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introduction



networked dynamic systems

Networks of dynamical
systems are one of the
enabling technologies

of the future.
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networked dynamic systems

I how do we analyze
these systems

I how do we design
these systems
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in this talk...

Σi

Σj

Πe

Explore the structure and
mechanisms of networked systems

to reveal deep connections
between properties of dynamical
systems and optimization theory.

I A general model of diffusively coupled networks
I Characterization of network equilibriums via Network Optimization
I Convergence properties of dynamic networks via passivity theory
I Exploring further connections between passivity and optimization
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a physics warm-up



a mass-spring network

pi

g

Free

Fixed

I A fixed network of (linear)
springs

I springs connected to
masses with position pi ∈ R2

and mass mi

I r masses have a fixed
position (anchors)

Determine the positions of
the free masses that mini-
mize the total potential en-
ergy of the mass-spring net-
work.
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a mass-spring network

pi

g

I Potential Energy due to gravity

mig
T pi

I Elastic Potential Energy of springs

1

2
kij(‖pi − pj‖ − rij)2

an optimization problem (take 1)

min
pi

∑
i

mig
T pi +

∑
i∼j

1

2
kij(‖pi − pj‖ − rij)2

s.t.pi = p∗i , i = 1, . . . , r (fixed nodes)
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a mass-spring network

pj

pi

g ζe

I Potential Energy due to gravity
(nodes)

mig
T pi, i = 1, . . . , n

I Elastic Potential Energy of springs
(edges)

1

2
ke(‖pi − pj︸ ︷︷ ︸

ζe

‖ − re)2, e = 1, . . . ,m

an optimization problem (take 2)

min
pi,ζe

r∑
i=1

(mig
T pi + Ip∗

i
(pi)) +

n∑
i=r+1

mig
T pi +

∑
e

1

2
ke(‖ζe‖ − re)2

s.t.pi − pj = ζe, ∀e = (i, j)
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a mass-spring network

pi

g

A Convex Program!

an optimization problem (take 2)

min
pi,ζe

r∑
i

(mig
T pi + Ip∗

i
(pi)) +

n∑
i=r+1

mig
T pi +

∑
e

1

2
kij(‖ζe‖ − re)2

s.t.pi − pj = ζe, ∀e = (i, j)
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a mass-spring network - the dynamics

I dynamic model for the masses

Σi :



[
ṗi

p̈i

]
=

[
0 I

0 0

][
pi

ṗi

]
+

[
0

I

]
ui +mig

yi =



[
pi

0

]
, i = 1, . . . , r (anchors)[

pi

ṗi

]
, i = r + 1, . . . , n

I springs couple masses together

Πe :


ui =

∑
i∼j kij(‖pi − pj‖ − rij)

pj−pi
‖pj−pi‖

+

bij(ṗj − ṗi)
=

∑
i∼j κij(yi − yj)

An example of a
diffusively coupled

network!
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a mass-spring network - the dynamics

I System Equilibrium0 = ṗi

0 = mig +
∑
i∼j kij(‖pi − pj‖ − rij)

pj−pi
‖pj−pi‖

Minimum Total Potential Energy Principle (MTPE)
Equilibrium configurations extremize the total potential energy. Stable
equilibriums correspond to minimizers of the total potential energy.
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lessons and tools

Dynamics

I Diffusively Coupled Network

I Dissipasivity Theory

V (x) =
1

2

∑
i

‖ṗi‖2+
1

2

∑
i∼j

kij‖pi−pj‖22

Optimization
I Convex Optimization

min
pi,ζe

J(p, ζ)

s.t.pi − pj = ζe,∀ e = (i, j)

I Optimality Conditions

0 ∈ ∂J(p, ζ)

MTPE Principle ensures that
the dynamics of the

diffusively coupled network
solve the optimization

problem, and vice versa.
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the question

I What class of systems can be “solved” by examining a related
optimization problem?

I What class of optimization problems can be be “solved” by a
dynamical system?

pi

g
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diffusively coupled networks



a network model

Σi

Σj

Πe

A network system is comprised of
dynamical systems that interact with
eachother over an information
exchange network (a graph).
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a network model

Agent dynamics:

Information Exchange Network:

E =


1 1 0 0 0

−1 0 1 1 0

0 −1 −1 0 1

0 0 0 −1 −1



Controller dynamics:

Σi :

{
ẋi= fi(xi, ui)

yi= hi(xi, ui)

G = (V,E)

[E]ij =

{
±1 (i, j) ∈ E
0 o.w.

E>1 = 0

Πe :

{
η̇e= φe(ηe, ζe)

µe= ψe(ηe, ζe)
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diffusive coupling

(Σ,Π,G)

I Consensus Dynamics

ẋi = −
∑
i∼j

wij(xj − xi)

I Kumamoto Model

θ̇i = −k
∑
i∼j

sin(θi − θj)

I Traffic Dynamics

v̇i = κi

V 0
i − vi + V 1

i

∑
i∼j

tanh(pj − pi)


I Neural Network

CV̇i = f(Vi, hi) +
∑
i∼j

gij(Vj − Vi)

ḣi = g(Vi, hi) 14/51



steady-state network solutions

What properties must the sys-
tems Σi and Πe possess such that
(Σ,Π,G) admits and converges to a
steady-state solution?

u(t)→ u

y(t)→ y

ζ(t)→ ζ

µ(t)→ µ

All signals converge to a constant
steady-state

I Consensus: y = α1 (ζ = 0)
I Formation: ζ 6= 0 constant
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network optimization meets
passivity theory



steady-state input-output maps

Assumption 1
Each agent Σi and controller Πe admit
forced steady-state solutions.

Input-Output Maps
The steady-state input-output map
k : U → Y associated with Σ is the set
consisting of all steady-state input-output
pairs (u, y) of the system.
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input-output relations

ẋ = Ax+Bu

y = Cx+Du

⇒ k(u) = {y | (−CA−1B +D)︸ ︷︷ ︸
α

u}

u

y

α

SISO and stable linear system

ẋ = u

y = x

⇒ k = {(0, y), y ∈ R}

u

y

simple integrator
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network consistency equations

The network interconnection imposes constraints on allowable
steady-states
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solution of network equations

The network system (Σ,Π,G) admits a steady-state if and only if there
exists a solution to the system of non-linear inclusions

0 ∈ k−1(y) + Eγ(ETy)

0 ∈ γ−1(µ)− ET k(−Eµ)

I When do solutions exist?
I How do we find them?
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a mass-spring network

pi

g

A Convex Program!

Minimum Potential Energy Problem

min
pi,ζe

r∑
i

(mig
T pi + Ip∗

i
(pi)) +

n∑
i=r+1

mig
T pi +

∑
e

1

2
kij(‖ζe‖ − re)2

s.t.pi − pj = ζe, ∀e = (i, j)
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a mass-spring network

pi

g

A Convex Program!

Minimum Potential Energy Problem

min
pi,ζe

∑
i

Ji(pi) +
∑
e

Γe(ζe)

s.t.ET p = ζ

20/51



a mass-spring network

pi

g

A Convex Program!

Minimum Potential Energy Problem

min
p

J(p) + Γ(ET p)

First-order Optimality Condition:

0 ∈ ∂J(p) + E∂Γ(ET p)

20/51



solution of network equations

The network system (Σ,Π,G) admits a steady-state if and only if there
exists a solution to the system of non-linear inclusions

0 ∈ k−1(y) + Eγ(ETy)

0 ∈ γ−1(µ)− ET k(−Eµ)

RECALL First-order Optimality Condition:

0 ∈ ∂J(p) + E∂Γ(ET p)

Network equations are the first-order optimality conditions of a
corresponding optimization problem!

What is it?
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integral functions

Definition
Let ki be the input-output relation for system Σi. Define the function
Ki : R→ R such that ∂Ki(ui) = ki(ui) and K =

∑
iKi. The function K is

called the cost function associated with the system Σi.

Similarly,

∂K?
i (yi) = k−1

i (yi), K
? =

∑
i

K?
i

∂Γe(ζe) = γe(ζe), Γ =
∑
e

Γe

∂Γ?e(µe) = γ−1
e (µe) Γ? =

∑
e

Γ?e
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integral functions

1

−1

y = |x|

u

k(u), K(u)

K(u) = |u|
y = k(u) = sgn(u) 22/51



networks and optimization

Steady-state values u, y, ζ and µ are the solutions of the following pair of optimization
problems1:

min
y,ζ

∑
i

K?
i (yi) +

∑
e

Γe(ζe)

s.t. ET y = ζ.

min
u,µ

∑
i

Ki(ui) +
∑
e

Γ?e(µe)

s.t. u = −Eµ.

First-order Optimality Condition First-order Optimality Condition
0 ∈ k−1(y) + Eγ(ET y) 0 ∈ γ−1(µ)− ET k(−Eµ)

1 [Bürger, Z, Allgower, 2014]
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monotone maps and convexity

Not Monotone Monotone but not maximal

Maximal monotone function Maximal monotone relation

A relation on R is monotone
if they are non-decreasing curves in R2
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monotone maps and convexity

Not Monotone Monotone but not maximal

Maximal monotone function Maximal monotone relation

Theorem
The subdifferentials of convex functions on R are maximally monotone
relations from R to R.a

a [R. T. Rockafellar, Convex Analysis. Princeton University Press, 1997]
24/51



networks and optimization

Theorem
If the input-output maps ki and γe are maximally monotone, then the steady-state values
u, y, ζ and µ are the solutions of the following pair of convex dual optimization problems1:

Optimal Flow Problem (OFP) Optimal Potential Problem (OPP)

min
y,ζ

∑
i

K?
i (yi) +

∑
e

Γe(ζe)

s.t. ET y = ζ.

min
u,µ

∑
i

Ki(ui) +
∑
e

Γ?e(µe)

s.t. u = −Eµ.

1 [Bürger, Z, Allgower, 2014] 25/51



network optimization

Flux

Net in-flow (out-flow)

Divergence
Potential

yjyi

yi − yj

Tension

(un)

(µe)

(yn)

(ζe)

Flux/Flow

Divergence

Potential

Tension

Dual

Variables

Optimal Flow Problem1 Optimal Potential Problem1

min
u,µ

|V|∑
n=1

Cdiv
n (un) +

|E|∑
e=1

Cflux
e (µe)

s.t. u+ Eµ = 0.

min
y,ζ

|V|∑
n=1

Cpot
n (yn) +

|E|∑
e=1

Cten
e (ζe)

s.t. ETy = ζ.

1 [R. T. Rockafellar, Network Flows and Monotropic Optmizations. John Wiley and Sons, Inc., 1984] 26/51



steady-state network solutions

Diffusively coupled dynamic net-
works can be associated to static
network optimization problems!

Monotone steady-state maps⇔ Network Duality
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monotone diffusive networks

Assumption 1
Each agent Σi and controller Πe admit
forced steady-state solutions.

Assumption 2
The input-output maps of each agent, ki,
and controller, γe, are maximally
monotone.

Under what conditions does the network actually converge to these
steady states?
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passivity for dynamical systems

ẋ = f(x, u)

y = h(x, u)
u y

uTy ≥ Ṡ

0 = f(0, 0)

0 = h(0, 0)

Definition [Khalil 2002]
A system is passive if there exists a C1 storage function S(x) such that

uT y ≥ Ṡ =
∂S

∂x
f(x, u), ∀(x, u) ∈ Rn × Rp

Moreover, it is said to be

I Input-strictly passive if Ṡ ≤ uT y − uTφ(u) and uTφ(u) > 0,∀u 6= 0

I Output-strictly passive if Ṡ ≤ uT y − yT ρ(y) and yT ρ(y) > 0,∀y 6= 0
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interconnection of passive systems

I Parallel Interconnection
I Negative Feedback Interconnection
I Symmetric Interconnection

+

+

Σ1

Σ2

u y

Passive

Σ1

Σ2

u y
Passive

−

Σ1

Σ2

u y

Passive

−

u1 y1ET E
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a convergence result

Theorem
Consider the network system (Σ,Π,G) comprised of SISO agents and
controllers. Suppose that there are vectors ui, yi, ζe and µe such that

i) the systems Σi are output strictly-passive with respect to ui and yi;
ii) the systems Πe are passive with respect to ζe and µe;

iii) the vectors u, y, ζ and µ satisfy u = −Eµ and ζ = ETy.

Then the output vector y(t) converges to y as t→∞.1

I requires passivity w.r.t. to specific equilibrium configuration

1 [Arcak, 2007], [Bürger, Z, Allgower, 2014]
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passivity w.r.t. forced equilibrium points

Large-scale Networked Systems

I Not feasible to calculate the
equilibrium point for the overall
network

I Operate the network at multiple
desired equilibrium points (formation
of UAVs carrying a suspension load)

[Meissen et al., 2017]

Passivity w.r.t. forced equilibra (u, y)

d

dt
S(x(t)) ≤ (u− u)T (y − y)

Incremental Passivity: A close concept however restricted as passivation
inequality must be satisfy along any two arbitrary trajectories
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equilibrium-independent passivity (eip)

EIP1

A dynamical system Σ is equilibrium independent passive on U if for
every u ∈ U there exists a once-differentiable and positive semi-definite
storage function S(x) : X → R+ such that S(x)|x = 0 and

Ṡ ≤ (y − y)T (u− u) =⇒ k monotonically increasing function

for all u ∈ U and y ∈ Y .

1 [G.H. Hines et al., 2011]
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storage function S(x) : X → R+ such that S(x)|x = 0 and

Ṡ ≤ (y − y)T (u− u) =⇒ k monotonically increasing function

for all u ∈ U and y ∈ Y .

u

y

ẋ(t) = u(t), y(t) = x(t)

I Passive with respect to U = {0} and
any output value y ∈ R with storage
function S(x) = 1

2 (x− y)2.
I The equilibrium input-output map
k = {(0, y) : y ∈ R} is not a single
valued function and hence the
integrator is NOT EIP.

1 [G.H. Hines et al., 2011]
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maximally equilibrium-independent passivity (meip)

MEIP1

A dynamical SISO system Σ is maximal equilibrium independent passive
if the following conditions hold:

I The system Σ is passive with respect to any steady-state (u, y) ∈ k.
I The relation k is maximally monotone.

1[M. Bürger et al., 2014]
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meip networks

Assumption 1
Each agent Σi and controller Πe admit
forced steady-state solutions.

Assumption 2
The agent dynamics Σi are output-strictly
MEIP and the controllers are MEIP.

Theorem
Assume Assumptions 1 and 2 hold. Then the signals u(t), y(t), ζ(t), µ(t) converge to the
solutions of the following pair of convex dual optimization problems1:

Optimal Flow Problem (OFP) Optimal Potential Problem (OPP)

min
y,ζ

∑
i

K?
i (yi) +

∑
e

Γe(ζe)

s.t. ET y = ζ.

min
u,µ

∑
i

Ki(ui) +
∑
e

Γ?e(µe)

s.t. u = −Eµ.

1 [Bürger, Z, Allgower, 2014]
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new perspectives



monotonicity and its role in systems theory

What else can we say about MEIP systems?

36/51



passivity-short systems

In practice, systems are usually passivity-short (or non-passive)!

I Generator (always generates energy) [R. Harvey , 2016]
I Oscillating systems with small or nonexistent damping [R. Harvey, 2017]
I Dynamics of robot system from torque to position [D. Babu, 2018]
I Power-system network (turbine-governor dynamics) [S. Trip, 2018]
I Electrical circuits with nonlinear components
I More general as include non-minimum phase systems and systems

with relative degree greater than 1 [Z. Qu, 2014]

+

−

+ −

vR = h(y) L

C
+

−
vC

y iL

u

h(·) ∈ [σ,∞] with σ < 0
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equilibrium-independent passivity-short systems

Definition
A SISO system Σ : u 7→ y with steady-state input-output relation k is said
to be equilibrium independent output ρ-passive (EI-OP(ρ)) if there exists
a storage function S(x), and a number ρ ∈ R, such that the following
inequality holds for any trajectory and any equilibrium pair (u, y) ∈ k:

Ṡ ≤ (y − y)(u− u)− ρ(y − y)2. (1)

I If ρ > 0, then Σ is output strictly passive.
I If ρ = 0, then Σ is passive.
I If ρ < 0, then Σ is output passive short.

Similar definitions for input (EI-IP(ν)) and input-output (EI-IOP(ρ, ν))
passive systmes.
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passivity short systems and the network framework

Passive short systems can destroy
the developed network optimization framework!

MONOTONICITY AND ITS ROLE IN SYSTEMS THEORY

Passivity-Short Systems

System Type Relations Integral Function

MEIP k, k�1 max. monotone K(u), K?(y) are convex
Input PS k is not monotone K(u) is non-convex
Output PS k�1 is not monotone K?(y) is non-convex
Input-output PS k, k�1 are not monotone May not exist

<latexit sha1_base64="hV4f6W4MR1/p2rZWRv8RFEebwX0="></latexit><latexit sha1_base64="hV4f6W4MR1/p2rZWRv8RFEebwX0="></latexit><latexit sha1_base64="hV4f6W4MR1/p2rZWRv8RFEebwX0="></latexit><latexit sha1_base64="hV4f6W4MR1/p2rZWRv8RFEebwX0="></latexit>

A dynamical system ⌃i is

• Output-Strictly MEIP: Ṡi  �⇢i(yi � ȳi)
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The system is passivity-short (PS) if any of the passivity-indices are negative.
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Optimal Flow Problem (OFP) Optimal Potential Problem (OPP)

min
y,ζ

∑
i

K?
i (yi) +

∑
e

Γe(ζe)

s.t. ETy = ζ.

min
u,µ

∑
i

Ki(ui) +
∑
e

Γ?e(µe)

s.t. u = −Eµ.
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passivity short systems and the network framework

Passive short systems can destroy
the developed network optimization framework!

MONOTONICITY AND ITS ROLE IN SYSTEMS THEORY

Passivity-Short Systems

System Type Relations Integral Function

MEIP k, k�1 max. monotone K(u), K?(y) are convex
Input PS k is not monotone K(u) is non-convex
Output PS k�1 is not monotone K?(y) is non-convex
Input-output PS k, k�1 are not monotone May not exist
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• Input-Output-Strictly MEIP: Ṡi  �⇢i(yi � ȳi)
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feedback passivation

For a passive-short system Σ : u 7→ y,
we aim to find a map T such that the
closed-loop system Σ̃ : ũ 7→ ỹ is pas-
sive. This is known as feedback pas-
sivation.

Σ Σ̃u y ũ ỹ

T

k : u → y λ : ũ → ỹ

?
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an example
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new metrics for passivation design

−2 −1 1 2

−1
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2

y

k−1(y) k−1(y)

k
−1

(y)

k̂−1(y)
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y

K(y) K(y)

(K(y)?)?

K̂(y)
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passivation, monotonization and convexification

MEIP

Non-monotone

Maximally 
monotone

Non-existent

Convex
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passivation of diffusively-coupled networks of eips systems

Σ1

Σ2

Σ|V|

Π1

Π2

Π|E|

E ET

−

Σ̃1

Σ̃2

Σ̃|V|

Π1

Π2

Π|E|

E ET

−
u y

ζµ ζµ

ũ ỹΣ̃

Π

Σ

Π

J

EIPS MEIP

I Without loss of generality assume that the systems at nodes are EIPS (applicable if
some of the systems are EIPS)

I Loop Transformation results in a pair of regularized network optimization problems
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and more...

Controller Synthesis

Idea: shape the integral func-
tions of controllers to achieve
desired solution to network op-
timization problems.

Applications
I Network Reconstruction
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Idea: leverage uniqueness
of network optimization
minima to different exogo-
neous inputs.
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and more...

K(·) K?(·)

Σ

Γ(·)Γ?(·)

Π

E ET+ +

−

Agents

Controllers

Dual

Dual

u y

ζµ

OFP OPP

I an analysis result - convergence of network
system and solutions of a pair of network
optimization problems [Automatica 14, TAC 19]

I a synthesis result - it is possible to design
the controllers and graph to achieve a
desired steady by shaping the network
optimization problems [L-CSS 17, TAC 19, MED ’19]

I passivity-short systems - optimization
framework relates regularization to
output-feedback passivation of the agents
[L-CSS 18, TAC 20 (submitted), Automatica ’20 (submitted), L-CSS ’19]

I network detection, fault detection, signed
nonlinear networks, data-driven control [CDC

18, TCNS 19, TCNS ’19 (submitted), TAC ’20 (submitted)]
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concluding remarks



a monotone view

There is a strong duality theory in cooperative control.
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Thank-you!
(wish I were here!)
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