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Multi-Agent Systems

Multi-Agent Systems are systems composed of 
multiple interacting dynamic units. 

formation control 
& multi-robot coordination

energy management &
the “smart-grid” sensor networks
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Challenges in Multi-Robot Systems

Solutions to coordination 
problems in multi-robot 
systems are highly dependent 
on the sensing and 
communication mediums 
available!

selection criteria depends on  
mission requirements, cost,  
environment…

• GPS 
• Relative Position 

Sensing 
• Range Sensing 
• Bearing Sensing

Sensing Communication

• Internet 
• Radio 
• Sonar 
• MANet 
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Challenges in Multi-Robot Systems

Solutions to coordination 
problems in multi-robot 
systems are highly dependent 
on the sensing and 
communication mediums 
available!

selection criteria depends on  
mission requirements, cost,  
environment…

Are there architectural features of a multi-agent 
system that are independent of any particular 

mission or hardware capabilities?
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Towards a Multi-Robot Control Architecture

control architecture for a single quadrotor
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Towards a Multi-Robot Control Architecture
what is the architecture for a multi-robot system?

IL

OL

Environment Controlled Variables

Inner Loop: 

     ?   

Outer Loop: 

     ?   
Mission
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Towards a Multi-Robot Control Architecture

what is the architecture for a multi-robot system?

Connectivity

Ji and Egerstedt, 2007 
Dimarogonas and Kyriakopoulos, 2008 
Yang et al., 2010  
Robuffo Giordano et al., 2013
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Towards a Multi-Robot Control Architecture
is connectivity enough for higher-level objectives?

formation control localization

Rigidity Theory provides the correct framework to 
address many multi-agent mission objectives

http://www.commsys.isy.liu.se/en/research

http://www.commsys.isy.liu.se/en/research
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Towards a Multi-Robot Control Architecture
what is the architecture for a multi-robot system?

IL

OL

Environment Controlled Variables

Inner Loop: 
    connectivity
    rigidity   

Outer Loop: 
   formation control
   localization
   ...   

Mission
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Rigidity Theory

Bearing (Parallel) Rigidity
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Infinitesimal Motions in SE(2)

Rigidity is a combinatorial theory for characterizing the “stiffness” 
or “flexibility” of structures formed by rigid bodies connected by 
flexible linkages or hinges.

SE(2) Rigidity
- maintain bearings in local frame 
- rigid body rotations and 
  translations + coordinated rotations
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Rigidity Theory
bar-and-joint frameworks in SE(2)

G = (V, E)
p : V ! 2

 : V ! S1

(G, p, )

G

a directed graph

�(v2)

�(v3)

�(v1) = (p(v1), (v1))
(p, )

�vu

pu

pv

 v

 u

a directed edge indicates availability 
of relative bearing measurement

�p = p(V) 2 2|V|

� =  (V) 2 S1|V|

stacked vector of entire framework
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Theorem
A framework is infinitesimally (distance, parallel) rigid if and only if 
the rank of the rigidity matrix is 

A framework is SE(2) infinitesimally rigid if and only if the rank of the 
rigidity matrix is  

2|V|� 3

3|V|� 4

A framework is infinitesimally rigid if all the infinitesimal motions  
are trivial (i.e., translations, rotations, scalings, coordinated 
rotations).

Distance Rigidity Bearing Rigidity

Rigidity Theory

Rigidity Matrix Bearing Rigidity Matrix

R(p)⇠ = 0 Rk(p)⇠ = 0

SE(2) Rigidity

SE(2) Rigidity Matrix
⇥
D�1

G (�p)Rk(�p) E(G)
⇤

| {z }
BG(�(V))

⇣ = 0
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Distance and Bearing Rigidity

Theorem
In the plane, a framework is infinitesimally rigid if and only if 
it is infinitesimally bearing rigid

Theorem
Infinitesimal bearing rigidity implies global bearing rigidity.

- such a relationship does not hold in distance rigidity

- does not hold for higher dimensions

[Zhao and Zelazo, TAC2015]
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only if rank(R

(p)) = rank(R(p)).

The following result shows that bearing rigidity and global
bearing rigidity are equivalent notions.

Theorem 3 (Condition for Bearing Rigidity). A framework
G(p) in Rd is bearing rigid if and only if it is globally bearing
rigid.

Proof. By definition, global bearing rigidity implies bearing
rigidity. We next prove the converse is also true. Suppose the
framework G(p) is bearing rigid. By the definition of bearing
rigidity and Theorem 1, any framework satisfying R(p)p0 = 0

and kp0 � pk  ✏ also satisfies R

(p)p0 = 0, i.e.,

R(p)(p+ �p) = 0 ) R

(p)(p+ �p) = 0, 8�p, k�pk  ✏,

where �p = p0 � p. It then follows from R(p)p = 0 and
R

(p)p = 0 that R(p)�p = 0 ) R

(p)�p = 0 for all k�pk 
✏. This means Null(R(p)) ✓ Null(R

(p)) in spite of the con-
straint of k�pk. Since Null(R

(p)) ✓ Null(R(p)) as shown
in Lemma 4, we further have Null(R(p)) = Null(R

(p)) and
consequently G(p) is globally bearing rigid.

We next give the necessary and sufficient condition for
infinitesimal bearing rigidity.

Theorem 4 (Condition for Infinitesimal Bearing Rigidity).
For a framework G(p) in Rd, the following statements are
equivalent:
(a) G(p) is infinitesimally bearing rigid;
(b) rank(R(p)) = dn� d� 1;
(c) Null(R(p)) = span{1⌦I

d

, p} = span{1⌦I
d

, p�1⌦ p̄},
where p̄ = (1⌦ I

d

)

Tp/n is the centroid of {p
i

}
i2V .

Proof. Lemma 3 shows span{1 ⌦ I
d

, p} ✓ Null(R(p)).
Observe 1⌦I

d

and p correspond to a rigid-body translation and
a scaling of the framework, respectively. The stated condition
directly follows from Definition 5. Note also that {1⌦ I

d

, p�
1⌦ p̄} is an orthogonal basis for span{1⌦ I

d

, p}.

The special cases of R2 and R3 are of particular interest.
A framework G(p) is infinitesimally bearing rigid in R2 if
and only if rank(R(p)) = 2n � 3, and in R3 if and only
if rank(R(p)) = 3n � 4. Note Theorem 4 does not require
n � d.

The following result characterizes the relationship between
infinitesimal bearing rigidity and global bearing rigidity.

Theorem 5. Infinitesimal bearing rigidity implies global bear-
ing rigidity.

Proof. Infinitesimal bearing rigidity implies Null(R(p)) =

span{1 ⌦ I
d

, p}. Since span{1 ⌦ I
d

, p} ✓ Null(R

(p)) ✓
Null(R(p)) as shown in Lemma 4, it immediately follows
from Null(R(p)) = span{1 ⌦ I

d

, p} that Null(R

(p)) =

Null(R(p)), which means G(p) is globally bearing rigid
according to Theorem 2.

The converse of Theorem 5 is not true, i.e., global bearing
rigidity does not imply infinitesimal bearing rigidity. For
example, the collinear framework as shown in Figure 2(a) is
globally bearing rigid but not infinitesimally bearing rigid.

We have at this point discussed three notions of bearing
rigidity: (i) bearing rigidity, (ii) global bearing rigidity, and
(iii) infinitesimal bearing rigidity. According to Theorem 3
and Theorem 5, the relationship between the three kinds of
bearing rigidity can be summarized as below:

infinitesimal
bearing rigidity

bearing rigidity global
bearing rigidity

We next explore two important properties of infinitesimal
bearing rigidity. The following theorem shows that infinites-
imal bearing rigidity can uniquely determine the shape of a
framework.

Theorem 6 (Unique Shape). An infinitesimally bearing rigid
framework can be uniquely determined up to a translational
and a scaling factor.

Proof. Suppose G(p) is an infinitesimally bearing rigid frame-
work in Rd. Consider an arbitrary framework G(p0) that is
bearing equivalent to G(p). Our aim is to prove G(p0) is
different from G(p) only in a translation and a scaling factor.
The configuration p0 can always be decomposed as

p0 = cp+ 1⌦ ⌘ + q, (6)

where c 2 R \ {0} is the scaling factor, ⌘ 2 Rd denotes a
rigid-body translation of the framework, and q 2 Rdn, which
satisfies q ? span{1⌦I

d

, p}, represents a transformation other
than translation and scaling. We only need to prove q = 0.
Since infinitesimal bearing rigidity implies that Null(R(p)) =
span{1⌦ I

d

, p}, multiplying R(p) on both sides of (6) yields

R(p)p0 = R(p)q. (7)

Since G(p0) is bearing equivalent to G(p), we have R(p)p0 = 0

by Theorem 1. Therefore, (7) implies R(p)q = 0. Since q ?
span{1 ⌦ I

d

, p} = Null(R(p)), the above equation suggests
q = 0. As a result, p0 is different from p only in a scaling
factor c and a rigid-body translation ⌘.

The following theorem shows that if a framework is in-
finitesimally bearing rigid in a lower dimension, it is still
infinitesimally bearing rigid when evaluated in a higher di-
mensional space.

Theorem 7 (Invariance to Dimension). Infinitesimal bearing
rigidity is invariant to space dimensions.

Proof. Consider a framework G(p) in Rd (n � 2, d � 2).
Suppose the framework becomes G(p̃) when the dimension is
lifted from d to ˜d ( ˜d > d). Our goal is to prove that

rank(R(p)) = dn� d� 1 , rank(R(p̃)) = ˜dn� ˜d� 1,

and consequently G(p̃) is infinitesimally bearing rigid in Rd̃

if and only if G(p) is infinitesimally bearing rigid in Rd.
First, consider an oriented graph and write the bearings of

G(p) and G(p̃) as {g
k

}m
k=1 and {g̃

k

}m
k=1, respectively. Since

p̃
i

is obtained from p
i

by lifting the dimension, without loss
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Distance and Bearing Rigidity

[Zhao and Zelazo, TAC2015]
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(a) (b) (c) (d)

Fig. 2: Examples of non-infinitesimally bearing rigid frameworks. The red
arrows (solid) stand for non-trivial infinitesimal bearing motions and the blue
arrows (dashed) for the associated orthogonal infinitesimal distance motions.

(a) (b) (c) (d)

Fig. 3: Examples of infinitesimally bearing rigid frameworks.

of generality, assume p̃
i

= [pT
i

, 0]T (8i 2 V) where the zero
vector is (

˜d� d)-dimensional. Then,

g̃
k

=


g
k

0

�
, P

g̃k =


P
gk 0

0 I
d̃�d

�
, 8k = {1, . . . ,m}.

The bearing rigidity matrix of G(p̃) is R(p̃) =

diag

�
I
d̃

/ke
k

k� diag (P
g̃k) (H ⌦ I

d̃

), where

diag (P
g̃k) (H ⌦ I

d̃

)

= diag

✓
P
gk 0

0 I
d̃�d

�◆
H ⌦


I
d

0

0 I
d̃�d

�
.

Permutate the rows of diag (P
g̃k) (H ⌦ I

d̃

) to obtain

A =


diag (P

gk)H ⌦ ⇥
I
d

0

⇤

I(d̃�d)mH ⌦ ⇥
0 I

d̃�d

⇤
�
,


A1

A2

�
.

Since the permutation of the rows does not change the
matrix rank, we have rank(R(p̃)) = rank(A). Because the
rows of A1 are orthogonal to the rows of A2, we have
rank(A) = rank(A1) + rank(A2). As a result, considering
rank(A1) = rank(diag (P

gk)H ⌦ I
d

) = rank(R(p)) and
rank(A2) = rank(H ⌦ I

d̃�d

) = (

˜d� d)(n� 1), we have

rank(R(p̃)) = rank(R(p)) + (

˜d� d)(n� 1).

It can be easily verified using the above equation that
rank(R(p̃)) =

˜dn � ˜d � 1 if and only if rank(R(p)) =

dn� d� 1.

Figure 2 shows examples of non-infinitesimal bearing rigid
frameworks. The frameworks in Figure 2 are not infinitesi-
mally bearing rigid because there exist non-trivial infinitesimal
bearing motions (see, for example, the red arrows). Figure 3
shows some two- and three-dimensional infinitesimally bear-
ing rigid frameworks. It can be verified that each of the
frameworks satisfies rank(R(p)) = dn� d� 1.

A. Connections to Distance Rigidity Theory

The bearing rigidity theory and the distance rigidity theory
study similar problems of whether the shape of a framework

can be uniquely determined by the inter-neighbor bearings
and inter-neighbor distances, respectively. It is meaningful
to study the connections between the two rigidity theories.
The following theorem establishes the equivalence between
infinitesimal bearing and distance rigidity in R2.

Theorem 8. In R2, a framework is infinitesimally bearing
rigid if and only if it is infinitesimally distance rigid.

Proof. See Appendix A.

Two remarks on Theorem 8 are given below. Firstly, Theo-
rem 8 cannot be generalized to R3 or higher dimensions. For
example, the three-dimensional cubic and hexagonal pyramid
frameworks in Figure 3(c)-(d) are infinitesimally bearing rigid
but not distance rigid. In particular, the rank of the distance
rigidity matrices of the two frameworks are 13 and 12, respec-
tively, whereas the required ranks for infinitesimal distance
rigidity are 18 and 15, respectively. Secondly, Theorem 8
suggests that we can determine the infinitesimal distance
rigidity of a framework by examining its infinitesimal bearing
rigidity. For example, it may be tricky to see the frameworks
in Figure 2(c)-(d) are not infinitesimally distance rigid, but it
is obvious to see the non-trivial infinitesimal bearing motions
and conclude they are not infinitesimally bearing rigid.

An immediate corollary of Theorem 8 describes the relation-
ship between infinitesimal bearing motions and infinitesimal
distance motions of frameworks in R2. Let Q

⇡/2 2 SO(2)

be a rotation matrix that can rotate a vector in R2 by ⇡/2.
For any �p = [�pT1 , . . . , �p

T
n

]

T 2 R2n, denote �p? =

[(Q
⇡/2�p1)

T, . . . , (Q
⇡/2�pn)

T
]

T 2 R2n.

Corollary 1. The vector �p is an infinitesimal bearing motion
of a framework G(p) in R2 if and only if �p? is an infinitesimal
distance motion of G(p).
Proof. See Appendix A.

Given a framework in R2, Corollary 1 suggests that for
any infinitesimal bearing motion, there exists a perpendicular
infinitesimal distance motion, and the converse is also true.
Corollary 1 is illustrated by Figure 2 (indicated by the red
(solid) and blue (dashed) arrows).

To end this section, we briefly compare the proposed
bearing rigidity theory with the well-known distance rigidity
theory. In the distance rigidity theory, there are three kinds of
rigidity: (i) distance rigidity, (ii) global distance rigidity, and
(iii) infinitesimal distance rigidity. The relationship between
them is (ii))(i) and (iii))(i). Note (ii) and (iii) do not
imply each other. The global distance rigidity can uniquely
determine the shape of a framework, but it is usually difficult
to mathematically examine [22], [23]. Infinitesimal distance
rigidity can be conveniently examined by a rank condition (see
Lemma 14 in Appendix A), but it is not able to ensure a unique
shape. As a comparison, the proposed infinitesimal bearing
rigidity not only can be examined by a rank condition (Theo-
rem 4) but also can ensure the unique shape of a framework
(Theorem 6). In addition, the rank condition for infinitesimal
distance rigidity requires to distinguish the cases of n � d and
n < d (Lemma 14), while the rank condition for infinitesimal
bearing rigidity does not. Finally, an infinitesimally distance

non-infinitesimally bearing rigid

infinitesimally bearing rigid
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frameworks. The frameworks in Figure 2 are not infinitesi-
mally bearing rigid because there exist non-trivial infinitesimal
bearing motions (see, for example, the red arrows). Figure 3
shows some two- and three-dimensional infinitesimally bear-
ing rigid frameworks. It can be verified that each of the
frameworks satisfies rank(R(p)) = dn� d� 1.

A. Connections to Distance Rigidity Theory

The bearing rigidity theory and the distance rigidity theory
study similar problems of whether the shape of a framework
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and inter-neighbor distances, respectively. It is meaningful
to study the connections between the two rigidity theories.
The following theorem establishes the equivalence between
infinitesimal bearing and distance rigidity in R2.

Theorem 8. In R2, a framework is infinitesimally bearing
rigid if and only if it is infinitesimally distance rigid.
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Two remarks on Theorem 8 are given below. Firstly, Theo-
rem 8 cannot be generalized to R3 or higher dimensions. For
example, the three-dimensional cubic and hexagonal pyramid
frameworks in Figure 3(c)-(d) are infinitesimally bearing rigid
but not distance rigid. In particular, the rank of the distance
rigidity matrices of the two frameworks are 13 and 12, respec-
tively, whereas the required ranks for infinitesimal distance
rigidity are 18 and 15, respectively. Secondly, Theorem 8
suggests that we can determine the infinitesimal distance
rigidity of a framework by examining its infinitesimal bearing
rigidity. For example, it may be tricky to see the frameworks
in Figure 2(c)-(d) are not infinitesimally distance rigid, but it
is obvious to see the non-trivial infinitesimal bearing motions
and conclude they are not infinitesimally bearing rigid.
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be a rotation matrix that can rotate a vector in R2 by ⇡/2.
For any �p = [�pT1 , . . . , �p

T
n

]

T 2 R2n, denote �p? =
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of a framework G(p) in R2 if and only if �p? is an infinitesimal
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Given a framework in R2, Corollary 1 suggests that for
any infinitesimal bearing motion, there exists a perpendicular
infinitesimal distance motion, and the converse is also true.
Corollary 1 is illustrated by Figure 2 (indicated by the red
(solid) and blue (dashed) arrows).

To end this section, we briefly compare the proposed
bearing rigidity theory with the well-known distance rigidity
theory. In the distance rigidity theory, there are three kinds of
rigidity: (i) distance rigidity, (ii) global distance rigidity, and
(iii) infinitesimal distance rigidity. The relationship between
them is (ii))(i) and (iii))(i). Note (ii) and (iii) do not
imply each other. The global distance rigidity can uniquely
determine the shape of a framework, but it is usually difficult
to mathematically examine [22], [23]. Infinitesimal distance
rigidity can be conveniently examined by a rank condition (see
Lemma 14 in Appendix A), but it is not able to ensure a unique
shape. As a comparison, the proposed infinitesimal bearing
rigidity not only can be examined by a rank condition (Theo-
rem 4) but also can ensure the unique shape of a framework
(Theorem 6). In addition, the rank condition for infinitesimal
distance rigidity requires to distinguish the cases of n � d and
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The formation control problem is to design a (distributed) control 
law that drives the agents to a desired spatial configuration 
determined by interagent distances or bearings.

Gradient Dynamical Systems

Formation Control

ṗ = �rF (p)

F (p) =
1

4

X

ij2E

�
kpi � pjk2 � d2ij

�2

distance-based formation control

d12

d23

d24

d34

d14
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The formation control problem is to design a (distributed) control 
law that drives the agents to a desired spatial configuration 
determined by interagent distances or bearings.

Gradient Dynamical Systems

Formation Control

ṗ = �rF (p)

distance-based formation control

d12

d23

d24

d34

d14

ṗ = �R(p)T (R(p)� d2)
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The formation control problem is to design a (distributed) control 
law that drives the agents to a desired spatial configuration 
determined by interagent distances or bearings.

Distance Rigidity Bearing Rigidity

Formation Control

ṗi =
X

j⇠i

�
kpi � pjk2 � d2ij

�
(pj � pi)

[Krick2007, Anderson2008, Dimarogonas2008, Dörfler2010]

distance formation control

ṗi = �
X

j⇠i

1

kpi � pjk

✓
I2 �

(pj � pi)(pj � pi)T

kpi � pjk2

◆
g⇤ij

bearing formation control

- control requires distances 
  and relative positions 
- distance-only control requires  
  estimation of relative positions

[Zhao and Zelazo, TAC2015]

- control requires bearings and 
  distances
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A Bearing-Only Formation Controller

ṗi = �
X

j⇠i

1

kpi � pjk

✓
I2 �

(pj � pi)(pj � pi)T

kpi � pjk2

◆
g⇤ij

bearing formation control

- requires distance measurements

- orthogonal projection operator

a bearing-only approach

ṗi(t) = �
X

j⇠i

Pgij(t)g
⇤
ij

- almost-global stability exponential stability 
- centroid and scale invariance 
- works for arbitrary dimension 
- collision avoidance [Zhao and Zelazo, TAC2015]

stability analysis depends 
on the rigidity of the 
formation!
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Formation Control: Bearing-Constrained Formations



IAAC workshop “Motion Control Methods in Robotics” 
Nov. 23, 2015  Herzliya

 הפקולטה להנדסת אוירונוטיקה וחלל
Faculty of Aerospace Engineering

The formation control problem is to design a (distributed) control 
law that drives the agents to a desired spatial configuration 
determined by interagent distances or bearings.

SE(2) Bearing Rigidity

Formation Control

[Zelazo, Franchi, Robuffo-Giordano, CDC2015 
Schiano, Franchi, Zelazo, Robuffo-Giordano, ICRA2016]

- requires communication


ṗi
 ̇i

�
=

"
�
P

(i,j)2E
Prij

kpi�pjkr
d
ij +

P
(j,i)2E T ( j �  i)

Prji

kpi�pjkr
d
ji

�
P

(i,j)2E(r
?
ij)

T rdij

#

- requires relative orientation

a scale-free SE(2) bearing approach


ṗ
 ̇

�
= B̂G(�)

Tbd
G
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Towards a Multi-Robot Control Architecture
what is the architecture for a multi-robot system?

IL

OL

Environment Controlled Variables

Inner Loop: 
    connectivity
    rigidity   

Outer Loop: 
   formation control
   localization
   ...   

Mission

multi-robot systems must 
be able to dynamically 
maintain the connectivity 
and rigidity of the team
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A framework is infinitesimally (distance, parallel) rigid if and only if 
the rigidity eigenvalue is strictly positive.

Rigidity Maintenance

R = R(p)TR(p)

Theorem

N (R) = {trivial infinitesimal motions}

rigidity eigenvalue

Rigidity Maintenance 
Design a control law to minimize a 
scalar potential function related to 
the rigidity eigenvalue

⇠i = �@V�

@�4

✓
@�4

@pi

◆
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Rigidity Maintenance

Control

Robot i Position 
EstimatorEnvironment

...

Rigidity 
Estimator

...

...

λ̂7

v̂k, k 2 Ni(t)

v̂i

pk, k 2 Ni(t)

kpk � pik

k 2 Ni(t) p̂ci

p̂ck, k 2 Ni(t)

- Power Iteration (Yang et al. 2010) 
- consensus filters used to distribute                          
computation  

[Zelazo, Franchi, Robuffo-Giordano, IJRR2015]
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Rigidity Maintenance
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Conclusions and Outlook

• coordination methods for multi-agent systems depend  
 on sensing and communication mediums  

• rigidity theory is a powerful framework for handling 
high-level multi-agent  objectives under different 
sensing and communication constraints  

• rigidity maintenance is an important “inner-loop” for 
multi-robot systems
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