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Solutions to coordination 
problems in multi-robot 
systems are highly dependent 
on the sensing and 
communication mediums 
available!

selection criteria depends on  
mission requirements, cost,  
environment…

• GPS 
• Relative Position 

Sensing 
• Range Sensing 
• Bearing Sensing

Sensing Communication

• Internet 
• Radio 
• Sonar 
• MANet 
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sensed information depends  
both on sensor type and how  
it is physically attached to 
the robot
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Formation Control: Distance-Based Approaches
robots modeled as integrators

ṗi = ui

agents can sense range to neighbors 
determined by a (fixed) sensing graph

kpi � pjk2

desired formation is specified by a 
vector of distances

d2ij
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Formation Control: Distance-Based Approaches
robots modeled as integrators

ṗi = ui

agents can sense range to neighbors 
determined by a (fixed) sensing graph

kpi � pjk2

desired formation is specified by a 
vector of distances

d2ij

ṗi =
X

j⇠i

�
kpi � pjk2 � d2ij

�
(pj � pi)

desired formation is (locally) 
asymptotically stable if the sensing 
graph is infinitesimally rigid 

[Krick2007, Anderson2008, Dimarogonas2008, Dörfler2010]
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Rigidity is a combinatorial theory for characterizing the “stiffness” 
or “flexibility of structures formed by rigid bodies connected by 
flexible linkages or hinges.

Distance Rigidity Parallel Rigidity

Rigidity Theory

(p(u)� p(v))T (⇠(u)� ⇠(v)) = 0

infinitesimal motions �
(p(u)� p(v))?

�T
(⇠(u)� ⇠(v)) = 0

infinitesimal motions

Rigidity Matrix Parallel Rigidity Matrix

R(p)⇠ = 0 Rk(p)⇠ = 0
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Rigidity is a combinatorial theory for characterizing the “stiffness” 
or “flexibility of structures formed by rigid bodies connected by 
flexible linkages or hinges.

Distance Rigidity Parallel Rigidity

Rigidity Theory

(p(u)� p(v))T (⇠(u)� ⇠(v)) = 0

infinitesimal motions �
(p(u)� p(v))?

�T
(⇠(u)� ⇠(v)) = 0

infinitesimal motions

Rigidity Matrix Parallel Rigidity Matrix

R(p)⇠ = 0 Rk(p)⇠ = 0

Theorem
A framework is infinitesimally rigid if and only if the rank of the 
rigidity matrix is 2|V|� 3
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Formation Control: Distance-Based Approaches

Important Assumptions

ṗi =
X

j⇠i

�
kpi � pjk2 � d2ij

�
(pj � pi)

• point masses 
• bidirectional sensing 
• range measurements* 
• common reference frame is implicit

A Gradient Control Law

J(p) =
1

4

X

i⇠j

�
kpi � pjk2 � d2ij

�2

= �R(p)TR(p)p+R(p)T d

1

2

3

4

5

1

2

3

4

1

2

3

4

5

6

1
2

3

4
5

6

0 0.5 1 1.5 2
-4

-3

-2

-1

0

1

Time (sec)

G i

a=0.5

(a) Tree

0 0.5 1 1.5 2
-4

-2

0

2

4

6

Time (sec)

G i

a=0.5

(b) Cycle

0 0.5 1 1.5 2
-4

-3

-2

-1

0

1

Time (sec)

G i

a=0.8

(c) General flexible

0 0.5 1 1.5 2
-4

-3

-2

-1

0

1

Time (sec)

G i

a=1

(d) MIR

Fig. 3: 2D examples to verify control law (5). Grey dots: initial formation; Circles: final converged formation.

Term 2: Consider

V
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✓
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which implies

�
T
�

V
2a

1+a

� (2(1 + a))
2a

1+a , �. (9)

Substituting (8) and (9) into (7) gives

V̇  �↵�V
2a

1+a , 8t 2 [0,+1).

Conclusions can be drawn from the above inequality: (i) If
a = 1 and hence 2a/(1 + a) = 1, the error � starting from
⌦(V (�0)) converges to zero exponentially [27, Theorem 3.1].
(ii) If a 2 (0, 1) and hence 2a/(1 + a) 2 (0, 1), the error �

converges to zero in finite time [28, Theorem 4.2].
Up to this point, we have proved the convergence of �-

dynamics. It should be noted that the convergence of � does
not simply imply the formation {xi(t)}ni=1 to converge to a
finite final position. But this issue can be easily solved by the
exponential or finite-time convergence rate. Now the proof
is complete.

Note the rank of the rigidity matrix of an arbitrary tree
framework is full as stated in Theorem 2. The attraction
region of � = 0 is not limited to ⌦(V (�0)). Instead, it is
Rm. Thus we have a global stability result in the case of
tree graphs.

Corollary 1: If the underlying graph of the target for-
mation is a tree, control law (5) can globally stabilize it
exponentially when a = 1, or in finite time when a 2 (0, 1).
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Fig. 4: 3D examples to verify control law (5). Grey dots: initial formation;
Circles: final converged formation.

Remark 3: The global asymptotic stability for formations
with tree graphs has been proved by [9].

Finally, we would like to mention that control law (5) can
also stabilize the target formation in finite time when a = 0.
But the control law will be discontinuous in � in that case.
The proof of the formation stability will be analogous to
that of Theorem 5. It, however, will reply on tools from
discontinuous dynamic systems [29]–[31], and is omitted
here.

D. Simulation Results

Fig. 3 and Fig. 4 show examples to verify control law (5).
The examples shown in Fig. 3 include tree, cycle, general
flexible, and MIR formations. As previously analyzed, the
rigidity matrices of these formations have full row rank. It is
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ṗ = �rJ(p)
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Formation Control: Bearing-Constrained Formations

Introduction

⌅ Problem to be addressed: Distributed control of bearing-constrained
formations using bearing measurements in arbitrary dimensions.

1 2 3 4

1

2 3

4

Figure : An example to illustrate the bearings constraints. Initial formation: the
collinear one in gray; final formation: the square one in black. The bearing
constraints: g⇤12 = �g⇤21 = [0, 1]T, g⇤23 = �g⇤32 = [1, 0]T, g⇤34 = �g⇤43 = [0,�1]T,

g⇤41 = �g⇤14 = [�1, 0]T, and g⇤13 = �g⇤31 = [
p
2/2,

p
2/2]T.

⌅ Motivation and potential application: Vision-based cooperative
control of multi-vehicles systems. It is easy for visual sensing to obtain
bearing measurements but harder to obtain distance measurements.

3 / 21

Formation specified by desired 
bearing constraints

pi

pj

gij =
pj � pi

kpi � pjk

g⇤12 = �g⇤21 =


0
1

�

g⇤23 = �g⇤32 =


1
0

�

g⇤34 = �g⇤43 =


0
�1

�
g⇤14 = �g⇤41 =


�1
0

�
g⇤13 = �g⇤31 =

 p
2/2p
2/2

�

Important Assumptions
• point masses 
• bidirectional sensing 
• bearing sensing 
• common reference frame is implicit  

(i.e., a compass)
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A Gradient Control Law?

J(g) =
X

i⇠j

kgij � g⇤ijk2

ṗi = �
X
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1

kpi � pjk

✓
I2 �

(pj � pi)(pj � pi)T

kpi � pjk2

◆
g⇤ij
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not a bearing-only control law!
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Parallel Rigidity in Arbitrary Dimension

bar-and-joint frameworks

G = (V, E)
p : V ! R2

Parallel Drawings
2((pi � pj)

?)T (pk � pl) = 0

Parallel Rigidity in Arbitrary Dimensions

Definition (Global Parallel Rigidity)

A framework G(x) is globally parallel rigid if all frameworks that are
parallel equivalent to G(x) are also parallel congruent to G(x).

Yu, Anderson, Dasgupta, and Fidan (2009) and
Hendrickx et al. (2007) for a detailed explanation of
persistence.

3. Bearing rigidity

Now, we examine bearing constraints instead of
distance constraints to maintain the shape of a
formation. Results are presented for formations in
two-dimensional space. Before proceeding, we intro-
duce parallel drawings. Parallel drawings have been
studied in rigidity and plane configurations in compu-
ter-aided design. They are particularly relevant when
the configurations being considered are constrained
using bearing-only information, as will become clear
later.

3.1 Parallel drawings

A plane configuration is a collection of geometric
objects such as points, line segments and circular arcs
in the plane, together with constraints on and between
these objects. Two formations on the same graph are
parallel drawings if corresponding edges are parallel
(Servatius and Whiteley 1999). By a two-dimensional
formation at p ¼4 [p1, p2, . . . , pn]

T, written F( p)¼
(V,E, p), is meant a set of n agents indexed by a set
of integers V¼ {1, 2, . . . , n}, together with a set E of k
links, labelled (i, j), where i and j are distinct integers in
{1, 2, . . . , n}. In this context, the points pi represent the
centre positions of agents in R2 and the ordered pairs
in E label those specific-ordered agent pairs between
which, there is a bearing constraint.

Given a formation F(r) with an underlying graph
G¼ (V,E), we are interested in parallel drawings F(s)

with the same underlying graph G¼ (V,E) in which
si" sj is parallel to ri" rj for all (i, j)2E. Using the
operator (#)?, for turning a plane vector by !

2 counter-
clockwise, these constraints can be written as

ðri " rj Þ? # ðsi " sj Þ ¼ 0: ð3Þ

Each such constraint is called a direction constraint.
This gives a system of jEj homogeneous linear
equations, and a parallel drawing is a solution of this
system. The theory of parallel drawings is the dual of
rigidity (Servatius and Whiteley 1999).

3.2 Parallel rigidity

Given a formation F( p) in 2-space with direction
constraints, we are interested in parallel formations
F(r) in which ri" rj is parallel to pi" pj for all (i, j)2E
within the global coordinate system. Trivially, parallel
formations are translations and uniform scaling
(homothety) of the original formation, including the
parallel formation in which all agents are coincident.
All others are non-trivial. For example, Figure 6(b)
shows a translation of the formation in Figure 6(a);
and Figure 6(c) and (d) are uniform scaling of the
formation in Figure 6(a). In particular, Figure 6(c) is a
uniform contraction and Figure 6(d) is an uniform
expansion. Figure 6(e) shows a non-trivial parallel
formation of Figure 6(a), because the formation in
Figure 6(e) cannot be obtained from the formation in
Figure 6(a) by translation or uniform scaling although
all the corresponding links in these two formations are
parallel to each other. A formation F( p) with direction
constraints is called parallel rigid if all parallel point
formations of F( p) are trivially parallel to F( p).
Otherwise it is called flexible. For example,

Figure 6. Formation in (a) shows the original formation F( p). Formation in (b) is a translation of F( p). Note that F( p) is shown
with dotted links. Formation in (c) is a scaling of F( p). In particular, this is a contraction. Formation in (d) is a scaling of F( p). In
particular, this is an expansion. Formation in (e) is a non-trivial parallel formation of F( p) because the formation in (e) cannot be
obtained from F( p) by translation or uniform scaling although all the corresponding links in these two formations are parallel to
each other. Formation in (f) is obtained from F( p) by inserting an extra link (1, 3). Note that the formation in (f) is a parallel rigid
formation while F( p) is flexible.
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Figure : Examples to illustrate the concepts of parallel rigidity.
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Fig. 1: An example to illustrate the bearings constraints. Initial formation: the
collinear one in gray; final formation: the square one in black. The bearing
constraints, which are satisfied by the final formation, are g

⇤
12 = �g

⇤
21 =

[0, 1]T, g⇤23 = �g
⇤
32 = [1, 0]T, g⇤34 = �g

⇤
43 = [0,�1]T, g⇤41 = �g

⇤
14 =

[�1, 0]T, and g
⇤
13 = �g

⇤
31 = [

p
2/2,

p
2/2]T. The bearings in the initial

formation are g12 = g13 = g23 = g34 = �g41 = [1, 0]T.

Proposition 2: For any given framework G(x) in Rd (d �
2), if G is connected, we have span{1n⌦Id, x} ✓ Null (R(x))
and consequently rank(R(x))  dn� d� 1.

Proof: First, for a connected graph, we have Null (H) =
span{1n}. As a result, Null (Ĥ) = span{1n⌦Id}, and hence
span{1n ⌦ Id} ⇢ Null (R(x)). Second, since Pekek = 0, we
have R(x)x = diag(Pek/kekk)Ĥx = diag(Pek/kekk)e = 0.

In fact, 1n⌦ Id corresponds to rigid-body translation and x

corresponds to the scaling variation. As a result, we have the
following rank condition for infinitesimal parallel rigidity.

Theorem 1: A framework G(x) in Rd (d � 2) is infinitesi-
mally parallel rigid if and only if Null (R(x)) = span{1n ⌦
Id, x} or equivalently rank(R(x)) = dn� d� 1.

IV. BEARING-ONLY FORMATION CONTROL IN ARBITRARY
DIMENSIONS

A. Problem Statement

Consider n agents in Rd (n � 2 and d � 2). Denote xi 2 Rd

as the position of agent i (i = 1, . . . , n). The dynamics of each
agent is assumed to be

ẋi = ui,

where ui 2 Rd is the control input to be designed. Denote
x = [xT

1 , . . . , x
T
n ]

T 2 Rdn and u = [uT
1 , . . . , u

T
n ]

T 2 Rdn.
The collective dynamics is ẋ = u.

Each agent measures the bearings of their neighbors by
using a bearing-only sensor (e.g., camera). We assume each
agent is equipped with a compass such that all agents have a
common sense of orientation [7]. Then the bearings measured
by each agent are expressed in a global reference frame. From
the practical point of view, the assumption on the availability
of compass is reasonable for outdoor applications as compass
has already become a standard navigation sensor for aerial,
ground, and surface vehicles. Without compasses, the bearings
measured in different local frames can be used for formation
shape control, which we will address in the future.

The bearings in the target formation are desired to be
{g⇤ij}(i,j)2E . An example is given in Fig. 1 to illustrate the
bearing constraints.

gij

g
⇤
ij

�Pijg
⇤
ij

Pijg
⇤
ij

xi

xj

Fig. 2: The geometric interpretation of control law (4). The control item
�Pgij g

⇤
ij is perpendicular to the bearing gij .

Definition 6: The bearing constraints {g⇤ij}(i,j)2E are fea-

sible if there exists a formation x such that gij = g
⇤
ij for all

(i, j) 2 E .
Problem 1: Given feasible constant bearing constraints

{g⇤ij}(i,j)2E and an initial formation x(0), design ui (i 2 V)
that relies only on the bearings measured by agent i such that
the bearing gij ! g

⇤
ij for all (i, j) 2 E .

B. Proposed Control Law

The distribued bearing-only control law is proposed as

ui = �
X

j2Ni

Pgijg
⇤
ij . (4)

We make several remarks on the proposed control law. First,
the control law relies only on bearing measurements while
inter-agent distances or relative positions are not required.
Second, note Pgijg

⇤
ij = 0 if and only if gij = g

⇤
ij or

gij = �g
⇤
ij . As a result, both gij = g

⇤
ij for all (i, j) 2 E

and gij = �g
⇤
ij for all (i, j) 2 E are equilibriums of the

system. The former is the desired equilibrium, but the later
is an undesired equilibrium which will be proved later to be
unstable. Third, the control item �Pgijg

⇤
ij in control law (4)

is perpendicular to gij because g
T
ijPgijg

⇤
ij = 0 (see Fig. 2 for

an illustration). Intuitively speaking, the control law has the
potential to reduce the bearing error while reserving the inter-
vehicle distance. This point is demonstrated by the simulation
example in Fig. 3.

We next present the matrix form of control law (4). Consider
an oriented graph G� = {E�

,V} with the incidence matrix as
H . The edge vectors are e1, . . . , em, and the bearings for the
edges are g1, . . . , gm. The desired bearings can be reexpressed
as {g⇤k}mk=1. Denote g

⇤ = [(g⇤1)
T
, . . . , (g⇤1)

T]T 2 Rdm. Then
control law (4) can be written in a matrix form as

u = Ĥ
Tdiag(Pgk)g

⇤
. (5)

It is notable that Ĥ
Tdiag(Pgk) in the above control law is

almost the same as the transpose of the parallel rigidity matrix
R(x) given in (3). The only difference is a diagonal matrix
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Parallel Rigidity in Arbitrary Dimensions

Definition (Global Parallel Rigidity)

A framework G(x) is globally parallel rigid if all frameworks that are
parallel equivalent to G(x) are also parallel congruent to G(x).

Yu, Anderson, Dasgupta, and Fidan (2009) and
Hendrickx et al. (2007) for a detailed explanation of
persistence.

3. Bearing rigidity

Now, we examine bearing constraints instead of
distance constraints to maintain the shape of a
formation. Results are presented for formations in
two-dimensional space. Before proceeding, we intro-
duce parallel drawings. Parallel drawings have been
studied in rigidity and plane configurations in compu-
ter-aided design. They are particularly relevant when
the configurations being considered are constrained
using bearing-only information, as will become clear
later.

3.1 Parallel drawings

A plane configuration is a collection of geometric
objects such as points, line segments and circular arcs
in the plane, together with constraints on and between
these objects. Two formations on the same graph are
parallel drawings if corresponding edges are parallel
(Servatius and Whiteley 1999). By a two-dimensional
formation at p ¼4 [p1, p2, . . . , pn]

T, written F( p)¼
(V,E, p), is meant a set of n agents indexed by a set
of integers V¼ {1, 2, . . . , n}, together with a set E of k
links, labelled (i, j), where i and j are distinct integers in
{1, 2, . . . , n}. In this context, the points pi represent the
centre positions of agents in R2 and the ordered pairs
in E label those specific-ordered agent pairs between
which, there is a bearing constraint.

Given a formation F(r) with an underlying graph
G¼ (V,E), we are interested in parallel drawings F(s)

with the same underlying graph G¼ (V,E) in which
si" sj is parallel to ri" rj for all (i, j)2E. Using the
operator (#)?, for turning a plane vector by !

2 counter-
clockwise, these constraints can be written as

ðri " rj Þ? # ðsi " sj Þ ¼ 0: ð3Þ

Each such constraint is called a direction constraint.
This gives a system of jEj homogeneous linear
equations, and a parallel drawing is a solution of this
system. The theory of parallel drawings is the dual of
rigidity (Servatius and Whiteley 1999).

3.2 Parallel rigidity

Given a formation F( p) in 2-space with direction
constraints, we are interested in parallel formations
F(r) in which ri" rj is parallel to pi" pj for all (i, j)2E
within the global coordinate system. Trivially, parallel
formations are translations and uniform scaling
(homothety) of the original formation, including the
parallel formation in which all agents are coincident.
All others are non-trivial. For example, Figure 6(b)
shows a translation of the formation in Figure 6(a);
and Figure 6(c) and (d) are uniform scaling of the
formation in Figure 6(a). In particular, Figure 6(c) is a
uniform contraction and Figure 6(d) is an uniform
expansion. Figure 6(e) shows a non-trivial parallel
formation of Figure 6(a), because the formation in
Figure 6(e) cannot be obtained from the formation in
Figure 6(a) by translation or uniform scaling although
all the corresponding links in these two formations are
parallel to each other. A formation F( p) with direction
constraints is called parallel rigid if all parallel point
formations of F( p) are trivially parallel to F( p).
Otherwise it is called flexible. For example,

Figure 6. Formation in (a) shows the original formation F( p). Formation in (b) is a translation of F( p). Note that F( p) is shown
with dotted links. Formation in (c) is a scaling of F( p). In particular, this is a contraction. Formation in (d) is a scaling of F( p). In
particular, this is an expansion. Formation in (e) is a non-trivial parallel formation of F( p) because the formation in (e) cannot be
obtained from F( p) by translation or uniform scaling although all the corresponding links in these two formations are parallel to
each other. Formation in (f) is obtained from F( p) by inserting an extra link (1, 3). Note that the formation in (f) is a parallel rigid
formation while F( p) is flexible.
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Figure : Examples to illustrate the concepts of parallel rigidity.
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Fig. 1: An example to illustrate the bearings constraints. Initial formation: the
collinear one in gray; final formation: the square one in black. The bearing
constraints, which are satisfied by the final formation, are g

⇤
12 = �g

⇤
21 =

[0, 1]T, g⇤23 = �g
⇤
32 = [1, 0]T, g⇤34 = �g

⇤
43 = [0,�1]T, g⇤41 = �g

⇤
14 =

[�1, 0]T, and g
⇤
13 = �g

⇤
31 = [

p
2/2,

p
2/2]T. The bearings in the initial

formation are g12 = g13 = g23 = g34 = �g41 = [1, 0]T.

Proposition 2: For any given framework G(x) in Rd (d �
2), if G is connected, we have span{1n⌦Id, x} ✓ Null (R(x))
and consequently rank(R(x))  dn� d� 1.

Proof: First, for a connected graph, we have Null (H) =
span{1n}. As a result, Null (Ĥ) = span{1n⌦Id}, and hence
span{1n ⌦ Id} ⇢ Null (R(x)). Second, since Pekek = 0, we
have R(x)x = diag(Pek/kekk)Ĥx = diag(Pek/kekk)e = 0.

In fact, 1n⌦ Id corresponds to rigid-body translation and x

corresponds to the scaling variation. As a result, we have the
following rank condition for infinitesimal parallel rigidity.

Theorem 1: A framework G(x) in Rd (d � 2) is infinitesi-
mally parallel rigid if and only if Null (R(x)) = span{1n ⌦
Id, x} or equivalently rank(R(x)) = dn� d� 1.

IV. BEARING-ONLY FORMATION CONTROL IN ARBITRARY
DIMENSIONS

A. Problem Statement

Consider n agents in Rd (n � 2 and d � 2). Denote xi 2 Rd

as the position of agent i (i = 1, . . . , n). The dynamics of each
agent is assumed to be

ẋi = ui,

where ui 2 Rd is the control input to be designed. Denote
x = [xT

1 , . . . , x
T
n ]

T 2 Rdn and u = [uT
1 , . . . , u

T
n ]

T 2 Rdn.
The collective dynamics is ẋ = u.

Each agent measures the bearings of their neighbors by
using a bearing-only sensor (e.g., camera). We assume each
agent is equipped with a compass such that all agents have a
common sense of orientation [7]. Then the bearings measured
by each agent are expressed in a global reference frame. From
the practical point of view, the assumption on the availability
of compass is reasonable for outdoor applications as compass
has already become a standard navigation sensor for aerial,
ground, and surface vehicles. Without compasses, the bearings
measured in different local frames can be used for formation
shape control, which we will address in the future.

The bearings in the target formation are desired to be
{g⇤ij}(i,j)2E . An example is given in Fig. 1 to illustrate the
bearing constraints.

gij

g
⇤
ij

�Pijg
⇤
ij

Pijg
⇤
ij

xi

xj

Fig. 2: The geometric interpretation of control law (4). The control item
�Pgij g

⇤
ij is perpendicular to the bearing gij .

Definition 6: The bearing constraints {g⇤ij}(i,j)2E are fea-

sible if there exists a formation x such that gij = g
⇤
ij for all

(i, j) 2 E .
Problem 1: Given feasible constant bearing constraints

{g⇤ij}(i,j)2E and an initial formation x(0), design ui (i 2 V)
that relies only on the bearings measured by agent i such that
the bearing gij ! g

⇤
ij for all (i, j) 2 E .

B. Proposed Control Law

The distribued bearing-only control law is proposed as

ui = �
X

j2Ni

Pgijg
⇤
ij . (4)

We make several remarks on the proposed control law. First,
the control law relies only on bearing measurements while
inter-agent distances or relative positions are not required.
Second, note Pgijg

⇤
ij = 0 if and only if gij = g

⇤
ij or

gij = �g
⇤
ij . As a result, both gij = g

⇤
ij for all (i, j) 2 E

and gij = �g
⇤
ij for all (i, j) 2 E are equilibriums of the

system. The former is the desired equilibrium, but the later
is an undesired equilibrium which will be proved later to be
unstable. Third, the control item �Pgijg

⇤
ij in control law (4)

is perpendicular to gij because g
T
ijPgijg

⇤
ij = 0 (see Fig. 2 for

an illustration). Intuitively speaking, the control law has the
potential to reduce the bearing error while reserving the inter-
vehicle distance. This point is demonstrated by the simulation
example in Fig. 3.

We next present the matrix form of control law (4). Consider
an oriented graph G� = {E�

,V} with the incidence matrix as
H . The edge vectors are e1, . . . , em, and the bearings for the
edges are g1, . . . , gm. The desired bearings can be reexpressed
as {g⇤k}mk=1. Denote g

⇤ = [(g⇤1)
T
, . . . , (g⇤1)

T]T 2 Rdm. Then
control law (4) can be written in a matrix form as

u = Ĥ
Tdiag(Pgk)g

⇤
. (5)

It is notable that Ĥ
Tdiag(Pgk) in the above control law is

almost the same as the transpose of the parallel rigidity matrix
R(x) given in (3). The only difference is a diagonal matrix
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Fig. 1: An example to illustrate the bearings constraints. Initial formation: the
collinear one in gray; final formation: the square one in black. The bearing
constraints, which are satisfied by the final formation, are g
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⇤
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formation are g12 = g13 = g23 = g34 = �g41 = [1, 0]T.

Proposition 2: For any given framework G(x) in Rd (d �
2), if G is connected, we have span{1n⌦Id, x} ✓ Null (R(x))
and consequently rank(R(x))  dn� d� 1.

Proof: First, for a connected graph, we have Null (H) =
span{1n}. As a result, Null (Ĥ) = span{1n⌦Id}, and hence
span{1n ⌦ Id} ⇢ Null (R(x)). Second, since Pekek = 0, we
have R(x)x = diag(Pek/kekk)Ĥx = diag(Pek/kekk)e = 0.

In fact, 1n⌦ Id corresponds to rigid-body translation and x

corresponds to the scaling variation. As a result, we have the
following rank condition for infinitesimal parallel rigidity.

Theorem 1: A framework G(x) in Rd (d � 2) is infinitesi-
mally parallel rigid if and only if Null (R(x)) = span{1n ⌦
Id, x} or equivalently rank(R(x)) = dn� d� 1.

IV. BEARING-ONLY FORMATION CONTROL IN ARBITRARY
DIMENSIONS

A. Problem Statement

Consider n agents in Rd (n � 2 and d � 2). Denote xi 2 Rd

as the position of agent i (i = 1, . . . , n). The dynamics of each
agent is assumed to be

ẋi = ui,

where ui 2 Rd is the control input to be designed. Denote
x = [xT

1 , . . . , x
T
n ]

T 2 Rdn and u = [uT
1 , . . . , u

T
n ]

T 2 Rdn.
The collective dynamics is ẋ = u.

Each agent measures the bearings of their neighbors by
using a bearing-only sensor (e.g., camera). We assume each
agent is equipped with a compass such that all agents have a
common sense of orientation [7]. Then the bearings measured
by each agent are expressed in a global reference frame. From
the practical point of view, the assumption on the availability
of compass is reasonable for outdoor applications as compass
has already become a standard navigation sensor for aerial,
ground, and surface vehicles. Without compasses, the bearings
measured in different local frames can be used for formation
shape control, which we will address in the future.

The bearings in the target formation are desired to be
{g⇤ij}(i,j)2E . An example is given in Fig. 1 to illustrate the
bearing constraints.
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g
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Fig. 2: The geometric interpretation of control law (4). The control item
�Pgij g

⇤
ij is perpendicular to the bearing gij .

Definition 6: The bearing constraints {g⇤ij}(i,j)2E are fea-

sible if there exists a formation x such that gij = g
⇤
ij for all

(i, j) 2 E .
Problem 1: Given feasible constant bearing constraints

{g⇤ij}(i,j)2E and an initial formation x(0), design ui (i 2 V)
that relies only on the bearings measured by agent i such that
the bearing gij ! g

⇤
ij for all (i, j) 2 E .

B. Proposed Control Law

The distribued bearing-only control law is proposed as

ui = �
X

j2Ni

Pgijg
⇤
ij . (4)

We make several remarks on the proposed control law. First,
the control law relies only on bearing measurements while
inter-agent distances or relative positions are not required.
Second, note Pgijg

⇤
ij = 0 if and only if gij = g

⇤
ij or

gij = �g
⇤
ij . As a result, both gij = g

⇤
ij for all (i, j) 2 E

and gij = �g
⇤
ij for all (i, j) 2 E are equilibriums of the

system. The former is the desired equilibrium, but the later
is an undesired equilibrium which will be proved later to be
unstable. Third, the control item �Pgijg

⇤
ij in control law (4)

is perpendicular to gij because g
T
ijPgijg

⇤
ij = 0 (see Fig. 2 for

an illustration). Intuitively speaking, the control law has the
potential to reduce the bearing error while reserving the inter-
vehicle distance. This point is demonstrated by the simulation
example in Fig. 3.

We next present the matrix form of control law (4). Consider
an oriented graph G� = {E�

,V} with the incidence matrix as
H . The edge vectors are e1, . . . , em, and the bearings for the
edges are g1, . . . , gm. The desired bearings can be reexpressed
as {g⇤k}mk=1. Denote g

⇤ = [(g⇤1)
T
, . . . , (g⇤1)

T]T 2 Rdm. Then
control law (4) can be written in a matrix form as

u = Ĥ
Tdiag(Pgk)g

⇤
. (5)

It is notable that Ĥ
Tdiag(Pgk) in the above control law is

almost the same as the transpose of the parallel rigidity matrix
R(x) given in (3). The only difference is a diagonal matrix
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⌅ Problem to be addressed: Distributed control of bearing-constrained
formations using bearing measurements in arbitrary dimensions.
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Figure : An example to illustrate the bearings constraints. Initial formation: the
collinear one in gray; final formation: the square one in black. The bearing
constraints: g⇤12 = �g⇤21 = [0, 1]T, g⇤23 = �g⇤32 = [1, 0]T, g⇤34 = �g⇤43 = [0,�1]T,

g⇤41 = �g⇤14 = [�1, 0]T, and g⇤13 = �g⇤31 = [
p
2/2,

p
2/2]T.

⌅ Motivation and potential application: Vision-based cooperative
control of multi-vehicles systems. It is easy for visual sensing to obtain
bearing measurements but harder to obtain distance measurements.
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Formation specified by desired 
bearing constraints

g⇤12 = �g⇤21 =


0
1

�

g⇤23 = �g⇤32 =


1
0

�

g⇤34 = �g⇤43 =


0
�1

�
g⇤14 = �g⇤41 =


�1
0

�
g⇤13 = �g⇤31 =

 p
2/2p
2/2

�

A Gradient Control Law?

J(g) =
X

i⇠j

kgij � g⇤ijk2
not a bearing-only control law!

ṗ = �Rk(p)
T g⇤
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Fig. 1: An example to illustrate the bearings constraints. Initial formation: the
collinear one in gray; final formation: the square one in black. The bearing
constraints, which are satisfied by the final formation, are g
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⇤
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⇤
43 = [0,�1]T, g⇤41 = �g
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⇤
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⇤
31 = [

p
2/2,

p
2/2]T. The bearings in the initial

formation are g12 = g13 = g23 = g34 = �g41 = [1, 0]T.

Proposition 2: For any given framework G(x) in Rd (d �
2), if G is connected, we have span{1n⌦Id, x} ✓ Null (R(x))
and consequently rank(R(x))  dn� d� 1.

Proof: First, for a connected graph, we have Null (H) =
span{1n}. As a result, Null (Ĥ) = span{1n⌦Id}, and hence
span{1n ⌦ Id} ⇢ Null (R(x)). Second, since Pekek = 0, we
have R(x)x = diag(Pek/kekk)Ĥx = diag(Pek/kekk)e = 0.

In fact, 1n⌦ Id corresponds to rigid-body translation and x

corresponds to the scaling variation. As a result, we have the
following rank condition for infinitesimal parallel rigidity.

Theorem 1: A framework G(x) in Rd (d � 2) is infinitesi-
mally parallel rigid if and only if Null (R(x)) = span{1n ⌦
Id, x} or equivalently rank(R(x)) = dn� d� 1.

IV. BEARING-ONLY FORMATION CONTROL IN ARBITRARY
DIMENSIONS

A. Problem Statement

Consider n agents in Rd (n � 2 and d � 2). Denote xi 2 Rd

as the position of agent i (i = 1, . . . , n). The dynamics of each
agent is assumed to be

ẋi = ui,

where ui 2 Rd is the control input to be designed. Denote
x = [xT

1 , . . . , x
T
n ]

T 2 Rdn and u = [uT
1 , . . . , u

T
n ]

T 2 Rdn.
The collective dynamics is ẋ = u.

Each agent measures the bearings of their neighbors by
using a bearing-only sensor (e.g., camera). We assume each
agent is equipped with a compass such that all agents have a
common sense of orientation [7]. Then the bearings measured
by each agent are expressed in a global reference frame. From
the practical point of view, the assumption on the availability
of compass is reasonable for outdoor applications as compass
has already become a standard navigation sensor for aerial,
ground, and surface vehicles. Without compasses, the bearings
measured in different local frames can be used for formation
shape control, which we will address in the future.

The bearings in the target formation are desired to be
{g⇤ij}(i,j)2E . An example is given in Fig. 1 to illustrate the
bearing constraints.
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Fig. 2: The geometric interpretation of control law (4). The control item
�Pgij g

⇤
ij is perpendicular to the bearing gij .

Definition 6: The bearing constraints {g⇤ij}(i,j)2E are fea-

sible if there exists a formation x such that gij = g
⇤
ij for all

(i, j) 2 E .
Problem 1: Given feasible constant bearing constraints

{g⇤ij}(i,j)2E and an initial formation x(0), design ui (i 2 V)
that relies only on the bearings measured by agent i such that
the bearing gij ! g

⇤
ij for all (i, j) 2 E .

B. Proposed Control Law

The distribued bearing-only control law is proposed as

ui = �
X

j2Ni

Pgijg
⇤
ij . (4)

We make several remarks on the proposed control law. First,
the control law relies only on bearing measurements while
inter-agent distances or relative positions are not required.
Second, note Pgijg

⇤
ij = 0 if and only if gij = g

⇤
ij or

gij = �g
⇤
ij . As a result, both gij = g

⇤
ij for all (i, j) 2 E

and gij = �g
⇤
ij for all (i, j) 2 E are equilibriums of the

system. The former is the desired equilibrium, but the later
is an undesired equilibrium which will be proved later to be
unstable. Third, the control item �Pgijg

⇤
ij in control law (4)

is perpendicular to gij because g
T
ijPgijg

⇤
ij = 0 (see Fig. 2 for

an illustration). Intuitively speaking, the control law has the
potential to reduce the bearing error while reserving the inter-
vehicle distance. This point is demonstrated by the simulation
example in Fig. 3.

We next present the matrix form of control law (4). Consider
an oriented graph G� = {E�

,V} with the incidence matrix as
H . The edge vectors are e1, . . . , em, and the bearings for the
edges are g1, . . . , gm. The desired bearings can be reexpressed
as {g⇤k}mk=1. Denote g

⇤ = [(g⇤1)
T
, . . . , (g⇤1)

T]T 2 Rdm. Then
control law (4) can be written in a matrix form as

u = Ĥ
Tdiag(Pgk)g

⇤
. (5)

It is notable that Ĥ
Tdiag(Pgk) in the above control law is

almost the same as the transpose of the parallel rigidity matrix
R(x) given in (3). The only difference is a diagonal matrix

control is orthogonal 
to measured bearing

Bearing-only Formation Control in Arbitrary Dimensions

⌅ Geometric interpretation of

ui = �
P

j2Ni
Pgijg

⇤
ij:

Figure : The geometric interpretation of
control law (1). The control term
�Pgij g

⇤
ij is perpendicular to the bearing

gij .

1

2

1

2

Figure : The simplest simulation example
to demonstrate the geometric
interpretation of the control law (1). The
bearing constraints are
g⇤12 = �g⇤21 = [0, 1]T. Since the control

input is perpendicular to the bearing, the

two agents moves on a circle centered at

the centroid of the formation. The

bearing error is reduced while the

inter-agent distance is unchanged.
15 / 21

trajectories evolve on  
circle of constant radius
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Formation Control: Bearing-Constrained Formations

`

A Bearing-Only Control Law

ṗ = �
X

j⇠i

Pgijg
⇤
ij

centroid of formation 
is invariant

p =
1

|V|

|V|X

i=1

pi

s =

vuut 1

n

|V|X

i=1

kpi � pk2

scale of formation 
is invariant

collision avoidance 
guaranteed (under 
assumptions of theorem)

`

Theorem
If the desired bearing formation is 
feasible and infinitesimally parallel 
rigid, then the bearing-only control 
law converges exponentially to the 
desired formation.

V (p) =
1

2
(p� p⇤)T (p� p⇤)Lyapunov function:
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Bearing-only Formation Control in Arbitrary Dimensions

⌅ Simulation examples:

(a) Randomly generated
initial formation

(b) Agent trajectory (c) Final formation

(a) Randomly generated
initial formation

(b) Agent trajectory (c) Final formation

19 / 21

Formation Control: Bearing-Constrained Formations
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Formation Control: Bearing-Constrained Formations

Introduction

⌅ Problem to be addressed: Distributed control of bearing-constrained
formations using bearing measurements in arbitrary dimensions.

1 2 3 4

1

2 3

4

Figure : An example to illustrate the bearings constraints. Initial formation: the
collinear one in gray; final formation: the square one in black. The bearing
constraints: g⇤12 = �g⇤21 = [0, 1]T, g⇤23 = �g⇤32 = [1, 0]T, g⇤34 = �g⇤43 = [0,�1]T,

g⇤41 = �g⇤14 = [�1, 0]T, and g⇤13 = �g⇤31 = [
p
2/2,

p
2/2]T.

⌅ Motivation and potential application: Vision-based cooperative
control of multi-vehicles systems. It is easy for visual sensing to obtain
bearing measurements but harder to obtain distance measurements.

3 / 21

pi

pj

gij =
pj � pi

kpi � pjk

Important Assumptions
• point masses 
• bidirectional sensing 
• bearing sensing 
• common reference frame is implicit  

(i.e., a compass)

`

A Bearing-Only Control Law

ṗ = �
X

j⇠i

Pgijg
⇤
ij
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Formation Control: Distance-Based Approaches

A more “practical” approach…

�vu

pu

pv

 v

 u

• agents represented by points in 
SE(2) (position and orientation) 

• bearing measurements with  
respect to body-frame 

• unidirectional sensing
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Rigidity Theory in SE(2)
bar-and-joint frameworks in SE(2)

G = (V, E)
p : V ! 2

 : V ! S1

(G, p, )

G

a directed graph

�(v2)

�(v3)

�(v1) = (p(v1), (v1))
(p, )

�vu

pu

pv

 v

 u

a directed edge indicates availability 
of relative bearing measurement

�p = p(V) 2 2|V|

� =  (V) 2 S1|V|

stacked vector of entire framework
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Rigidity Theory in SE(2)
bar-and-joint frameworks in SE(2)

(G, p, )
directed bearing rigidity function

bG : SE(2)|V| ! S1|E|

bG(�(V)) =
⇥
�e1 · · · �e|E|

⇤T

�vu

pu

pv

 v

 u

rvu(p, ) =


rxvu
ryvu

�
=


cos(�vu)
sin(�vu)

�

rvu(p, )

bearing can be expressed 
as a unit vector

=


cos( (v)) sin( (v))
� sin( (v)) cos( (v))

�

| {z }
T ( (v))

(p(u)� p(v))

kp(v)� p(u)k
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Rigidity Theory in SE(2)

Definition (Rigidity in SE(2))

Let G = (V, E) be a directed graph and K|V| be the complete directed graph
on |V| nodes. The SE(2) framework (G, p, ) is rigid in SE(2) if there exists a
neighborhood S of �(V) 2 SE(2)|V| such that

b�1
K|V|

(bK|V|(�(V))) \ S = b�1
G (bG(�(V))) \ S,

where b�1
K|V|

(bK|V|(�(V))) ⇢ SE(2) denotes the pre-image of the point bK|V|(�(V))
under the directed bearing rigidity map.
The SE(2) framework (G, p, ) is roto-flexible in SE(2) if there exists an analytic
path ⌘ : [0, 1] ! SE(2)|V| such that ⌘(0) = �(V) and

⌘(t) 2 b�1
G (bG(�(V)))� b�1

K|V|
(bK|V|(�(V)))

for all t 2 (0, 1].
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Rigidity Theory in SE(2)

Definition (Equivalent and Congruent SE(2) Frameworks)

A framework (G, p, ) is globally rigid in SE(2) if every framework which is
bearing equivalent to (G, p, ) is also bearing congruent to (G, p, ).

Definition (Global Rigidity of SE(2) Frameworks)

Frameworks (G, p, ) and (G, q,�) are bearing equivalent if

T ( (u))T puv = T (�(u))T quv,

for all (u, v) 2 E and are bearing congruent if

T ( (u))T puv = T (�(u))T quv and

T ( (v))T pvu = T (�(v))T qvu,

for all u, v 2 V.
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Rigidity Theory in SE(2)

Definition (Equivalent and Congruent SE(2) Frameworks)

A framework (G, p, ) is globally rigid in SE(2) if every framework which is
bearing equivalent to (G, p, ) is also bearing congruent to (G, p, ).

Definition (Global Rigidity of SE(2) Frameworks)

Frameworks (G, p, ) and (G, q,�) are bearing equivalent if

T ( (u))T puv = T (�(u))T quv,

for all (u, v) 2 E and are bearing congruent if

T ( (u))T puv = T (�(u))T quv and

T ( (v))T pvu = T (�(v))T qvu,

for all u, v 2 V.
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Rigidity Theory in SE(2)

(p(v1), (v1))

(p(v2), (v2))

(p(v3), (v3))

(p(v1), (v1))

(p(v2), (v2))

(p(v3), (v3))

both frameworks are parallel rigid 
(i.e., internal angles are fixed)

agent 3 maintains no bearing angles 
and is free to “spin” —> framework 
is not globally rigid in SE(2)!
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Rigidity Theory in SE(2)
a “linearized” version of bearing rigidity

bG(�(V) + ��) = bG(�(V)) + (r�bG(�(V))) ��+ h.o.t.

BG(�(V)) := r�bG(�(V)) 2 |E|⇥3|V|

Directed Bearing Rigidity Matrix

Theorem
An SE(2) framework is infinitesimally rigid if and only if

rk[BG(�(V))] = 3|V|� 4
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Rigidity Theory in SE(2)
a “linearized” version of bearing rigidity

bG(�(V) + ��) = bG(�(V)) + (r�bG(�(V))) ��+ h.o.t.

BG(�(V)) := r�bG(�(V)) 2 |E|⇥3|V|

Directed Bearing Rigidity Matrix

BG(�(V)) =
⇥
D�1

G (�p)Rk(�p) E(G)T
⇤

DG(�p) = diag{. . . , kp(u)� p(v)k2, . . .}

[E(G)]ik =

⇢
1, if ek = (vi, vj) 2 E
0, o.w.
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Infinitesimal Motions in SE(2)

Distance Rigidity

- maintain distance pairs 
- rigid body rotations and 
  translations

Parallel Rigidity

- maintain angles (shape) 
- rigid body translations 
  and dilations

recall…

R(p)⇠ = 0 Rk(p)⇠ = 0

Theorem
Every infinitesimal motion �� 2 N [BG(�(V))] satisfies

Rk(�p)��p = �DG(�p)E
T
(G)�� 
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Infinitesimal Motions in SE(2)

Distance Rigidity

- maintain distance pairs 
- rigid body rotations and 
  translations

Parallel Rigidity

- maintain angles (shape) 
- rigid body translations 
  and dilations

recall…

R(p)⇠ = 0 Rk(p)⇠ = 0

What are the infinitesimal motions in SE(2)?

Theorem
Every infinitesimal motion �� 2 N [BG(�(V))] satisfies

Rk(�p)��p = �DG(�p)E
T
(G)�� 
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Rk(�p)��p = �DG(�p)E
T
(G)�� 

Infinitesimal Motions in SE(2)

if all agents maintain attitude, infinitesimal 
motions are the translations and dilations of 
the framework

Rk(�p)��p = 0

reduces to parallel rigidity
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Rk(�p)��p = �DG(�p)E
T
(G)�� 

Infinitesimal Motions in SE(2)

if all agents maintain attitude, infinitesimal 
motions are the translations and dilations of 
the framework

Rk(�p)��p = 0

reduces to parallel rigidity
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Rk(�p)��p = �DG(�p)E
T
(G)�� 

Infinitesimal Motions in SE(2)

if angular velocities are non-zero, 
the infinitesimal motions are the 
coordinated rotations of the framework

R�(G) = IM
�
Rk,G(�p)

 
\ IM

n
�DG(�p)E

T
(G)

ocoordinated rotation subspace
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Rk(�p)��p = �DG(�p)E
T
(G)�� 

Infinitesimal Motions in SE(2)

if angular velocities are non-zero, 
the infinitesimal motions are the 
coordinated rotations of the framework

R�(G) = IM
�
Rk,G(�p)

 
\ IM

n
�DG(�p)E

T
(G)

ocoordinated rotation subspace
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Infinitesimal Motions in SE(2)

Proposition
The coordinated rotation subspace is non-trivial.

dimR�(G) � 1

For the complete directed graph, one has
dimR�(G) = 1
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Infinitesimal Motions in SE(2)

Proposition
The coordinated rotation subspace is non-trivial.

dimR�(G) � 1

For the complete directed graph, one has
dimR�(G) = 1

Corollary
An SE(2) framework is infinitesimally rigid in SE(2)
if and only if

1. rk[Rk,G(�p)] = 2|V|� 3 and

2. dim{R�(G)} = 1.
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Estimation of Relative Positions

high level coordination objectives 
(formation keeping, localization, 
sensor fusion) require robots to 
know the transformation between 
local body frames - relative 
positions and relative orientation
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Estimation of Relative Positions

high level coordination objectives 
(formation keeping, localization, 
sensor fusion) require robots to 
know the transformation between 
local body frames - relative 
positions and relative orientation

A distributed gradient descent estimator 

Cost Function:

e(⇠̂, #̂, p, ) = bG(�(V))� b̂G(⇠̂, #̂)

J(e) =
1

2

⇣
keke(⇠̂, #̂, p, )k2 + k1k⇠̂◆◆k2 + k2(k⇠̂◆k2 � 1)2 + k3(1� cos #̂(◆))

⌘

Bearing Error:
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Estimation of Relative Positions

high level coordination objectives 
(formation keeping, localization, 
sensor fusion) require robots to 
know the transformation between 
local body frames - relative 
positions and relative orientation

A distributed gradient descent estimator 

Cost Function:

e(⇠̂, #̂, p, ) = bG(�(V))� b̂G(⇠̂, #̂)

J(e) =
1

2

⇣
keke(⇠̂, #̂, p, )k2 + k1k⇠̂◆◆k2 + k2(k⇠̂◆k2 � 1)2 + k3(1� cos #̂(◆))

⌘

Bearing Error:

“unscaled”



Kolloquium Technische Kybernetik 
Stuttgart, Germany

 הפקולטה להנדסת אוירונוטיקה וחלל
Faculty of Aerospace Engineering

Estimation of Relative Positions

high level coordination objectives 
(formation keeping, localization, 
sensor fusion) require robots to 
know the transformation between 
local body frames - relative 
positions and relative orientation

`

Theorem
If the framework is infinitesimally rigid in SE(2) then the estimator 

J(e) =
1

2

⇣
keke(⇠̂, #̂, p, )k2 + k1k⇠̂◆◆k2 + k2(k⇠̂◆k2 � 1)2 + k3(1� cos #̂(◆))

⌘

"
˙̂�
˙̂#

#
= �rJ(e)

converges to a local minimum of the bearing error function. 
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Estimation of Relative Positions

v1

v2

v3 v5

v4

v6

not SE(2)  
infinitesimally rigid
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Estimation of Relative Positions

v1

v2

v3 v5

v4

v6

not SE(2)  
infinitesimally rigid
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Estimation of Relative Positions

v1

v2

v3 v5

v4

v6

SE(2)  
infinitesimally rigid
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Estimation of Relative Positions

v1

v2

v3 v5

v4

v6

SE(2)  
infinitesimally rigid
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Conclusions and Outlook

• coordination methods for multi-agent systems depend 
 on sensing and communication mediums 

• systems with bearing only sensing is a practical solution 
 for many multi-agent systems 
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Conclusions and Outlook

• coordination methods for multi-agent systems depend 
 on sensing and communication mediums 

• systems with bearing only sensing is a practical solution 
 for many multi-agent systems 

• parallel rigidity in arbitrary dimension 
• bearing-only control law (with common reference)
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Conclusions and Outlook

• extension of rigidity to concepts to frameworks in SE(2) 
• SE(2) rigidity used to distributedly estimate relative  
 positions from only bearing measurements

• coordination methods for multi-agent systems depend 
 on sensing and communication mediums 

• systems with bearing only sensing is a practical solution 
 for many multi-agent systems 

• parallel rigidity in arbitrary dimension 
• bearing-only control law (with common reference)
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Conclusions and Outlook

• deeper results for bearing rigidity 
• extensions to SE(3) 
• estimation filter combined with higher-level tasks 
 (formation keeping) 

• control and estimation with field-of-view constraints
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