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Challenges in Multi-Robot Systems

Solutions to coordination 
problems in multi-robot 
systems are highly dependent 
on the sensing and 
communication mediums 
available!

selection criteria depends on  
mission requirements, cost,  
environment…

• GPS 
• Relative Position 

Sensing 
• Range Sensing 
• Bearing Sensing

Sensing Communication

• Internet 
• Radio 
• Sonar 
• MANet 
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Challenges in Multi-Robot Systems

Solutions to coordination 
problems in multi-robot 
systems are highly dependent 
on the sensing and 
communication mediums 
available!

selection criteria depends on  
mission requirements, cost,  
environment…

Are there architectural features of a multi-agent 
system that are independent of any particular 

mission or hardware capabilities?
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Towards a Multi-Robot Control Architecture

control architecture for a single quadrotor
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Towards a Multi-Robot Control Architecture
what is the architecture for a multi-robot system?

IL

OL

Environment Controlled Variables

Inner Loop: 

     ?   

Outer Loop: 

     ?   
Mission
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Towards a Multi-Robot Control Architecture

what is the architecture for a multi-robot system?

Connectivity

Ji and Egerstedt, 2007 
Dimarogonas and Kyriakopoulos, 2008 
Yang et al., 2010  
Robuffo Giordano et al., 2013
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Towards a Multi-Robot Control Architecture
is connectivity sufficient for higher-level objectives?

formation control localization
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Fig. 3: 2D examples to verify control law (5). Grey dots: initial formation; Circles: final converged formation.
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Substituting (8) and (9) into (7) gives

˙V  �↵�V
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1+a , 8t 2 [0,+1).

Conclusions can be drawn from the above inequality: (i) If
a = 1 and hence 2a/(1 + a) = 1, the error � starting from
⌦(V (�0)) converges to zero exponentially [27, Theorem 3.1].
(ii) If a 2 (0, 1) and hence 2a/(1 + a) 2 (0, 1), the error �
converges to zero in finite time [28, Theorem 4.2].

Up to this point, we have proved the convergence of �-
dynamics. It should be noted that the convergence of � does
not simply imply the formation {x

i

(t)}n
i=1 to converge to a

finite final position. But this issue can be easily solved by the
exponential or finite-time convergence rate. Now the proof
is complete.

Note the rank of the rigidity matrix of an arbitrary tree
framework is full as stated in Theorem 2. The attraction
region of � = 0 is not limited to ⌦(V (�0)). Instead, it is
Rm. Thus we have a global stability result in the case of
tree graphs.

Corollary 1: If the underlying graph of the target for-
mation is a tree, control law (5) can globally stabilize it
exponentially when a = 1, or in finite time when a 2 (0, 1).
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Fig. 4: 3D examples to verify control law (5). Grey dots: initial formation;
Circles: final converged formation.

Remark 3: The global asymptotic stability for formations
with tree graphs has been proved by [9].

Finally, we would like to mention that control law (5) can
also stabilize the target formation in finite time when a = 0.
But the control law will be discontinuous in � in that case.
The proof of the formation stability will be analogous to
that of Theorem 5. It, however, will reply on tools from
discontinuous dynamic systems [29]–[31], and is omitted
here.

D. Simulation Results

Fig. 3 and Fig. 4 show examples to verify control law (5).
The examples shown in Fig. 3 include tree, cycle, general
flexible, and MIR formations. As previously analyzed, the
rigidity matrices of these formations have full row rank. It is
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Rigidity Theory provides the correct framework to 
address many multi-agent mission objectives

http://www.commsys.isy.liu.se/en/research

http://www.commsys.isy.liu.se/en/research
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Towards a Multi-Robot Control Architecture
what is the architecture for a multi-robot system?

IL

OL

Environment Controlled Variables

Inner Loop: 
    connectivity
    rigidity   

Outer Loop: 
   formation control
   localization
   ...   

Mission

multi-robot systems must 
be able to dynamically 
maintain the connectivity 
and rigidity of the team
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Rigidity Theory
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Infinitesimal Motions in SE(2)

Rigidity is a combinatorial theory for characterizing the “stiffness” 
or “flexibility” of structures formed by rigid bodies connected by 
flexible linkages or hinges.

SE(2) Rigidity
- maintain bearings in local frame 
- rigid body rotations and 
  translations + coordinated rotations
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Rigidity Theory
bar-and-joint frameworks in SE(2)

G = (V, E)
p : V ! 2

 : V ! S1

(G, p, )

G

a directed graph

�(v2)

�(v3)

�(v1) = (p(v1), (v1))
(p, )

�vu

pu

pv

 v

 u

a directed edge indicates availability 
of relative bearing measurement

�p = p(V) 2 2|V|

� =  (V) 2 S1|V|

stacked vector of entire framework
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Theorem
A framework is infinitesimally (distance, parallel) rigid if and only if 
the rank of the rigidity matrix is 
!
A framework is SE(2) infinitesimally rigid if and only if the rank of the 
rigidity matrix is  

2|V|� 3

3|V|� 4

Rigidity is a combinatorial theory for characterizing the “stiffness” 
or “flexibility of structures formed by rigid bodies connected by 
flexible linkages or hinges.

Distance Rigidity Parallel Rigidity

Rigidity Theory

Rigidity Matrix Parallel Rigidity Matrix

R(p)⇠ = 0 Rk(p)⇠ = 0

SE(2) Rigidity

SE(2) Rigidity Matrix
⇥
D�1

G (�p)Rk(�p) E(G)
⇤

| {z }
BG(�(V))

⇣ = 0
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Rigidity is a combinatorial theory for characterizing the “stiffness” 
or “flexibility of structures formed by rigid bodies connected by 
flexible linkages or hinges.

Distance Rigidity Parallel Rigidity

Rigidity Theory

ṗi =
X

j⇠i

�
kpi � pjk2 � d2ij

�
(pj � pi)

[Krick2007, Anderson2008, Dimarogonas2008, Dörfler2010]

distance formation control

ṗi = �
X

j⇠i

1

kpi � pjk

✓
I2 �

(pj � pi)(pj � pi)T

kpi � pjk2

◆
g⇤ij

bearing formation control

- control requires distances 
  and relative positions 
- distance-only control requires  
  estimation of relative positions

[Zhao and Zelazo, TAC2014 (submitted)]

- control requires bearings and 
  distances 
- bearing-only control modification  
  (almost global stability)
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Bearing-only Formation Control in Arbitrary Dimensions

⌅ Simulation examples:

(a) Randomly generated

initial formation

(b) Agent trajectory (c) Final formation

(a) Randomly generated

initial formation

(b) Agent trajectory (c) Final formation

19 / 21

Formation Control: Bearing-Constrained Formations
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Towards a Multi-Robot Control Architecture
what is the architecture for a multi-robot system?

IL

OL

Environment Controlled Variables

Inner Loop: 
    connectivity
    rigidity   

Outer Loop: 
   formation control
   localization
   ...   

Mission

multi-robot systems must 
be able to dynamically 
maintain the connectivity 
and rigidity of the team
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A framework is infinitesimally (distance, parallel) rigid if and only if 
the rigidity eigenvalue is strictly positive.

Rigidity Maintenance

R = R(p)TR(p)

Theorem

N (R) = {trivial infinitesimal motions}

rigidity eigenvalue

Rigidity Maintenance 
Design a control law to minimize a 
scalar potential function related to 
the rigidity eigenvalue

⇠i = �@V�

@�4

✓
@�4

@pi

◆
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Rigidity Maintenance

Control

Robot i Position 
EstimatorEnvironment

...

Rigidity 
Estimator

...

...

λ̂7

v̂k, k 2 Ni(t)

v̂i

pk, k 2 Ni(t)

kpk � pik

k 2 Ni(t) p̂ci

p̂ck, k 2 Ni(t)

- Power Iteration (Yang et al. 2010) 
- consensus filters used to distribute                          
computation  
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Rigidity Maintenance
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Conclusions and Outlook

• coordination methods for multi-agent systems depend  
 on sensing and communication mediums  

• rigidity theory is a powerful framework for handling 
high-level multi-agent  objectives under different 
sensing and communication constraints  

• rigidity maintenance is an important “inner-loop” for 
multi-robot systems
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