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Formation Control is one of the canonical problems
in multi-agent and multi-robot coordination
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The Formation Control Problem

Given a team of robots endowed with the ability to sense relative
state information to neighboring robots, design a control for each

robot using only local information that asymptotically stabilizes
the team to a desired formation shape.
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The Formation Control Problem
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vy * Formation specified
* . * inglobal coordinates
(0.0 .
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el Formation specified Rigidity Theory
. : : : ' | by inter-agent distances a combinatorial theory for
. . . characterizing the “stiffness”
or “flexibility” of structures
. . formed by rigid bodies
) " Formation specified connected by flexible
by inter-agent bearings linkages or hinges.
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formation shape is specified by a
compactly embedded submanifold of the
ambient Euclidean space

d
1 , 3 4 5 M CR

design a decentralized control that drives
each agent to the desired submanifold,
and a distributed control that arranges
their configuration on the submanifold in
a balanced fashion
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an example...
M C R? is unit circle in the plane max ) d(x, 333‘)2
J>1
n=3 agents st. x; €M
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— m /\332}%(2%)331
r3 — —Iq L3 = R (2%) L2

Zd(iEi,ZEj)Q — 27’(’2 Zd(mi,mjf — 47’(’2/3

Jj>1 J>1
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m /\ max ]z;id(xi, )7

st. x, €M

a modification...

|//

chose cost function that is “smal
when agents are close to each other

Zlﬂ d(ﬂ?z, lej) = In Hd(l’z, ZL‘j)
J>1 J>1
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Y Ind(zs,z;) =In | [ d(zi,z;)

J>1 J>1

Thomson Atomic Model
(1904)
Foppl Stabile Anordnungen von
(1912) Elektronen im Atom

T ) 2 Schur  Uber die Verteilung der Wurzeln bei
(1918) 8gewissen algebraischen Gleichungen
mit ganzzahligen Koeffizienten

. Vandermode polynomial
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Y Ind(zs,z;) =In | [ d(zi,z;)

j>i j>i

Fekete  Uber die Verteilung der Wurzeln bei
(1923) gewissen algebraischen Gleichungen
mit ganzzahligen Koeffizienten

roots of Fekete polynomial

STEVE SMALE

\athematical
Problems for the
Next Century'

Smale  Problem 7: Distribution of Points on
(1998) the 2-Sphere (Fekete points)
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formation shape is specified by a
compactly embedded submanifold of the
ambient Euclidean space

d
1 , 3 4 5 M CR

design a decentralized control that drives
each agent to the desired submanifold,
and a distributed control that arranges
their configuration on the submanifold in
a balanced fashion

0 9 8 7 6
max In | [ d(z;, x;)

Fekete Points )
st. x, €M
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1 2 3 4 5
o : M —R
d(x) =) WijIn(d(x;, z;))
J>1
: : 10 9 3 I 6
“information exchange” d
r; € R
network
(4
oSING
‘9 9' r:RY = M
ONEG '
(Wi, i~ smooth retraction onto
Wii =4 77 the submanifold
-0, 0.W.
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Theorem

The solutions of
z = (r(r) — ) + grad ¢(r(x))

asymptotically approach the maximizers of ¢

In a stable fashion.

a decentralized control that asymptotically

rir) —x . .
() stabilizes our formation shape

d a distributed control that stabilizes the
std gb(r(x)) maximizers of ial f '
potential tTunction
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“information exchange”
network

10 9 8 ! 6
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“information exchange”
network

XTI,

i — i ] ] ( J .
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i = i ] ) ( J )
v < 2] > *Zuxiu "\ willlz; ] |25 - Qe xi- v

j=1

does evenly spaced configuration correspond
to equilibrium?
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to equilibrium?
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B

Xy - CL’j
Lj o QZCZ

Xy * QZEj - .
X ° ZCj Li

does evenly spaced configuration correspond

. Ti T T - QZC .
directed angles: ;2 = log ([ oL )
Lj QCEZ Ly Ly
2T 2T n
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angles between S T S
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does evenly spaced configuration correspond
to equilibrium?

directed angles: «;;§} = log ([ Li Ly it AR

Lj QCEZ Ly Ly

)

27 27T n
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i = i ] ) ( J )
v < 12| ) *Zuxiu "\ willlz; ] |25 - Qe xi- v

g=1

equilibrium must satisfy:

0 Wis /a2 XX o Whin/oan

Wa1 /oy 0 Was/aos -+ Wap/aay,
. ng/()&gg 0 1=0

_Wnl/anl Wn2/04n2 "o 0 _
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. 1 - Hl‘iH)
P = i T
' ( EIA 2
equivalently...
E(G L 0
( ) Qlj -

null-space characterizes
cycles in the graph

ol ]
: . . A . 7
|24 ] |z ||| ]| |25 S i 2y
E(g) incidence matrix of a graph
O 1 0 0 0 0 -—1]
(2 (6) —1 1 0 0 0 0
O -1 1 0 0 0
EG) =10 o -1 1 0 o
(3) (5) o 0 0 -1 1 0
o 0 0 0 0 -1 1
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equivalently...
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Corollary

The solutions of

= (r(z) —x)+ grad ¢(r(x))
for M the unit circle, asymptotically converges
to a balanced formation if and only if the graph
nossesses an Eulerian cycle (iff every vertex has
even degree)

An Eulerian Cycle is a walk on a graph
beginning and ending at the same node that
traverses each edge only once.
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A Distributed Controller for Formation Balancing
and Maneuvering of Multirotor UAVs

Yuyi Liu, Jan Maximilian Montenbruck,

Daniel Zelazo, Frank Allgower
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» Fekete points leads to a novel approach for
formation control

» decentralized and distributed
implementation

» graph-theoretic interpretations

* extensions:

-balancing on special Euclidean group
-time-varying information exchange network
-formation tracking
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