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Motivation

• A  team  of  autonomous  surface  
vehicles  (ASV)  tasked  with  exploring  
unknown  terrain

• A  scout  drone  provides  team  leader  
with  waypoints  of  interest

• Vehicles  should  maintain  a  specified  
spatial  formation  
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Formation  Objective:    Follow  the  leader  while
maintaining  the  desired  formation
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Formation  Objective:    Follow  the  leader  while
maintaining  the  desired  formation

• Formation  Stabilization
• Formation  Tracking



Formation  Stabilization
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• a  team  of  kinematic  point  masses
2d

1d

4x

1x 2x

3x
3d

4d5dẋi = ui, i = 1, . . . , n

xi, ui 2 R2

• a  sensing  and  communication  network
G = (V, E)

o agents  can  sense  relative  positions  
and  distances  of  neighbors
ek = xj � xi ij 2 Eedge  k  =

d =
h
d21 · · · d2|E|

iT

the  formation  is  specified  by  a  
distance  constraint  vector

kekk2
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Theorem

ui =
X

j ⇠ i

ek = xj � xi

�
kekk2 � d

2
k

�
ek

Under  the  distributed  control

the  set    
F(x) =

�
x 2 R2n | kekk2 � d

2
k = 0, k = 1, . . . , |E|

 

is  locally  and  asymptotically  stable.

[Krick 2007,  Anderson  2008,  Dimarogonas 2008,  Dörfler 2010]



Rigidity  Theory
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What  are  the  minimum  number  of  
distance  constraints  required  to  
ensure  the  correct formation  shape?

F (x) =
1

2

2

64
ke1k2

...
ke|E|k2

3

75

Edge  function

Rigidity  Matrix

R(x) =
@F (x)

@x

2 R|E|⇥2n

F(x) =
�
x 2 R2n | kekk2 � d

2
k = 0, k = 1, . . . , |E|
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Not  Rigid Minimally  Rigid Rigid

• A  framework  is  infinitesimally  rigid if  and  only  if  
• A  framework  is  minimally  rigid if  the  removal  of  any  
edge  leads  to  a  non-rigid  framework  (i.e.,                                  )  

• A  framework  is  minimally  infinitesimally  rigid  (MIR) if  it  
is  both  minimally  rigid  and  infinitesimally  rigid  
(i.e.,                                                                  )  

rk[R(x)] = 2n� 3

|E| = 2n� 3

rk[R(x)] = |E| = 2n� 3
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ui =
X

j ⇠ i

ek = xj � xi

�
kekk2 � d

2
k

�
ek

distributed  control closed-loop  dynamics

ẋ = �R(x)T (R(x)x� d)| {z }
�

distance  error  vector

Distance  Error  Dynamics

�̇ = �2R(x)R(x)T �

�k = kekk2 � d2k

R(x) =

2

664

. . .
e

T
k

. . .

3

775

| {z }
diag(eTk )

(ET (G)⌦ I2)x
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Theorem
For  any  minimally  infinitesimally  rigid  framework,  the  
formation  error  dynamics  is  locally  exponentially  stable.

Proof  (sketch)

� = 0 ! x = x

⇤

Linearization  of  error  dynamics
˙̃
� = �2R(x⇤)R(x⇤)T| {z }

M(x⇤)

�̃

R(x)

M(x⇤)

MIR full  row  rank

positive  definite
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Formation  Objective:    Follow  the  leader  while
maintaining  the  desired  formation

• One  agent  is  injected  with  external  velocity  
reference  command

ẋ1 = u1 + vref

• Closed-loop  dynamics

ẋ = �R(x)T (R(x)x� d) +Bvref

B =

2

6664

I
0
...
0

3

7775
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Formation  Tracking  Control

ẋ = �R(x)T (R(x)x� d) +Bvref

Steady-state
Error!
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Steady-state  Formation  
Error
Theorem
For  a  constant  leader  reference  velocity,  the  steady-state  
formation  error  of  the  linearized  error  dynamics,

˙̃
� = �2R(x⇤)R(x⇤)T �̃ + 2R(x⇤)Bv

is
lim
t!1

�̃(t) =
�
R(x⇤)R(x⇤)T

��1
R(x⇤)Bv

and  is  bounded  as

k�̃(1)k 
p

d

max

�

max

(L(G))
�

min

(R(x⇤)R(x⇤)T )
kvk
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v = 0.1m/sec

�
max

(G1) = 6 �
max

(G2) = 5.343

d
max

= 1.93 d
max

=
p
2

�min(M(x⇤)) = 1.411�min(M(x⇤)) = 0.402

k�(1)k = 0.0418k�(1)k = 0.0411
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Eliminate  the  Steady-State  
Error
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A  Proportional-Integral  
Control

ẋ = �pR(x)T (R(x)x� d)� IR(x)T
Z t

0
(R(x)x� d) d⌧

P ,I > 0
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A  Proportional-Integral  
Control


�̇

⇣̇

�
=


�2pM(x) 2I �M(x)

II 0

� 
�

⇣

�
+


�2R(x)B

0

�
vref

Distance  Error  Dynamics  with  PI  Control

Theorem
For  any  minimally  infinitesimally  rigid  framework,  and  for  
the  origin  of  the  zero-input  error  dynamics  is  locally  asymptotically  
stable

P ,I > 0
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A  Proportional-Integral  
Control
The  PI  control  scheme  can  ensure  zero  
steady-state  error  for  constant  velocity  
references
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Conclusions

• Velocity  tracking  problem  for  formations
• Steady-state  error  bounds  
• A  PI  control  solution
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