN X *QMbB/2` i?2 /B`2+i2/ ;`�T? G1 BM 6B;m`2 "XR r?Qb2 AM+B/2M+2 �M/ G�TH�+B�M
K�i`Bt +�M #2 r`Bii2M �b 7QHHQrb-

H(G1) =

e1 e2 e3 e4







w1 0 1 −1 0
w2 0 0 1 −1
w3 −1 −1 0 1
w4 1 0 0 0

,

�M/-

L = HHT =





2 −1 −1 0
−1 2 −1 0
−1 −1 3 −1
0 0 −1 1




,

�M/ Bib 2B;2Mp�Hm2b �`2 λ1 = 0,λ2 = 1,λ3 = 3 �M/ λ4 = 4 r?2`2 r2 MQi2 i?�i i?2b2 �`2
�HH MQM@M2;�iBp2 /m2 iQ i?2 TQbBiBp2 b2KB@/2}MBi2M2bb Q7 i?2 G�TH�+B�M K�i`BtX
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�TT2M/Bt *

ai�#BHBiv Q7 .vM�KB+�H avbi2Kb

*QMbB/2` i?2 7QHHQrBM; �miQMQKQmb bvbi2K-

ẋ = f(x), U*XRV

r?2`2 f : D → Rn Bb � HQ+�HHv GBTb+?Bix K�T 7`QK � /QK�BM D ⊂ RnX .2MQi2 i?2
2[mBHB#`BmK TQBMi Q7 U*XRV �b x̄ ∈ D r?B+? K2�Mb f(x̄) = 0X

.2}MBiBQM *XRX h?2 2[mBHB#`BmK x̄ Q7 U*XRV Bb-

Ç bi�#H2 B7- 7Q` 2�+? ε > 0- i?2`2 Bb � δ = δ(ε) > 0 bm+? i?�i-

‖x(0)‖ < δ =⇒ ‖x(t)‖ < ε, ∀ t ≥ 0,

Ç mMbi�#H2 B7 Bi Bb MQi bi�#H2- �M/-

Ç �bvKTiQiB+�HHv bi�#H2 B7 Bi Bb bi�#H2 �M/ δ +�M #2 +?Qb2M bm+? i?�i-

‖x(0)‖ < δ =⇒ lim
t→∞

x(t) = x̄.

h?2 �#Qp2 bi�#BHBiv /2}MBiBQM b�vb i?�i B7 � i`�D2+iQ`v Q`B;BM�i2b BM i?2 δ M2B;?#Q`?QQ/
Q7 x̄ i?2M Bi M2p2` H2�p2b i?2 ε M2B;?#Q`?QQ/ Q7 x̄- �M/ i?2 �bvKTiQiB+ bi�#BHBiv b�vb
i?�i �Mv i`�D2+iQ`v Q`B;BM�iBM; BM i?2 δ M2B;?#Q`?QQ/ rBHH �Hr�vb +QMp2`;2 iQ i?2 TQBMi
x̄ �b iBK2b i2M/b iQ BM}MBiv- BX2X- Bi +QMp2`;2b �bvKTiQiB+�HHvX aQK2iBK2b i?2 TQBMi x̄ Bb
+?�HH2M;BM; iQ +�H+mH�i2 �M�HviB+�HHv- BM i?Bb b+2M�`BQ r2 K�F2 mb2 Q7 Gv�TmMQp bi�#BHBiv
iQ Dm/;2 i?2 bi�#BHBiv Q7 U*XRVX Gv�TmMQp bi�#BHBiv ;Bp2b bm{+B2Mi +QM/BiBQMb 7Q` bi�#BHBiv
Q7 U*XRV rBi?Qmi ?�pBM; iQ �+im�HHv bQHp2 i?2 /Bz2`2MiB�H 2[m�iBQMX Gv�TmMQp bi�#BHBiv
+�M #2 mb2/ iQ b?Qr #QmM/2/M2bb Q7 i?2 bQHmiBQM r?B+? K�F2b Bi � p2`v TQr2`7mH iQQH
BM i?2 �M�HvbBb Q7 2p2Mi@i`B;;2`2/ +QMi`QH bvbi2KbX h?2 7QHHQrBM; i?2Q`2K T`QpB/2b
+QM/BiBQMb iQ /2i2`KBM2 B7 i?2 ;Bp2M 2[mBHB#`BmK Bb � ;HQ#�HHv �bvKTiQiB+�HHv bi�#H2 QM2X

h?2Q`2K *XR UGv�TmMQp .B`2+i J2i?Q/VX G2i i?2 Q`B;BM x̄ = 0 #2 �M 2[mBHB#`BmK
TQBMi 7Q` U*XRV �M/ D ⊂ Rn � /QK�BM +QMi�BMBM; BiX G2i V (x) : D → R #2 � +QMiBMmQmbHv
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/Bz2`2MiB�#H2 7mM+iBQM bm+? i?�i-

Ç V (0) = 0 �M/ V (x) > 0, BM D − {0}-

Ç V̇ (x) ≤ 0, BM D,

i?2M x(t) = 0 Bb bi�#H2X JQ`2Qp2` B7

V̇ (x) < 0 BM D − {0}

i?2M x = 0 Bb �bvKTiQiB+�HHv bi�#H2X

�Mv 7mM+iBQM V (x) b�iBb7vBM; i?2 �#Qp2 +QM/BiBQMb Bb +�HH2/ � Gv�TmMQp 7mM+iBQM �M/
i?2 bm`7�+2 V (x) = c 7Q` c > 0 Bb � Gv�TmMQp bm`7�+2X h?2 �#Qp2 i?2Q`2K bmKK�`Bx2b
iQ b�v B7 i?2 +QM/BiBQM V̇ (x) ≤ 0 Bb b�iBb}2/ i?2M � i`�D2+iQ`v bi�`iBM; BM i?2 Gv�TmMQp
bm`7�+2 V (x) = c 2Mi2`b i?2 b2i Ωc = {x ∈ Rn|V (x) ≤ c} iQ M2p2` +QK2 Qmi �;�BMX
A7 7m`i?2` i?2 +QM/BiBQM V̇ (x) < 0 Bb b�iBb}2/ i?2M i?2 i`�D2+iQ`v +`Qbb2b i?2 H2p2H b2i
V (x) = c iQ 2Mi2` � M2r H2p2H b2i V (x) = c1 r?2`2 c1 < c �M/ i?2 Gv�TmMQp bm`7�+2
V (x) = c1 F22Tb b?`BMFBM; mMiBH Bi `2�+?2b i?2 2[mBHB#`BmK TQBMi- BX2X- i?2 Q`B;BMX

A7 QMHv i?2 +QM/BiBQM V̇ (x) ≤ 0 Bb b�iBb}2/ i?2M r2 +�MMQi +2`i�BMHv b�v B7 i?2
i`�D2+iQ`v rBHH `2�+? i?2 Q`B;BMX >Qr2p2`- B7 i?2`2 2tBbib � V (x) r?Qb2 /2`Bp�iBp2 b�iBb}2b
V̇ (x) ≤ 0 BM � /QK�BM �#Qmi i?2 Q`B;BM- �M/ B7 r2 +�M �b+2`i�BM i?�i MQ i`�D2+iQ`v bi�vb
�i TQBMib r?2`2 V̇ (x) = 0 2t+2Ti �i i?2 Q`B;BM- i?2M i?2 Q`B;BM Bb �bvKTiQiB+�HHv bi�#H2X
A7 i?Bb /QK�BM Bb Rn- i?2M i?2 Q`B;BM Bb ;HQ#�HHv �bvKTiQiB+�HHv bi�#H2X h?Bb +QM+2Ti Bb
K�i2`B�HBx2/ BM i?2 T`Q+2/BM; i?2Q`2K Q7 G�a�HH2 +�HH2/ i?2 BMp�`B�M+2 T`BM+BTH2X aQK2
/2}MBiBQMb �`2 BMi`Q/m+2/ #2HQr #27Q`2 r2 bi�i2 i?2 G�a�HH2Ƕb BMp�`B�M+2 T`BM+BTH2X

.2}MBiBQM *XkX � b2i M Bb �M BMp�`B�Mi b2i rBi? `2bT2+i iQ U*XRV B7 x(0) ∈ M =⇒
x(t) ∈ M 7Q` �HH t ∈ RX

.2}MBiBQM *XjX � b2i M Bb TQbBiBp2Hv BMp�`B�Mi b2i B7 x(0) ∈ M =⇒ x(t) ∈ M 7Q` �HH
t ≥ 0X

h?2Q`2K *Xk UG�a�HH2Ƕb AMp�`B�M+2 S`BM+BTH2VX G2i Ω ⊂ D #2 � +QKT�+i b2i i?�i Bb
TQbBiBp2Hv BMp�`B�Mi rBi? `2bT2+i iQ U*XRVX G2i V : D → R #2 � +QMiBMmQmbHv /Bz2`2MiB�#H2
7mM+iBQM bm+? i?�i V̇ (x) ≤ 0 BM ΩX G2i E #2 i?2 b2i Q7 �HH TQBMib BM Ω r?2`2 V̇ (x) = 0X
G2i M #2 i?2 H�`;2bi BMp�`B�Mi b2i BM EX h?2M 2p2`v bQHmiBQM bi�`iBM; BM Ω �TT`Q�+?2b
M �b t → ∞X

h?2 T`QQ7 Q7 i?2 �#Qp2 i?2Q`2K 7QHHQrb 7`QK i?2 �`;mK2Mi i?�i MQ bQHmiBQM x(t) +�M
bi�v BM E Qi?2` i?�M i?2 i`BpB�H bQHmiBQM x(t) = 0X h?Bb b2+iBQM r�b #mBHi QM i?2 `2bmHib
7`QK (9R- *?�Ti2` 9)X
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�TT2M/Bt .

"2�`BM;@#�b2/ 6Q`K�iBQM *QMi`QH

AM i?Bb b2+iBQM r2 T`2b2Mi �M BMi`Q/m+iBQM iQ #2�`BM;@#�b2/ 7Q`K�iBQM +QMi`QH �M/ Bb
#mBHi QM i?2 `2bmHib 7`QK (Rk) r?B+? �TTHB2b #2�`BM; `B;B/Biv i?2Q`v iQ �`#Bi`�`v /BK2M@
bBQM�H #2�`BM;@QMHv 7Q`K�iBQM bi�#BHBx�iBQM T`Q#H2KbX

.XR "2�`BM; _B;B/Biv h?2Q`v

"2�`BM; `B;B/Biv i?2Q`v �Mbr2`b i?2 7QHHQrBM; [m2biBQM, +�M � 7`�K2rQ`F #2 mMB[m2Hv
/2i2`KBM2/ mT iQ � i`�MbH�iBQM �M/ � b+�HBM; 7�+iQ` mbBM; QMHv #2�`BM; K2�bm`2K2Mib\
q2 bi�`i #v /2}MBM; �M Q`i?Q;QM�H T`QD2+iBQM K�i`Bt QT2`�iQ` P : Rd → Rd×d �b-

P (x) = Px ! Id − (xxT )
‖x‖2 ,

r?2`2 x ∈ Rd Bb � MQMx2`Q p2+iQ` �M/ d ≥ 2 Bb i?2 /BK2MbBQM Q7 i?2 +�`i2bB�M bT�+2X
h?2 K�i`Bt Px Bb TQbBiBp2@b2KB /2}MBi2 rBi? QM2 x2`Q 2B;2Mp�Hm2 �M/ d − 1 2B;2Mp�Hm2b
�i RX � 7`�K2rQ`F BM Rd Bb � T�B` (G, p) i?�i K�Tb 2p2`v p2`i2t Q7 � ;`�T? iQ � TQBMi
BM i?2 bT�+2 RdX

.2}MBiBQM .XR U"2�`BM; 1[mBp�H2Mi 6`�K2rQ`FbVX hrQ 7`�K2rQ`Fb G(p) �M/ G(p′)
�`2 #2�`BM; 2[mBp�H2Mi B7 Ppi−pj (p′

i − p′
j) = 0 7Q` �HH (i, j) ∈ E X

�M 2t�KTH2 Q7 #2�`BM; 2[mBp�H2Mi 7`�K2rQ`F Bb b?QrM BM 6B;m`2 .XR r?2`2 i?2 #2�`BM;b
#2ir22M p(v1) �M/ p(v2) �`2 2[mBp�H2Mi BM #Qi? i?2 7`�K2rQ`Fb #mi i?2 #2�`BM;b #2ir22M
p(v1) �M/ p(v3) �`2 MQi 2[mBp�H2MiX aBKBH�` �`;mK2Mib �TTHv iQ TQBMib p(v4) �M/ p(v3)X

.2}MBiBQM .Xk U"2�`BM; *QM;`m2Mi 6`�K2rQ`FbVX hrQ 7`�K2rQ`Fb G(p) �M/ G(p′)
�`2 #2�`BM; +QM;`m2Mi B7 Ppi−pj (p′

i − p′
j) = 0 7Q` �HH i, j ∈ VX

�M 2t�KTH2 Q7 #2�`BM; +QM;`m2Mi 7`�K2rQ`F Bb b?QrM BM 6B;m`2 .Xk r?2`2 i?2 #2�`BM;b
#2ir22M �Mv irQ TQBMib Bb 2[mBp�H2Mi BM #Qi? i?2 7`�K2rQ`Fb �M/ i?2 QMHv TQbbB#H2
KQiBQMb �`2 i`BpB�HUi`�MbH�iBQM �M/ b+�HBM;VX
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p(v2)

p(v3)p(v4)

p(v1) p(v1)

p(v4) p(v3)

p(v2)

6B;m`2 .XR, hrQ 2[mBp�H2Mi #mi MQM@+QM;`m2Mi 7`�K2rQ`Fb G(p) �M/ G(p′)

p(v2)

p(v3)p(v4)

p(v1) p(v2)

p(v3)p(v4)

p(v1)

6B;m`2 .Xk, hrQ +QM;`m2Mi 7`�K2rQ`Fb G(p) �M/ G(p′)

�HH #2�`BM; +QM;`m2Mi 7`�K2rQ`Fb �`2 #2�`BM; 2[mBp�H2Mi #mi i?2 +QMp2`b2 Bb MQi
i`m2X h?2 `2H�iBp2 TQbBiBQM �M/ p2HQ+Biv p2+iQ`b #2ir22M irQ �;2Mib Ui?2 2/;2 p2+iQ`bV
�`2 /2}M2/ �b-

eij ! pj − pi, ėij ! vj − vi, (i, j) ∈ E .

h?2 #2�`BM; �M/ `�i2 Q7 #2�`BM; p2+iQ` #2ir22M irQ �;2Mib �`2 /2}M2/ �b-

gij ! eij

‖eij‖ , ġij ! Pgij

‖eij‖ ėij , (i, j) ∈ E .

h?2 p2+iQ`b e �M/ ė +�M i?mb #2 2tT`2bb2/ BM +QKT�+i 7Q`K �b e = H̄T p �M/ ė = H̄T vX
aBM+2 Pgij Bb i?2 Q`i?Q;QM�H T`QD2+iBQM QT2`�iQ` Q7 gij - i?2B` BMM2` T`Q/m+i Bb y- Pgij gij =
0X h?Bb �HbQ `2bmHib BM gT

ij ġij = eT
ij ġij = 0 �M/ LmHH(Pgij ) = bT�M{gij}X h?2 b2i Q7 /2bB`2/

#2�`BM;b �`2 /2MQi2/ #v {g'
ij}(i,j)∈E X

q2 rBHH MQr /2}M2 i?2 #2�`BM; `B;B/Biv K�i`Bt - /2MQi2 i?2 #2�`BM;b Q7 � /B`2+i2/
2/;2 �b gk r?2`2 k ∈ {1, . . . , m} �M/ /2}M2 i?2 #2�`BM; 7mM+iBQM FB : Rdn → Rdm �b-
FB(p) !

[
gT

1 , . . . , gT
m

]T
. h?2 #2�`BM; `B;B/Biv K�i`Bt Bb /2}M2/ �b i?2 C�+Q#B�M Q7 i?2

#2�`BM; 7mM+iBQM-

RB(p) ! ∂FB(p)
∂p

= /B�;
( Pgij

‖eij‖

)
H̄T ∈ Rdm×dn,

r?2`2 m = |E| �M/ n = |V|X G2i δp #2 � p�`B�iBQM Q7 p bm+? i?�i B7 RB(p)δp = 0 i?2M
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δp Bb +�HH2/ �M BM}MBi2bBK�H #2�`BM; KQiBQMX h?2`2 �`2 irQ FBM/b Q7 i`BpB�H BM}MBi2bBK�H
#2�`BM; KQiBQMb, i`�MbH�iBQM �M/ b+�HBM;- r?B+? H2�/b mb iQ Qm` M2ti /2}MBiBQM �M/
�bbmKTiBQM-

.2}MBiBQM .Xj UlMB[m2 h�`;2i 6Q`K�iBQM- (Rk)VX � i�`;2i 7Q`K�iBQM +�M #2 mMB[m2Hv
/2i2`KBM2/ B7 �HH i?2 BM}MBi2bBK�H #2�`BM; KQiBQMb �`2 i`BpB�HX

h?2 bi`QM;2bi MQiBQM Q7 #2�`BM; `B;B/Biv Bb i?2 BM}MBi2bBK�H #2�`BM; `B;B/Biv /2}M2/
#2HQrX

.2}MBiBQM .X9 UAM}MBi2bBK�H "2�`BM; _B;B/BivVX � 7`�K2rQ`F Bb BM}MBi2bBK�H #2�`@
BM; `B;B/ B7 i?2 QMHv �HHQr�#H2 KQiBQMb �`2 i`�MbH�iBQM �M/ b+�HBM; Q7 i?2 2MiB`2 7`�K2@
rQ`FX

6Q` � 7`�K2rQ`F (G, p) iQ #2 BM}MBi2bBK�HHv #2�`BM; `B;B/- Bi ?�b iQ b�iBb7v i?2 7QHHQrBM;
+QM/BiBQMb HBbi2/ #2HQr-

BV `�MF(R(p)) = dn − d − 1

BBV LmHH(R(p)) = bT�M{ ⊗ Id, p}X

*QMbB/2` i?2 7`�K2rQ`F BM 6B;m`2 .Xj r?B+? Bb i?2 `2T`Q/m+iBQM Q7 6B;m`2 .Xk BM R2

rBi? �`#Bi`�`v Q`B2Mi�iBQMX Aib #2�`BM; `B;B/Biv K�i`Bt Bb #mBHi �b 7QHHQrb- i?2 BM+B/2M+2
K�i`Bt Bb ;Bp2M #v-

H̄ =





−1 0 0 1 −1
1 −1 0 0 0
0 1 −1 0 1
0 0 1 −1 0




⊗
[
1 0
0 1

]

,

�M/ i?2 T`QD2+iBQM QT2`�iQ` K�i`B+2b 7Q` i?2 8 2/;2b �`2-

Pg12 = Pg34 =
[
0 0
0 1

]

, Pg23 = Pg34 =
[
1 0
0 0

]

, Pg13 =
[

0.5 −0.5
−0.5 0.5

]

,

�M/ i?2 /Bbi�M+2 MQ`Kb �`2- ‖e12‖ = ‖e23‖ = ‖e34‖ = ‖e41‖ = 1 �M/ ‖e13‖ =
√

2X h?2
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1

1

6B;m`2 .Xj, �M BM}MBi2bBK�HHv #2�`BM; `B;B/ 7`�K2rQ`F

#2�`BM; `B;B/Biv K�i`Bt +�M MQr #2 r`Bii2M �b-

R(p) =





0 0 0 0 0 0 0 0
0 −1 0 1 0 0 0 0
0 0 −1 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 −1 0 1
1 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 0

−0.3536 0.3536 0 0 0.3536 −0.3536 0 0
0.3536 −0.3536 0 0 −0.3536 0.3536 0 0





,

r?Qb2 `�MF Bb 5 r?B+? 2[m�Hb dn − d − 1 = 2(4) − 2 − 1 = 5X >2M+2 i?2 7`�K2rQ`F BM
6B;m`2 .Xj Bb BM}MBi2bBK�HHv #2�`BM; `B;B/X

h?2 2p2Mi@i`B;;2`2/ +QMi`QH i?2Q`v /2p2HQT2/ BM *?�Ti2` 9 �bbmK2b i?2 7Q`K�iBQM
iQ #2 BM}MBi2bBK�HHv #2�`BM; `B;B/ �M/ bQK2 M2+2bb�`v MQiBQMb Q7 #2�`BM; `B;B/Biv �`2
�HbQ /2}M2/ i?2`2X

.Xk .Bbi`B#mi2/ "2�`BM;@QMHv 6Q`K�iBQM +QMi`QH

AM i?Bb b2+iBQM r2 rBHH T`QpB/2 `2bmHib QM #2�`BM;@QMHv 7Q`K�iBQM +QMi`QH Q7 KmHiB@�;2Mi
bvbi2Kb 7`QK (Rk)X *QMbB/2` i?2 /vM�KB+b Q7 2�+? �;2Mib iQ #2 bBM;H2@BMi2;`�iQ`-

ṗi(t) = vi(t)

r?2`2 vi(t) ∈ Rd Bb i?2 p2HQ+Biv BMTmi T`QTQb2/ �b-

vi(t) = −
∑

j∈Ni

Pgij g'
ij , U.XRV

∀i ∈ V �M/ i?2 +QMbi`�BMib {g'
ij}(i,j)∈E bT2+B7v � }M�H i�`;2i 7Q`K�iBQMX

ek©
 T

ec
hn

io
n 

- I
sr

ae
l I

ns
tit

ut
e 

of
 T

ec
hn

ol
og

y,
 E

ly
ac

ha
r C

en
tra

l L
ib

ra
ry



.2}MBiBQM .X8 U62�bB#H2 6Q`K�iBQMVX � i�`;2i 7Q`K�iBQM Bb b�B/ iQ #2 72�bB#H2 B7
i?2`2 2tBbib �i H2�bi QM2 +QM};m`�iBQM p i?�i b�iBb}2b i?2 #2�`BM; +QMbi`�BMib- i?�i Bb
gij = g'

ij 7Q` �HH (i, j) ∈ E X

>Qr2p2`- 72�bB#BHBiv Q7 #2�`BM; +QMbi`�BMib /Q2b MQi BKTHv mMB[m2M2bb Q7 i?2 i�`;2i
7Q`K�iBQMX � i�`;2i 7Q`K�iBQM Bb mMB[m2 mT iQ � i`�MbH�iBQM �M/ b+�HBM; 7�+iQ` B7 i?2
#2�`BM; +QMbi`�BMib {g'

ij}(i,j)∈E bT2+B7v �M BM}MBi2bBK�H #2�`BM; `B;B/ 7`�K2rQ`FX 6Q`
i?2 MQMHBM2�` #2�`BM;@QMHv +QMi`QH H�r T`QTQb2/ BM U.XRV- i?2 7QHHQrBM; `2bmHib ?QH/-

BV h?2 +2Mi`QB/ �M/ b+�H2 Q7 i?2 7Q`K�iBQM �`2 BMp�`B�Mi-

BBV A7 i?2 i�`;2i 7Q`K�iBQM Bb BM}MBi2bBK�HHv #2�`BM; `B;B/- i?2M i?2 bvbi2K ?�b irQ
BbQH�i2/ 2[mBHB#`B� �M/ i?2 bvbi2K Bb �HKQbi ;HQ#�HHv 2tTQM2MiB�HHv bi�#H2X

� bBKmH�iBQM `2bmHi 7Q` i?2 bvbi2K BM U.XRV �M/ ;`�T? .X8 Bb b?QrM BM 6B;m`2 .X9 r?2`2
6B;m`2 .X9� b?Qrb i?2 /2bB`2/ bi�iBQM�`v 7Q`K�iBQM �M/ 6B;m`2 .X9# b?Qrb i?2 #2�`BM;
2``Q` r?2`2 b2 b22 i?�i gij(t) 2[m�Hb g'

ij �bvKTiQiB+�HHvX

-2 0 2 4 6 8 10 12 14

4

6

8

10

12

14

16

18

U�V 6Q`K�iBQM i`�D2+iQ`v Q7 i?2 bvbi2K
U.XRVX
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U#V 1pQHmiBQM Q7 #2�`BM; 2``Q`∑
(i,j)∈E ‖gij − g!

ij‖X

6B;m`2 .X9, aBKmH�iBQM Q7 i?2 bvbi2K BM U.XRVX

h?Bb b2+iBQM Bb #mBHi QM i?2 �bbmKTiBQM i?�i �;2Mi KQ/2H Bb Q7 bBM;H2 BMi2;`�iQ`
/vM�KB+bX L2ti r2 T`2b2Mi bQK2 `2bmHib 7`QK (R9) r?2`2 �;2Mib �`2 KQ/2H2/ rBi?
/Qm#H2 BMi2;`�iQ` /vM�KB+b r?B+? Bb �HbQ i?2 +�b2 BM *?�Ti2` 9X 6Q` �;2Mib KQ/2H2/ �b
ṗi(t) = vi(t), v̇i(t) = ui(t) r?2`2 ui(t) Bb i?2 �++2H2`�iBQM BMTmi- i?2 T`QTQb2/ #2�`BM;@
QMHv +QMi`QH H�r Bb-

ṗi(t) = vi(t),
v̇i(t) = kp

∑

j∈Ni

(gij(t) − g'
ij) + kv

∑

j∈Ni

ġij(t), U.XkV

r?2`2 kp �M/ kv �`2 TQbBiBQM �M/ p2HQ+Biv ;�BMb `2bT2+iBp2HvX lbBM; i?2 �#Qp2 +QMi`QH
H�r- gij(t) +QMp2`;2b iQ g'

ij �M/ ġij(t) +QMp2`;2b iQ 0X hQ b22 i?2 rQ`FBM; Q7 bvbi2K BM
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1 2

34

6B;m`2 .X8, �M mM/B`2+i2/ ;`�T?

U.XkV- +QMbB/2` i?2 ;`�T? BM .X8 r?2`2 2�+? �;2MiǶb +QMi`QH Bb-

u1(t) = kp(g12 − g'
12 + g13 − g'

13 + g14 − g'
14) + kv(ġ12 + ġ13 + ġ14),

u2(t) = kp(g21 − g'
21 + g23 − g'

23) + kv(ġ21 + ġ23),
u3(t) = kp(g31 − g'

31 + g32 − g'
32 + g34 − g'

34) + kv(ġ31 + ġ32 + ġ34),
u4(t) = kp(g41 − g'

41 + g43 − g'
43) + kv(ġ41 + ġ43),

�M/ i?2 6B;m`2 .Xe b?Qrb i?2 +Q``2bTQM/BM; bBKmH�iBQM `2bmHibX q2 b22 i?�i 7Q`K�iBQM
Bb �+?B2p2/ BM 6B;m`2 .Xe� �M/ i?2 #2�`BM; 2``Q` ∑j∈Ni

‖gij − g'
ij‖ �M/ `�i2 Q7 #2�`BM;

p2+iQ`b ∑j∈Ni
�`2 b?QrM BM 6B;m`2 .Xe# �M/ .Xe+ `2bT2+iBp2HvX
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U#V 1pQHmiBQM Q7 #2�`BM; 2`@
`Q`

∑
(i,j)∈E ‖gij − g!

ij‖X
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U+V 1pQHmiBQM Q7 #2�`BM; `�i2∑
(i,j)∈E ‖ġij‖X
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"B#HBQ;`�T?v

(R) _X PH7�iB@a�#2`- CX �X 6�t- �M/ _X JX Jm``�v- ǳ*QMb2Mbmb �M/ +QQT2`�iBQM BM
M2irQ`F2/ KmHiB@�;2Mi bvbi2Kb-Ǵ S`Q+22/BM;b Q7 i?2 A111- pQHX N8- MQX R- TTX kR8Ĝ
kjj- kyydX

(k) JX J2b#�?B �M/ JX 1;2`bi2/i- :`�T? i?2Q`2iB+ K2i?Q/b BM KmHiB�;2Mi M2irQ`Fb-
pQHX jjX S`BM+2iQM lMBp2`bBiv S`2bb- kyRyX

(j) uX a?Q?�K �M/ EX G2viQM@"`QrM- JmHiB�;2Mi bvbi2Kb, �H;Q`Bi?KB+- ;�K2@
i?2Q`2iB+- �M/ HQ;B+�H 7QmM/�iBQMbX *�K#`B/;2 lMBp2`bBiv S`2bb- kyy3X

(9) uX q�M;- 1X :�`+B�- .X *�b#22`- �M/ 6X w?�M;- *QQT2`�iBp2 +QMi`QH Q7 KmHiB@�;2Mi
bvbi2Kb, h?2Q`v �M/ �TTHB+�iBQMbX CQ?M qBH2v � aQMb- kyRdX

(8) qX _2M- _X qX "2�`/- �M/ 1X JX �iFBMb- ǳ� bm`p2v Q7 +QMb2Mbmb T`Q#H2Kb BM KmHiB@
�;2Mi +QQ`/BM�iBQM-Ǵ BM S`Q+22/BM;b Q7 i?2 kyy8- �K2`B+�M *QMi`QH *QM72`2M+2-
kyy8X- TTX R38NĜR3e9- A111- kyy8X

(e) CX LX hbBibBFHBb- ǳS`Q#H2Kb BM /2+2Mi`�HBx2/ /2+BbBQM K�FBM; �M/ +QKTmi�iBQMX-Ǵ
i2+?X `2TX- J�bb�+?mb2iib AMbi Q7 h2+? *�K#`B/;2 G�# 7Q` AM7Q`K�iBQM �M/ .2+BbBQM
avbi2Kb- RN39X

(d) oX "Q`F�` �M/ SX o�`�Bv�- ǳ�bvKTiQiB+ �;`22K2Mi BM /Bbi`B#mi2/ 2biBK�iBQM-Ǵ
A111 h`�Mb�+iBQMb QM �miQK�iB+ *QMi`QH- pQHX kd- MQX j- TTX e8yĜe88- RN3kX

(3) "X "`B2;2H- .X w2H�xQ- JX "Ƀ`;2`- �M/ 6X �HH;ƺr2`- ǳPM i?2 x2`Qb Q7 +QMb2Mbmb
M2irQ`Fb-Ǵ BM kyRR 8yi? A111 *QM72`2M+2 QM .2+BbBQM �M/ *QMi`QH �M/ 1m`QT2�M
*QMi`QH *QM72`2M+2- TTX R3NyĜR3N8- A111- kyRRX

(N) 6X "mHHQ- G2+im`2b QM L2irQ`F avbi2KbX R 2/X- kyRNX

(Ry) >X@aX �?M- 6Q`K�iBQM *QMi`QH �TT`Q�+?2b 7Q` .Bbi`B#mi2/ �;2MibX aim/B2b BM avb@
i2Kb- .2+BbBQM �M/ *QMi`QH- ky8- *?�K, aT`BM;2` AMi2`M�iBQM�H Sm#HBb?BM;- Rbi 2/X
kykyX 2/X

(RR) EX@EX P?- JX@*X S�`F- �M/ >X@aX �?M- ǳ� bm`p2v Q7 KmHiB@�;2Mi 7Q`K�iBQM +QMi`QH-Ǵ
�miQK�iB+�- pQHX 8j- TTX 9k9Ĝ99y- kyR8X
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(Rk) aX w?�Q �M/ .X w2H�xQ- ǳ"2�`BM; `B;B/Biv �M/ �HKQbi ;HQ#�H #2�`BM;@QMHv 7Q`K�iBQM
bi�#BHBx�iBQM-Ǵ A111 h`�Mb�+iBQMb QM �miQK�iB+ *QMi`QH- pQHX eR- MQX 8- TTX Rk88Ĝ
Rke3- kyReX

(Rj) aX w?�Q �M/ .X w2H�xQ- ǳh`�MbH�iBQM�H �M/ b+�HBM; 7Q`K�iBQM K�M2mp2` +QMi`QH pB�
� #2�`BM;@#�b2/ �TT`Q�+?-Ǵ A111 h`�Mb�+iBQMb QM *QMi`QH Q7 L2irQ`F avbi2Kb-
pQHX 9- MQX j- TTX 9kNĜ9j3- kyR8X

(R9) aX w?�Q- wX GB- �M/ wX .BM;- ǳ"2�`BM;@QMHv 7Q`K�iBQM i`�+FBM; +QMi`QH Q7 KmHiB@
�;2Mi bvbi2Kb-Ǵ A111 h`�Mb�+iBQMb QM �miQK�iB+ *QMi`QH- kyRNX

(R8) .X oX .BK�`Q;QM�b- 1X 6`�xxQHB- �M/ EX >X CQ?�MbbQM- ǳ.Bbi`B#mi2/ 2p2Mi@i`B;;2`2/
+QMi`QH 7Q` KmHiB@�;2Mi bvbi2Kb-Ǵ A111 h`�Mb�+iBQMb QM �miQK�iB+ *QMi`QH-
pQHX 8d- MQX 8- TTX RkNRĜRkNd- kyRkX

(Re) *X LQrx�`B- 1X :�`+B�- �M/ CX *Q`iûb- ǳ1p2Mi@i`B;;2`2/ +QKKmMB+�iBQM �M/ +QMi`QH
Q7 M2irQ`F2/ bvbi2Kb 7Q` KmHiB@�;2Mi +QMb2Mbmb-Ǵ �miQK�iB+�- pQHX Ry8- TTX RĜkd-
kyRNX

(Rd) qX >22K2Hb- EX >X CQ?�MbbQM- �M/ SX h�#m�/�- ǳ�M BMi`Q/m+iBQM iQ 2p2Mi@
i`B;;2`2/ �M/ b2H7@i`B;;2`2/ +QMi`QH-Ǵ BM kyRk A111 8Rbi A111 *QM72`2M+2 QM
.2+BbBQM �M/ *QMi`QH U*.*V- TTX jkdyĜjk38- A111- kyRkX

(R3) JX a2rHB� �M/ .X w2H�xQ- ǳ.Bbi`B#mi2/ 2p2Mi@#�b2/ +QMi`QH 7Q` b2+QM/@Q`/2` KmHiB@
�;2Mi bvbi2Kb-Ǵ BM kyRN kdi? J2/Bi2``�M2�M *QM72`2M+2 QM *QMi`QH �M/ �miQK�@
iBQM UJ1.V- TTX jRyĜjR8- A111- kyRNX

(RN) *X LQrx�`B- 1X :�`+B�- �M/ CX *Q`iûb- ǳ1p2Mi@i`B;;2`2/ +QKKmMB+�iBQM �M/ +QMi`QH
Q7 M2irQ`F2/ bvbi2Kb 7Q` KmHiB@�;2Mi +QMb2Mbmb-Ǵ �miQK�iB+�- pQHX Ry8- TTX RĜkd-
kyRNX

(ky) SX CX :�ri?`QT �M/ GX q�M;- ǳ1p2Mi@/`Bp2M BMi2`KBii2Mi +QMi`QH-Ǵ AMi2`M�iBQM�H
CQm`M�H Q7 *QMi`QH- pQHX 3k- MQX Rk- TTX kkj8Ĝkk93- kyyNX

(kR) qX q�bvHFBrbFvD- aB;M�Hb �M/ i`�Mb7Q`Kb BM HBM2�` bvbi2Kb �M�HvbBbX aT`BM;2`-
kyRjX

(kk) GX :mxx2HH�- ǳ.Bb+`2i2@iBK2 +QMi`QH bvbi2Kb-Ǵ 1h> wm`B+?- kyyNX

(kj) :X aX a2v#Qi?- .X oX .BK�`Q;QM�b- �M/ EX >X CQ?�MbbQM- ǳ1p2Mi@#�b2/ #`Q�/+�bi@
BM; 7Q` KmHiB@�;2Mi �p2`�;2 +QMb2Mbmb-Ǵ �miQK�iB+�- pQHX 9N- MQX R- TTX k98Ĝk8k-
kyRjX

(k9) sX J2M; �M/ hX *?2M- ǳ1p2Mi #�b2/ �;`22K2Mi T`QiQ+QHb 7Q` KmHiB@�;2Mi M2i@
rQ`Fb-Ǵ �miQK�iB+�- pQHX 9N- MQX d- TTX kRk8ĜkRjk- kyRjX
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(k8) >X GB- sX GB�Q- :X *?2M- .X CX >BHH- wX .QM;- �M/ hX >m�M;- ǳ1p2Mi@i`B;;2`2/
�bvM+?`QMQmb BMi2`KBii2Mi +QKKmMB+�iBQM bi`�i2;v 7Q` bvM+?`QMBx�iBQM BM +QKTH2t
/vM�KB+�H M2irQ`Fb-Ǵ L2m`�H L2irQ`Fb- pQHX ee- TTX RĜRy- kyR8X

(ke) :X aX a2v#Qi?- .X oX .BK�`Q;QM�b- �M/ EX >X CQ?�MbbQM- ǳ*QMi`QH Q7 KmHiB@�;2Mi
bvbi2Kb pB� 2p2Mi@#�b2/ +QKKmMB+�iBQM-Ǵ A6�* S`Q+22/BM;b oQHmK2b- pQHX 99-
MQX R- TTX Ryy3eĜRyyNR- kyRRX

(kd) .X sm2 �M/ aX >B`+?2- ǳ1p2Mi@i`B;;2`2/ +QMb2Mbmb Q7 ?2i2`Q;2M2Qmb KmHiB@�;2Mi
bvbi2Kb rBi? /Qm#H2@BMi2;`�iQ` /vM�KB+b-Ǵ BM kyRj 1m`QT2�M *QMi`QH *QM72`2M+2
U1**V- TTX RRekĜRRed- A111- kyRjX

(k3) 1X :�`+B�- uX *�Q- �M/ .X qX *�b#22`- ǳ.2+2Mi`�HBb2/ 2p2Mi@i`B;;2`2/ +QMb2Mbmb
Q7 /Qm#H2 BMi2;`�iQ` KmHiB@�;2Mi bvbi2Kb rBi? T�+F2i HQbb2b �M/ +QKKmMB+�iBQM
/2H�vb-Ǵ A1h *QMi`QH h?2Q`v � �TTHB+�iBQMb- pQHX Ry- MQX R8- TTX R3j8ĜR39j- kyReX

(kN) sX uB- CX q2B- .X oX .BK�`Q;QM�b- �M/ EX >X CQ?�MbbQM- ǳ6Q`K�iBQM +QMi`QH
7Q` KmHiB@�;2Mi bvbi2Kb rBi? +QMM2+iBpBiv T`2b2`p�iBQM �M/ 2p2Mi@i`B;;2`2/ +QM@
i`QHH2`b-Ǵ A6�*@S�T2`bPMGBM2- pQHX 8y- MQX R- TTX NjedĜNjdj- kyRdX

(jy) JX@wX .�B �M/ 6X sB�Q- ǳ1p2Mi@�M/ b2H7@i`B;;2`2/ +QMb2Mbmb 7Q` /Qm#H2@BMi2;`�iQ`
M2irQ`Fb rBi? `2H�iBp2 bi�i2 K2�bm`2K2Mib-Ǵ AMi2`M�iBQM�H CQm`M�H Q7 *QMi`QH-
pQHX Nj- MQX 8- TTX RRN9ĜRkyj- kykyX

(jR) ZX GBm 2i �HX- ǳ1p2Mi@i`B;;2`2/ +QMb2Mbmb �M/ 7Q`K�iBQM +QMi`QH BM KmHiB@�;2Mi
+QQ`/BM�iBQM-Ǵ kyR3X

(jk) uX um- wX w2M;- wX GB- sX q�M;- �M/ GX a?2M- ǳ1p2Mi@i`B;;2`2/ 2M+B`+H2K2Mi +QMi`QH
Q7 KmHiB@�;2Mi bvbi2Kb rBi? #2�`BM; `B;B/Biv-Ǵ a+B2M+2 *?BM� AM7Q`K�iBQM a+B2M+2b-
pQHX ey- MQX RR- TX RRykyj- kyRdX

(jj) sX :2 �M/ ZX@GX >�M- ǳ.Bbi`B#mi2/ 7Q`K�iBQM +QMi`QH Q7 M2irQ`F2/ KmHiB@�;2Mi bvb@
i2Kb mbBM; � /vM�KB+ 2p2Mi@i`B;;2`2/ +QKKmMB+�iBQM K2+?�MBbK-Ǵ A111 h`�Mb@
�+iBQMb QM AM/mbi`B�H 1H2+i`QMB+b- pQHX e9- MQX Ry- TTX 3RR3Ĝ3Rkd- kyRdX

(j9) GX w?�M;- sX GB- CX u�M- �M/ sX :m�M- ǳ1p2Mi@i`B;;2`2/ KmHiBi�`;2i 7Q`K�iBQM
+QMi`QH 7Q` KmHiB�;2Mi bvbi2Kb-Ǵ J�i?2K�iB+�H S`Q#H2Kb BM 1M;BM22`BM;- pQHX kyRd-
kyRdX

(j8) wX amM- ZX GBm- *X um- �M/ "X .X �M/2`bQM- ǳ:2M2`�HBx2/ +QMi`QHH2`b 7Q` `B;B/
7Q`K�iBQM bi�#BHBx�iBQM rBi? �TTHB+�iBQM iQ 2p2Mi@#�b2/ +QMi`QHH2` /2bB;M-Ǵ BM kyR8
1m`QT2�M *QMi`QH *QM72`2M+2 U1**V- TTX kRdĜkkk- A111- kyR8X

(je) EX@1X ³�`xûM- ǳ� bBKTH2 2p2Mi@#�b2/ TB/ +QMi`QHH2`-Ǵ A6�* S`Q+22/BM;b oQHmK2b-
pQHX jk- MQX k- TTX 3e3dĜ3eNk- RNNNX
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(jd) JX o2H�b+Q- CX 6m2`i2b- �M/ SX J�`iB- ǳh?2 b2H7 i`B;;2`2/ i�bF KQ/2H 7Q` `2�H@iBK2
+QMi`QH bvbi2Kb-Ǵ BM qQ`F@BM@S`Q;`2bb a2bbBQM Q7 i?2 k9i? A111 _2�H@hBK2 avbi2Kb
avKTQbBmK U_haayjV- pQHX j39- kyyjX

(j3) JX J�xQ C`- �X �Mi�- �M/ SX h�#m�/�- ǳ�M Bbb b2H7@i`B;;2`2/ BKTH2K2Mi�iBQM Q7
HBM2�` +QMi`QHH2`b-Ǵ �miQK�iB+�- pQHX 9e- MQX 3- TTX RjRyĜRjR9- kyRyX

(jN) *X LQrx�`B �M/ CX *Q`iûb- ǳh2�K@i`B;;2`2/ +QQ`/BM�iBQM Q7 M2irQ`F2/ bvbi2Kb-Ǵ
BM kyRj �K2`B+�M *QMi`QH *QM72`2M+2- TTX j3kRĜj3ke- A111- kyRjX

(9y) SX h�#m�/�- ǳ1p2Mi@i`B;;2`2/ `2�H@iBK2 b+?2/mHBM; Q7 bi�#BHBxBM; +QMi`QH i�bFb-Ǵ
A111 h`�Mb�+iBQMb QM �miQK�iB+ *QMi`QH- pQHX 8k- MQX N- TTX Re3yĜRe38- kyydX

(9R) >X EX E?�HBH �M/ CX :`BxxH2- LQMHBM2�` bvbi2Kb- pQHX jX S`2MiB+2 ?�HH lTT2` a�//H2
_Bp2`- LC- kyykX

(9k) EX CX �bi`QK �M/ "X JX "2`M?�`/bbQM- ǳ*QKT�`BbQM Q7 `B2K�MM �M/ H2#2b;m2
b�KTHBM; 7Q` }`bi Q`/2` biQ+?�biB+ bvbi2Kb-Ǵ BM S`Q+22/BM;b Q7 i?2 9Rbi A111 *QM@
72`2M+2 QM .2+BbBQM �M/ *QMi`QH- kyykX- pQHX k- TTX kyRRĜkyRe- A111- kyykX

(9j) "X �X E?�b?QQ2B- .X CX �MimM2b- �M/ qX >22K2Hb- ǳPmiTmi@#�b2/ 2p2Mi@i`B;;2`2/
+QMi`QH rBi? T2`7Q`K�M+2 ;m�`�Mi22b-Ǵ A111 h`�Mb�+iBQMb QM �miQK�iB+ *QMi`QH-
pQHX ek- MQX d- TTX je9eĜje8k- kyRdX

(99) GX JB �M/ GX JB`FBM- ǳh∞ 2p2Mi@i`B;;2`2/ +QMi`QH rBi? T2`7Q`K�M+2 ;m�`�Mi22b
pBb@¨@pBb QTiBK�H T2`BQ/B+ +QMi`QH-Ǵ BM kyRN A111 83i? *QM72`2M+2 QM .2+BbBQM
�M/ *QMi`QH U*.*V- TTX R3dĜRNk- A111- kyRNX

(98) .X SX "Q`;2`b- oX .QHF- �M/ qX >22K2Hb- ǳ.vM�KB+ 2p2Mi@i`B;;2`2/ +QMi`QH rBi?
iBK2 `2;mH�`Bx�iBQM 7Q` HBM2�` bvbi2Kb-Ǵ BM kyRe A111 88i? *QM72`2M+2 QM .2+BbBQM
�M/ *QMi`QH U*.*V- TTX Rj8kĜRj8d- A111- kyReX

(9e) �X :B`�`/- ǳ.vM�KB+ i`B;;2`BM; K2+?�MBbKb 7Q` 2p2Mi@i`B;;2`2/ +QMi`QH-Ǵ A111
h`�Mb�+iBQMb QM �miQK�iB+ *QMi`QH- pQHX ey- MQX d- TTX RNNkĜRNNd- kyR9X

(9d) �X a2HBp�MQp �M/ 1X 6`B/K�M- ǳ1p2Mi@i`B;;2`2/ h∞ +QMi`QH, � brBi+?BM; �TT`Q�+?-Ǵ
A111 h`�Mb�+iBQMb QM �miQK�iB+ *QMi`QH- pQHX eR- MQX Ry- TTX jkkRĜjkke- kyR8X

(93) �X .X �K2b- SX h�#m�/�- �M/ aX a�bi`v- ǳPM i?2 bi�#BHBiv Q7 x2MQ 2[mBHB#`B�-Ǵ BM
AMi2`M�iBQM�H qQ`Fb?QT QM >v#`B/ avbi2Kb, *QKTmi�iBQM �M/ *QMi`QH- TTX j9Ĝ93-
aT`BM;2`- kyyeX

(9N) JX >2vK�MM- 6X GBM- :X J2v2`- �M/ aX _2bK2`Bi�- ǳ�M�HvbBb Q7 x2MQ #2?�pBQ`b
BM � +H�bb Q7 ?v#`B/ bvbi2Kb-Ǵ A111 h`�Mb�+iBQMb QM �miQK�iB+ *QMi`QH- pQHX 8y-
MQX j- TTX jdeĜj3j- kyy8X
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(8y) LX >m;;2ii- ǳw2MQǶb T�`�/Qt2b-Ǵ BM h?2 ai�M7Q`/ 1M+v+HQT2/B� Q7 S?BHQbQT?v U1X LX
w�Hi�- 2/XV- J2i�T?vbB+b _2b2�`+? G�#- ai�M7Q`/ lMBp2`bBiv- rBMi2` kyRN 2/X- kyRNX

(8R) qX >X >22K2Hb- JX .QMF2`b- �M/ �X _X h22H- ǳS2`BQ/B+ 2p2Mi@i`B;;2`2/ +QMi`QH 7Q`
HBM2�` bvbi2Kb-Ǵ A111 h`�Mb�+iBQMb QM �miQK�iB+ *QMi`QH- pQHX 83- MQX 9- TTX 39dĜ
3eR- kyRkX

(8k) qX _2M �M/ _X qX "2�`/- .Bbi`B#mi2/ +QMb2Mbmb BM KmHiB@p2?B+H2 +QQT2`�iBp2 +QM@
i`QHX aT`BM;2`- kyy3X

(8j) qX _2M �M/ 1X �iFBMb- ǳa2+QM/@Q`/2` +QMb2Mbmb T`QiQ+QHb BM KmHiBTH2 p2?B+H2 bvb@
i2Kb rBi? HQ+�H BMi2`�+iBQMb-Ǵ BM �A�� :mB/�M+2- L�pB;�iBQM- �M/ *QMi`QH *QM@
72`2M+2 �M/ 1t?B#Bi- TX ekj3- kyy8X

(89) :X >X >�`/v- CX 1X GBiiH2rQQ/- :X SƦHv�- 2i �HX- AM2[m�HBiB2bX *�K#`B/;2 mMBp2`bBiv
T`2bb- RN33X

(88) .X SX "Q`;2`b �M/ qX >22K2Hb- ǳPM KBMBKmK BMi2`@2p2Mi iBK2b BM 2p2Mi@i`B;;2`2/
+QMi`QH-Ǵ BM 8kM/ A111 *QM72`2M+2 QM .2+BbBQM �M/ *QMi`QH- TTX djdyĜdjd8- A111-
kyRjX

(8e) hX >m- wX GBM- �M/ uX a?�K�b?- ǳPM K�tBKBxBM; i?2 +QMp2`;2M+2 `�i2 7Q` HBM2�`
bvbi2Kb rBi? BMTmi b�im`�iBQM-Ǵ A111 h`�Mb�+iBQMb QM �miQK�iB+ *QMi`QH- pQHX 93-
MQX d- TTX Rk9NĜRk8j- kyyjX

(8d) SX h�#m�/�- ǳ1p2Mi@i`B;;2`2/ `2�H@iBK2 b+?2/mHBM; Q7 bi�#BHBxBM; +QMi`QH i�bFb-Ǵ
A111 h`�Mb�+iBQMb QM �miQK�iB+ *QMi`QH- pQHX 8k- MQX N- TTX Re3yĜRe38- kyydX

(83) .X hQHBÉ �M/ aX >B`+?2- L2irQ`F2/ +QMi`QH bvbi2Kb rBi? BMi2`KBii2Mi 722/#�+FX *`+
S`2bb- kyRdX

(8N) *X :Q/bBH �M/ :X 6X _QvH2- �H;2#`�B+ ;`�T? i?2Q`v- pQHX kydX aT`BM;2` a+B2M+2 �
"mbBM2bb J2/B�- kyRjX

eN©
 T

ec
hn

io
n 

- I
sr

ae
l I

ns
tit

ut
e 

of
 T

ec
hn

ol
og

y,
 E

ly
ac

ha
r C

en
tra

l L
ib

ra
ry



©
 T

ec
hn

io
n 

- I
sr

ae
l I

ns
tit

ut
e 

of
 T

ec
hn

ol
og

y,
 E

ly
ac

ha
r C

en
tra

l L
ib

ra
ry



©
 T

ec
hn

io
n 

- I
sr

ae
l I

ns
tit

ut
e 

of
 T

ec
hn

ol
og

y,
 E

ly
ac

ha
r C

en
tra

l L
ib

ra
ry



 
 
 

בקרה מבוזרת מבוססת אירועים של מערכות מרובות 
 סוכנים בעלי דינמיקה מסדר שני

 
 
 
 
 

 מאיאנק סווליה
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בקרה מבוזרת מבוססת אירועים של מערכות 
 מרובות סוכנים בעלי דינמיקה מסדר שני

 
 

 חיבור על מחקר
 

 לשם מילוי חלקי של הדרישות לקבלת
 מגיסטר למדעים בהנדסת אוירונוטיקה וחלל

 

סווליהמאיאנק   
 
 

מכון טכנולוגי לישראל –הוגש לסנט נטכניון   
 

תש"ףסיון                    חיפה                       יוני  2020           
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 (עמוד זה הושאר ריק במכוון)
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בפקולטה להנדסת   המחקר בוצע בהנחייתו של פרופסור דניאל זלזו
וחלל אוירונאוטיקה  
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