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'{f&? Motivation: What Can a Single Actuator Reach?
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A localized input at one node propagating through a distance-constrained network.
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-%g‘: Motivation: What Can a Single Actuator Reach?

Framing Questions

e Can one actuator excite every mode, and
if not, which motions are hidden?

e Of the motions it can excite, which
restore the shape?
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A localized input at one node propagating

through a distance-constrained network.
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e Can one actuator excite every mode, and ) }’4 o0 |~ O ' 4
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e Of the motions it can excite, which
restore the shape? A localized input at one node propagating

through a distance-constrained network.

Some motions are always beyond a single actuator’s reach — and the framework’s

geometry tells us exactly which.
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-%i The Formation Control Problem

Graphs and Frameworks

e Graph G = (V,&): V ={1,..., n} agents (vertices),
& sensing links (m = || edges)

* Framework (G, p): embedding of G in R?;
P = (p17"'7pn) S R2"

S. Goldgraber Casspi Hidden Modes in Formation Control

A framework (G, p) in R2:

graph topology + positions




'%g‘i The Formation Control Problem

Graphs and Frameworks

e Graph G = (V,&): V ={1,..., n} agents (vertices),
& sensing links (m = || edges)

* Framework (G, p): embedding of G in R?;
p=(p1,...,pn) €R?"

Control Objective

e Dynamics: p; = u; (single integrator)
* Encode desired edge length: r;(p) = ||p; — pj|?
e Goal: converge to the distance-constraint set:

F(p*) = {p: ry(p) = ri(p*), V(i,j) € £}
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A framework (G, p) in R2:

graph topology + positions




-%fi Standard Approach: Gradient Control

Potential Function

V(p) = 4|Ir(p) — r(p")|?
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-ﬁg Standard Approach: Gradient Control

Potential Function

wy (]2
V(p) = 3|r(p) — r(p")||
Gradient Descent Control Law

ui ==y (ri(p) = rif(p")) (Pi = p})

H p e
JEN; edge error rel. position

p=—(Vor(p)) (r(p) — r(p"))
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e Distributed: agent i uses only
local relative positions (p;i — pj)
for (i,j) € €

e Locally stable: near p*, the
closed-loop is a gradient flow
= V/(p(t)) is non-increasing
[Krick et al. 2009]
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< Graph Rigidity Theory

The Rigidity Matrix

R(p*) = Vpr(p)]p* € R™*2n

S. Goldgraber Casspi Hidden Modes in Formation Control 5/20



< Graph Rigidity Theory

The Rigidity Matrix

R(p*) := Vpr(p)

Fundamental Subspaces

p*

c Rmx2n

* In edge space: Im R(p*) @ ker R(p*)T =R™

S. Goldgraber Casspi

o Im R(p*): infinitesimal strain
o ker R(p*)T: self-stresses

* In configuration space: ker R(p*) @ Im R(p*)" = R?"

o ImR(p*)": deformations

o ker R(p*): rigid-body motions + internal flexes

Hidden Modes in Formation Control

Minimal (inf.) rigid

dimker R=3 2 translations + 1 rotation

remove any edge = flexible

|

Flexible (non-rigid)

dimker R=4 (41internal flex)



< Graph Rigidity Theory

The Rigidity Matrix

R(p*) := V,r(p)| . € R™2"

p*

Fundamental Subspaces

* In edge space: Im R(p*) @ ker R(p*)T =R™

o Im R(p*): infinitesimal strain
o ker R(p*)T: self-stresses

* In configuration space: ker R(p*) @ Im R(p*)" = R?"

o ImR(p*)": deformations
o ker R(p*): rigid-body motions + internal flexes
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Minimal (inf.) rigid

dimker R=3 2 translations + 1 rotation

remove any edge = flexible

|

Flexible (non-rigid)

dimker R=4 (41internal flex)

Next, we assume inf. rigid frameworks.



-5@ Localized Input Model

To study the influence of a localized input, we add
an external input at agent /:

Nonlinear Input Model
p=—R(p)(r(p) — r(p*)) + Bw
with w € R2, B = ¢ ® l, € R?"™%2,

Explicit form of B

BT:[ 0, - h - 0 ]
block 1 block i block n

Only the i-th 2x2 block is non-zero: the input acts
on agent i alone.

S. Goldgraber Casspi Hidden Modes in Formation Control

input w enters at agent /.



<% Linearization

We linearize around the target configuration p*, with x := p — p* the deviation from
the target:

linearize at (p*, w=0)

p=—R(p)'(r(p) — r(p*)) + Bw

TV
Nonlinear model

x=Ax+Bw
—_——
LTI model




A '7; - - -
<. Linearization

We linearize around the target configuration p*, with x := p — p* the deviation from
the target:

linearize at (p*, w=0)

p=—R(p) (r(p) — r(p")) + Bw

Nonlinear model

Stiffness Matrix

A=—R(p")"R(p")

x=Ax+Bw
—_——
LTI model

Eigenvalue structure:

e \ = 0: rigid-body modes

e )\ < 0: deformations
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<. Linearization

We linearize around the target configuration p*, with x := p — p* the deviation from

the target:

linearize at (p*, w=0)

p=—R(p) (r(p) — r(p")) + Bw

Nonlinear model

x=Ax+Bw
—_——
LTI model

LTI model unlocks classical tools:

Stiffness Matrix
e Controllability

*\ T *
A=—R(p*) R(p") e Modal decomposition
Eigenvalue structure: e Transfer functions

o A =0: rigid-body modes e Steady-state analysis

e )\ < 0: deformations
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<. Which Modes Stay Hidden?

Controllability Test (PBH)
Let v be a mode of the symmetric stiffness matrix: A= —R(p*)" R(p*).

This mode is uncontrollable if and only if BTv = 0.

SinceB=¢®1ly: BTv=0 <= v, =0 — the mode is pinned at the actuator.
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<. Which Modes Stay Hidden?

Controllability Test (PBH)
Let v be a mode of the symmetric stiffness matrix: A= —R(p*)" R(p*).

This mode is uncontrollable if and only if BTv = 0.

Since B=¢€;®1ly: B'v=0 < v; =0 — the mode is pinned at the actuator.

Symmetry = Modal Splitting

Because A is symmetric the hidden (uncontrollable) subspace splits as

¢ = @(E,\ N ker BT).
A
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<. Which Modes Stay Hidden?

Controllability Test (PBH)
Let v be a mode of the symmetric stiffness matrix: A= —R(p*)" R(p*).

This mode is uncontrollable if and only if BTv = 0.

Since B=¢€;®1ly: B'v=0 < v, =0 — the mode is pinned at the actuator.

Symmetry = Modal Splitting

C = (kerR(p*)Nker B") & @D (Exnker BT)

NS ~~ >
Hidden RBMs (A\=0) 20 ,

Hidden deformations
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“" Unavoidable Hidden Modes

Question: Given an inf. rigid framework (G, p*), how much of the rigid-body mode
(RBM) eigenspace Ey = ker R(p*) can the actuator miss?



< Unavoidable Hidden Modes

Question: Given an inf. rigid framework (G, p*), how much of the rigid-body mode
(RBM) eigenspace Ey = ker R(p*) can the actuator miss?

Dimension Count in R?

RBM eigenspace dimension 3
2

Input degrees of freedom

Hidden RBM directions = 1
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<. Unavoidable Hidden Modes

Question: Given an inf. rigid framework (G, p*), how much of the rigid-body mode
(RBM) eigenspace Ey = ker R(p*) can the actuator miss?

Dimension Count in R?

RBM eigenspace dimension 3
2

Input degrees of freedom

Hidden RBM directions = 1

Forany d >2: dim(Cn Ey) = 91 hence dimC > 91
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<. Unavoidable Hidden Modes

Question: Given an inf. rigid framework (G, p*), how much of the rigid-body mode
(RBM) eigenspace Ey = ker R(p*) can the actuator miss?

Dimension Count in R?

RBM eigenspace dimension 3
2

Input degrees of freedom

Hidden RBM directions = 1

Forany d >2: dim(Cn Ey) = 91 hence dimC > 91

An RBM is d translations plus ﬂ%} rotations.

Are the hidden modes pure rotations? If yes, which ones?
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4;\7 Hidden RBMs Are Pure Rotations

Any RBM mode v decomposes into a translation & and a

0 -1
1 0

e Pinning v; = 0 forces: & = —Q(p; — Pem)

rotation about the centroid:

Ve :£+Q(PZ _Pcm), Q=

S. Goldgraber Casspi Hidden Modes in Formation Control



.q;( Hidden RBMs Are Pure Rotations

Any RBM mode v decomposes into a translation & and a
rotation about the centroid:

0 -1

1 0

e Pinning v; = 0 forces: & = —Q(p; — Pem)

Ve :§+Q(PZ _Pcm), Q=

e Substituting: vp = Q(p; — pf) v
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.q;( Hidden RBMs Are Pure Rotations

Any RBM mode v decomposes into a translation & and a
rotation about the centroid:

0 -1

1 0

e Pinning v; = 0 forces: & = —Q(p; — Pem)

Ve :§+Q(PZ _Pcm), Q=

e Substituting: vp = Q(p; — pf) v
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.q;( Hidden RBMs Are Pure Rotations

Any RBM mode v decomposes into a translation & and a
rotation about the centroid:

0 -1

1 0

e Pinning v; = 0 forces: & = —Q(p; — Pem)

Ve :§+Q(PZ _Pcm), Q=

e Substituting: vp = Q(p; — pf) v

S. Goldgraber Casspi Hidden Modes in Formation Control

R;: all nodes rotate about i



-%g‘i Hidden RBMs Are Pure Rotations

Any RBM mode v decomposes into a translation & and a

0 -1
1 0

e Pinning v; = 0 forces: & = —Q(p; — Pem)

rotation about the centroid:

Ve :f-l—Q(pz _pcm)7 Q=

e Substituting: vp = Q(p; — p;) v

Uncontrollable RBMs at Node /

Ri(p*) :=={v:ve=Q(p; — p}) VL€ V}
Ri(p*) = ker R(p*) Nker BT

S. Goldgraber Casspi Hidden Modes in Formation Control

‘R;: all nodes rotate about i

10/20



@ The Local Rotational Subspace 7;

Objective: the hidden deformations C Nlm R(p*) T

Key Observation 1)

The input acts at agent / and reaches the formation (4)
through i's incident edges. If those lengths are
preserved, agent i produces no correction.

Definition: Local Rotational Subspace @

One representative motion; in general each
o . T -
Ti={v:vi=0, (pf —p) vy=0V(ij)e&}

neighbor may rotate independently about i.

(2]
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@ The Local Rotational Subspace 7;

Objective: the hidden deformations C Nlm R(p*) T

Key Observation

The input acts at agent i and reaches the formation
through i's incident edges. If those lengths are
preserved, agent i produces no correction.

Definition: Local Rotational Subspace

Ti={v:vi=0, (pf—p;) v;=0 ¥(i,j) €&}

One representative motion; in general each

neighbor may rotate independently about i.
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-@ The Local Rotational Subspace 7;

Definition: Local Rotational Subspace

Ti={v:vi=0, (pf—p;) v;=0 V¥(i,j) €&}

Geometric Inclusion
Ri(p*) C Ti(G,p*); T also contains local
deformations not in R;.

One representative motion; in general each

neighbor may rotate independently about i.

Dimension: Counting Constraints

Pin i: —d; each neighbor j: —1; all other nodes free:

dim7; = d(n— 1) — deg(/)
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/1 7: Is a Truncated Kalman Test

The hidden subspace is the intersection of all Kalman conditions:

¢ = (m[8, 4B, ..., Ad"—lB])L = () ker(BT A%
k>0



.%‘: 7: Is a Truncated Kalman Test

The hidden subspace is the intersection of all Kalman conditions:

¢ = (im[B, AB, ..., A"1B] ) (M) ker(BT A¥)

k>0
The first two conditions
e k=0: BTv=0 <= v,=0 (pinning)

e k=1 BTAv=0 < Z (p; —pi) (P — pi) (v —») =0  (no correction at i)
JEN;

drjj - first order edge length
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.%‘: 7: Is a Truncated Kalman Test

The hidden subspace is the intersection of all Kalman conditions:

¢ = (im[B, AB, ..., A"1B] ) (M) ker(BT A¥)
k>0
The first two conditions

e k=0: BTv=0 <= v,=0 (pinning)

e k=1 BTAv=0 < Z (p; —pi) (P — pi) (v —») =0  (no correction at i)
JEN;

drjj - first order edge length

Minimal degree (deg(i) = d)

For deg(i) = d the second forces each dr;j = 0, so

Ti = ker BT N ker(BTA). independent directions:
cancel only if all 6rj; =0
C intersects over all k; T; over k € {0,1} — fewer conditions, larger set.
S. Goldgraber Casspi Hidden Modes in Formation Control 12/20



~
@ Geometric Confinement

Geometric Confinement on Hidden Modes (deg(i) = d)

For an inf. rigid (G, p*) actuated at a node of minimal degree:

CCTiG,p)
deg(i) =d
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~
@ Geometric Confinement

Geometric Confinement on Hidden Modes (deg(i) = d)

For an inf. rigid (G, p*) actuated at a node of minimal degree:

CCTiG,p")

Refined bound

C = (CnkerR(p*)) & (CNImR(p*)T")

Hidden RBMs Hidden deformations

S. Goldgraber Casspi Hidden Modes in Formation Control

N

deg(i) =d
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~
@ Geometric Confinement

Geometric Confinement on Hidden Modes (deg(i) = d)

For an inf. rigid (G, p*) actuated at a node of minimal degree:

C C Ti(G,pY)
Refined bound
C= Rip’) @ (CnIimR(p*)T)
N—— —_——
Pure Rotation Hidden deformations
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deg(i) =d
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~
-@ Geometric Confinement

Geometric Confinement on Hidden Modes (deg(/) = d)

For an inf. rigid (G, p*) actuated at a node of minimal degree:

CC TG, p")

Refined bound

CC Rip*) @& (TinImR(p*)") C T
N—— —_———

Pure Rotation Locally Hidden Deformations
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deg(i) = d
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"g Geometric Confinement

Geometric Confinement on Hidden Modes (deg(i) = d)

For an inf. rigid (G, p*) actuated at a node of minimal degree:

C CTi(G,p")

Refined bound

CC Rip) ® (TinImR(P)") < T
N—— —_———

Pure Rotation Locally Hidden Deformations

Beyond minimal degree (deg(i) > d)

deg(i) = d CCT;

=
prs
Sufficient, not necessary. Does confinement hold in general?

S. Goldgraber Casspi Hidden Modes in Formation Control

they cancel with
none vanishing

> (pf —pf)or =0

JEN;

13/20



'@: How Big Is the Hidden Subspace?

dimC = % + dim(CNnImR(p*)")

Ri CNnimRT
d(d—1)
2

dim = (unknown)
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-sgj, How Big Is the Hidden Subspace?

dimC = 9D 4 dim(CnImR(p*)7)

. d(d—1
dim = =5 C TinlmRT

Minimal degree (deg(i) = d)
Bounded by locally hidden deformations:
CNImRT CTiNnImRT.
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Ag How Big Is the Hidden Subspace?

dimC = 9 4 dim(CnimR(p*)T)

. d(d—1
dim = ==

Minimal degree (deg(i) = d)
Bounded by locally hidden deformations:
CNImRT CTiNImRT.

dim(T;NImRT) > d(n—2) — Adtl)

a lower bound cannot cap C
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-4}@7: How Big Is the Hidden Subspace?

dimC = 41 4 dim(CnImR(p*)T)

Ri

- T
) C TinlmR
2

dim = i = i = ) — d(d2+1)

Minimal degree (deg(i) = d)
Bounded by locally hidden deformations:
CNImRT CTiNImRT.

n>d+2 = T, +ImRT =R
dim(T;NImRT) = d(n —2) — 4<tl)

i< o ¢
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-ii:i How Big Is the Hidden Subspace?

D) < dim(C d(n—
dimC = M + dlm(C_ﬂlm R(p*)T) 2 < dim(C) < d(n—3)

Ri

- T
) C TinlmR
2

dim = dim = d(n — 2) — 4t

Minimal degree (deg(/) = d)
Bounded by locally hidden deformations:

CNImRT CTiNnImRT. In the plane (d = 2)

1<dimC<2n-—6

n>d+2 = Ti+ImR" =R%"
dim(7; N ImRT) = d(n —2) — AL

i< o ¢
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@ Which Inputs Recover the Shape?

Second Framing Question

Of the motions a single actuator can excite, which ones recover the target shape?

Final State Decomposition

An impulse w(t) = wp d(t) at agent i displaces the
formation; the deformational modes (A < 0) decay and
the rigid-body modes (A = 0) persist:

lim x(t) = PoBwy = v + ¢ vy + vy
t—oo

Since B=¢ ®ly: co = ([Val;, mp).

S. Goldgraber Casspi Hidden Modes in Formation Control
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@ Which Inputs Recover the Shape?

Second Framing Question
Of the motions a single actuator can excite, which ones recover the target shape?

Final State Decomposition

An impulse w(t) = wp d(t) at agent i displaces the
formation; the deformational modes (A < 0) decay and
the rigid-body modes (A = 0) persist:

lim x(t) = PoBwy = v + ¢ vy + vy
t—o0
Slnce B = Ci ® Id: Co = <[V.]i’ W0>' Vx, Vy: the same at every agent

=> no distance can change
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@ Which Inputs Recover the Shape?

Second Framing Question
Of the motions a single actuator can excite, which ones recover the target shape?

Final State Decomposition

An impulse w(t) = wp d(t) at agent i displaces the
formation; the deformational modes (A < 0) decay and
the rigid-body modes (A = 0) persist:

lim x(t) = PoBwy = v + ¢ vy + vy
t—o0
Slnce B =& ® Id: Co = <[V.]i’ W0>' vr: tangential, different at every agent

=> shape at risk
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@ Which Inputs Recover the Shape?

Second Framing Question
Of the motions a single actuator can excite, which ones recover the target shape?

Final State Decomposition

An impulse w(t) = wp d(t) at agent i displaces the
formation; the deformational modes (A < 0) decay and
the rigid-body modes (A = 0) persist:

lim x(t) = PoBwy = v + ¢ vy + vy
t—o0
ince B=¢; ® Iy: = {[Veli, Wp).
S ce €i ® d Ce <[ .]” 0> recovery <= w along p;" — pem

Cr =0 < wo || (p;k _PCm)
radial = pure translation, shape restored
otherwise = rotation persists
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-%g‘: Case Study: Scenario A — Orthogonal Input

Setup: Input orthogonal to local rotational mode: ([v,]1, wp) = 0.

L5 F oo, 10°
—>[vyhy =
U —s[vh W
I 5
e 1
0.5 S 0
§ o 0
0.5 ?‘10'10
=
-1 =
10-15
1 0 1 0 10 20 30 40 50
T, time [sec]
Kinematic Result Dynamic Result
¢, = 0 = settles into pure translation. Edge errors — 0 (shape recovered).
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<. Case Study: Scenario B — Aligned Input

Setup: Identical formation. Input aligned with local rotational mode: ([v/]1, wp) # 0.

1.5

1

0.5

Kinematic Result

¢r # 0 = Translation + Rotation.

S. Goldgraber Casspi

—>[v,]1
"[’U,u]l

—[v,]1

-1 0
z1

Hidden Modes in Formation Control

20 30 40 50
time [sec]

Dynamic Result

Errors settle at non-zero.



@ What Comes Next

Open Questions

1. Beyond minimal degree (deg(i) > d). Does the inclusion C C T; survive?
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@ What Comes Next

Open Questions

1. Beyond minimal degree (deg(i) > d). Does the inclusion C C 7; survive?

2. Nonlinear controllability (ongoing). linear to nonlinear — what survives for the
exact dynamics?
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Thank You

Questions?

A
< ‘Y

CONNECTLAB
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~" Backup: Dimension Budget of the Hidden Subspaces

Subspace general d d=2, deg(i)=2
* d(d+1

ker R(p*) (RBMs) ddi1) 3

Im R(p*)"T  (deformations) dn — w 2n—3

R; (hidden RBMs) dd1) 1

Ti  (locally hidden motions) d(n— 1) — deg(/) 2n—4

TN im R(p*) T d(n—2)—@ 2n -7
Ri® (TiNImR(p*)") d(n—3) 2n—6

The last two rows and the upper bound dimC < d(n — 3) require deg(i) = d, n>d+2. The

lower bound dim C > d(d;l) is unconditional.




