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Networked systems

Why a tutorial on graph theory in systems and control?

I networks are all around us

I this trend will continue, e.g., internet of things, next generation mobility

I networked robotics and aerospace systems will play an ever increasing role
in the society at all levels

I system and control theory can play a significant role in this new era of
networked systems ...

I however, we need to start blending in combinatorial/discrete mathematics
in mainstream control theory even more ...

This tutorial is framed around this objective ...
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a Few Immediate Observations

I networked systems are coupled through information exchange

I inter-agent information exchange is through sensing and communication

I the collective dynamics is a function of ”agent” dynamics and the
information-induced coupling

I we can synthesize collective behavior by making the control action on each
agent a function of the information available to the agent (sense,
communicated, etc.)

a powerful abstraction for encoding “interactions” in a network
is that of a graph
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Graph Abstraction

I a finite, undirected, simple graph, or a graph for short, is built upon a finite
set of ”nodes” or vertex set V = {v1,v2, . . . ,vn}

I the edge set is a subset of the two-element subsets of V, i.e., E ✓ [V]2

I the graph is then specified by G = (V,E)

for example, we can have G = (V,E) where

V = {1,2,3} and E = {{1,2},{2,3}}

a simpler representation
however would be

1

2

3
Some natural constructs based on the correspondence between set theoretic and
graph-theoretic representation can now be defined– examples: paths, walks,
cycles, etc.
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Simple Constructs on Graphs

a path a cycle a walk

graphs can be used in general to encode relations between objects, e.g.,
existence of communication or sensing links, routes, etc.
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Birth of Graph Theory

bridges of Konigsberg and Euler’s abstraction:

this is an important step, as it stripes away all particular details related to the
Konigsberg bridges that are not relevant to the problem at hand! so now we
have a graph! what are we looking for now? We want to find out if there is a
closed walk traversing all edges of the graph exactly once. If such a walk exists
we call the graph Eulerian.

Theorem

A connected graph G is Eulerian if and if only every vertex has an even degree.
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Graphs and Matrices

As we aim to embed graph/networks in dynamic systems, it is natural to work
with linear algebraic representation. For example, a graph can be represented as,

v2

v1

v3

v4

A(G) =

2

664

0 1 0 0
1 0 1 1
0 1 0 1
0 1 1 0

3

775

the adjacency matrix for the n-node graph G = (V,E) is the n⇥n matrix:

[A(G)]i j =

⇢
1 if viv j 2 E,
0 otherwise.
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Degree Matrix and the Laplacian

note that the adjacency for the graph is symmetric by construction
there are other matrices associated with the graph, for example, let d(v) be the
number of neighbors of vertex v (its degree) and define the degree matrix as,

D(G) =

0

BBBBB@

d(v1) 0 · · · 0
0 d(v2) · · · 0

...
...

. . .
...

0 0 · · · d(vn)

1

CCCCCA

note that the adjacency and the degree matrices are both square, say, n⇥n,
where n is the number of nodes

Another useful matrix representation is the Laplacian:

L(G) = D(G)�A(G)

graph Laplacian has been very popular in multiagent networks!
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Incidence Matrix

Yet another matrix representation can in fact capture the orientation of the
edge as well: suppose the graph has n nodes and m edges: the n⇥m incidence
matrix E(G) is defined as

E(G) = [Ei j] , where Ei j =

8
<

:

�1 if vi is the tail of e j,
1 if vi is the head of e j,
0 otherwise.

v1

v2

v3

v4

e1

e2

e3

E(G) =

2

664

�1 �1 0
0 1 0
1 0 1
0 0 �1

3

775

note that for di↵erent orientations on the edges we get a di↵erent incidence
matrix! (same dimension though!)

Let us see what happens when we consider E(G)E(G)T for some arbitrary
orientation. First notice that the resulting matrix will be n⇥n.
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Incidence and Laplacian

A compact formula for matrix multiplication is of course:

[AB]i j = Â
k

AikBk j

[E(G)E(G)T ]i j = Â
k

E(G)ikE(G) jk

which is �1 when i and j are incident on the same edge k, that is if they are
neighbors! Moreover,

[E(G)E(G)T ]ii = Â
k

E(G)ikE(G)ik

counts the number of edges incident on node i, i.e., its degree! so guess what:

L(G) = E(G)E(G)T

independent of the orientation that you have given to the incidence matrix!
This also shows that L(G) is positive semi-definite, since for all x 2 Rn:

x
T

L(G)x = x
T

E(G)E(G)T
x = kE(G)T

xk2 � 0

which means that not only are the eigenvalues of the Laplacian real numbers (as
the Laplacian is symmetric) but also non-negative
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Spectra of the Graph Laplacian

For Laplacian, we can order the eigenvalues as follows,

0  l1(G)  l2(G)  . . .ln(G);

in this case, lk refers to the kth smallest eigenvalue of the (graph) Laplacian ...

I By construction, L(G)1 = 0 for any graph (why?). So l1(G) = 0.
I A natural question (with many consequences) is whether l2(G) > 0?
I In other words, we need to characterize the null space of L(G):

N (L(G)) = {z 2 Rn |L(G)z = 0}

What are the vectors in N (L(G)) except the subspace generated by 1,
namely,

A = {x |x = a1, a 2 R}
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Null Space of the Laplacian

in order to answer this question, notice that if z 2 N (L(G)), then

L(G)z = E(G)E(G)T
z = 0

that is,

z
T

E(G)E(G)T
z = 0

or kE(G)T
zk2 = 0 or E(G)T

z = 0 or z
T

E(G) = 0. This means that if i j 2 E, then
zi = z j; so if the graph is connected,

z1 = z2 = . . . = zn

that is z = a1 for some a! And in fact, if we think of z as

z : V(G) ! Rn

then z is constant on each (connected) component of G. What that means is
that for each component we get one extra dimension for the null space of L(G).

Lemma

Let G have c connected components (when c = 1 the graph is connected). Then
rank L(G) is n� c.
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Rank, l2, and Connectivity

and in fact, rank L(G) = n�1 if and only if G is connected! this is our first
encounter with how the “linear algebra” of the Laplacian tells us something
about the structure of the graph.
another way to say the same thing is that

G is connected if and only if l2(G) > 0

a natural question now is whether more positive l2 captures some qualitative
notion of ”more” connectivity? For example, we can define the node
connectivity of G, denoted by k0(G) as the minimum number of nodes that
needs to be removed from the graph before the graph becomes disconnected.

Courant-Fisher to the rescue:

l2(G) = min
x?1,kxk=1

x
>

L(G)x

So this means that

l2(G)  x
>

L(G)x for all x ? 1,kxk = 1
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Structure vs. Spectra

Let us consider removing S ⇢ V (subset of nodes) from the graph G = (V,E); we
denote the Laplacian of this new graph as L(G\S).

Let y be the normalized eigenvector corresponding to l2(G\S):

L(G\S)y = l2(G\S)y; kyk = 1,y ? 1

Now define the vector

z =


y

0

�
;

note that kzk = 1 and z ? 1; as such l2(G)  z
>

L(G)z. That is,

l2(G)  Â
uv2E(G\S)

(yu � yv)
2 + Â

uv2E(S)

(zu � zv)
2

| {z }
0

+ Â
u2S

Â
v2G\S

( zu|{z}
0

�zv)
2

so,

l2(G)  l2(G\S)+ Â
u2S

1 = l2(G\S)+ |S|
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Spectra vs. Structure

Okay! Now suppose that S is chosen as the cutset corresponding to k0(G).
Then l2(G\S) = 0 and

l2(G)  k0(G)

Upshot: l2(G) is a lower bound for node connectivity!

The bound is actually tight, for example l2(C4) = k0(C4) = 2

summary so far:

I L(G) = E(G)E(G)> = D(G)�A(G)

I L(G) is positive semidefinite

I l2(G) > 0 i↵ G is connected

I l2(G) is a measure of connectivity

Oh ... one last thing: trace of any matrix is the sum of its eigenvalues, so

traceL(G) = Â
i

d(vi) = 2 |E(G)|
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Spectra of Some Classes of Graphs

Complete Graph

It would be good to develop some intuition for spectra of graphs, and in
particular their dependencies on n, if any. Of course we have to start with the
complete graph on n nodes, denoted by Kn:

L(Kn) =

2

6664

n�1 �1 · · · �1 �1
�1 n�1 · · · �1 �1
...

...
...

...
...

�1 �1 �1 �1 n�1

3

7775
= nI �11T

as always, l1(Kn) = 0 and u1 = 1/
p

n. The other eigenvectors, generically
denoted by x for now, can chosen to be orthogonal to 1. So

L(Kn)x = (nI �11T )x = lx

Hence for all these eigenvectors

nx = lx!

The spectrum of L(Kn) is thus

0,n,n, . . .n; check that trace{L(Kn)} = n(n�1)
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Spectra of some other classes of graphs

2(1� cos2kp/n), k = 0,1, . . .n�1

2(1� coskp/n), k = 0,1, . . .n�1

n�2 eigenvalues of 1, one eigenvalue of
zero (as always) and last one is
2(n�1)� (n�2) = n
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dynamics on graphs

so far, graphs and some linear algebra, spectra vs. structure, and examples on
how to find the spectra in closed form for certain classes of graphs. We now
what to see how this machinery actually helps us understand dynamics on
networks

Our Action Plan is as follows:

1. we start with a baseline dynamics/distributed algorithm called consensus

2. we relate consensus behavior to structure of the graph

3. this setup can then be extended to directed graphs

We then move on to show that this distributed algorithm can be used in many
di↵erent context to do very useful distributed tasks for us

However, it is important to note that the same line of research could
have been pursued with a di↵erent baseline/distributed protocol or view
completely from the perspective of patterned matrices independent of
particular protocol!
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Network in the Dynamics- general setup

I Graph G is composed of physical nodes V and coupling edges E
I Node i acquires information from the set of its neighbors N (i)

I Node i has a state xi(t) and neighbor information Ii(t) =
�

x j(t)| j 2 N (i)
 

I Provides a naturally distributed dynamics over G

ẋi(t) = fi(xi(t), Ii(t))

I some of the earlier works in distributed decision-making include: DeGroot
(’74), Borkar and Varaiya (’82), Tsitsiklis (’84) ...
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Agreement/Consensus Protocol

Consensus Model

ẋi(t) = � Â
j2N(i)

wi j (xi(t)� x j(t))

 ẋ(t) = �L(G)x(t)

where L(G) is the (weighted) Laplacian
matrix.

I appears in: flocking, formation control, opinion dynamics, energy systems,
synchronization, distributed estimation, distributed optimization, among
many others!

Let us examine the convergence of the algorithm a bit more ... in terms of the
graph structure. We will assume that wi j = 1 for this purpose, although our
observations generalize seamlessly to weighted graphs
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Consensus and l2

Let us consider consensus on undirected networks ... spectral factorization of
the Laplacian is of the form

L(G) = ULU
>

where

U =
⇥

u1 u2 · · · un

⇤
and L =

2

6664

l1 0 · · · 0
0 l2 · · · 0
...

...
...

...
0 0 · · · ln

3

7775

as such,

x(t) = e
�L(G)t

x(0) = Ue
�tL

U
T

x(0)

= u
>
1 x(0)u1 + e

�l2t
u

>
2 x(0)u2 + . . .+ e

�lnt
u

>
n

x(0)un

so if the graph is connected (noting that u1 = 1/
p

n)

x(t) ! 1T
x(0)

n
1 at a rate proportional to l2(G)!
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more on consensus and l2

in fact,

kx(t)� 1T
x(0)

n
k = k

n

Â
i=2

e
�lit u

>
i

x(0)| {z }
ai

uik

=
n

Â
i=2

e
�lit |ai|  (n�1) b|{z}

maxi |ai|

e
�l2t

so if we want kx(t)� 1T
x(0)
n

k  e for some e > 0, then we need

t � {ln
b (n�1)

e
}/l2(G) µ 1

l2(G)

higher algebraic connectivity directly translates to faster convergence (in a linear
way)!
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what insights graph theory provides for consensus

some observations:

I Recall that l2(Pn) = 2(1� coskp/n), l2(Cn) = 2(1� cos2kp/n),
l2(Sn) = 1, and l2(Kn) = n

I what this means is that as n ! •, the rate of convergence for Pn and Cn

goes to zero!

I in the meantime, the rate of convergence for Kn grows linearly with n

I however, the number of edges for Pn, Cn grow linearly with n but for Kn the
number of edges is O(n2)!

this thread of thought leads to the area of graph synthesis
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how baseline consensus can be used for more elaborate

distributed algorithms

I as a distributed subroutine for mixing

I including the right inputs to consensus (not just driven by initial conditions)

I consensus with nonlinear and/or state-dependent weights (used in
preserving connectivity in distributed robotics)

I consensus with negative, complex-valued, and matrix weights

I consensus across scales

I consensus with security and privacy considerations
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Structural Stability of Linear Time-Invariant
Systems

Graph Theory in Systems and Controls: part 2

M.-A. Belabbas

1University of Illinois at Urbana-Champaign
Electrical and Computer Engineering
Coordinated Science Laboratory

Conference on Decision and Control, 2018
Miami Beach, FL, USA
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Which structured LTI systems can sustain stable
dynamics?

d

dt

⎡

⎢⎢⎣

x1

x2

x3

x4

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

a11 0 0 a14
0 0 a23 a24
a31 0 a32 0
0 a420 0 a44

⎤

⎥⎥⎦

⎡

⎢⎢⎣

x1

x2

x3

x4

⎤

⎥⎥⎦+

⎡

⎢⎢⎣

b1
0
b3
0

⎤

⎥⎥⎦u

! Does there exist values of the aij ’s that yield asymptotically stable
dynamics? If so, we call the system structurally stable.

! Does there exist values of the aij ’s and bi’s that yield controllable
dynamics? If so, we call the system structurally controllable.

! Recall: Linear time-invariant dynamics is asymptotically stable iff
the eigevalues of the system matrix have strictly negative real parts.

! Graph theory is the natural framework to study structural stability.
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Reformulating the structural stability problem

A =

⎡

⎢⎢⎢⎢⎣

0 ∗ ∗ 0 ∗
∗ ∗ 0 ∗ ∗
0 ∗ 0 ∗ 0
0 ∗ 0 ∗ ∗
∗ 0 0 ∗ 0

⎤

⎥⎥⎥⎥⎦

∗ entries are arbitrary real

0 entries are fixed to zero

Definition (Zero-pattern (ZP))
Set Eij to be the n× n matrix with all entries 0 except for the ijth one,
which is 1. We call a zero pattern a vector space Z of matrices

A =
∑

(i,j)∈N

aijEij .

! Does the ZP contain stable (Hurwitz) matrices?

! We call a ZP that contains Hurwitz matrices stable
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Hurwitz Digraphs and Zero-Patterns
! Think of a ZP as an adjacency matrix with

0 −→ 0

∗ −→ 1

! There is a bijection between zero patterns Z and digraphs
G = (V,E) with V = {v1, . . . , vn} and E = N .

⎡

⎢⎢⎢⎢⎢⎣

∗ 0 0 ∗ 0
∗ 0 0 0 0
0 ∗ 0 0 0
0 0 ∗ 0 ∗
∗ 0 0 ∗ 0

⎤

⎥⎥⎥⎥⎥⎦

v5

v1

v2

v4

v3

a14a11

a21

a32

a45

a43

a51
a54

! We call a graph Hurwitz or stable if the corresponding ZP is stable.

How to determine if a graph is Hurwitz? How to create
Hurwitz graphs?
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Which graph is stable?

1

2

3

5

4

⎡

⎢⎢⎢⎢⎣

∗ ∗ 0 0 0
∗ 0 ∗ 0 0
∗ 0 0 ∗ 0
0 0 ∗ 0 ∗
∗ 0 0 0 0

⎤

⎥⎥⎥⎥⎦

1

2

3

5

4

⎡

⎢⎢⎢⎢⎣

∗ ∗ 0 0 ∗
0 0 ∗ 0 0
∗ 0 0 ∗ 0
0 0 0 0 ∗
∗ 0 0 ∗ 0

⎤

⎥⎥⎥⎥⎦

Which graph is stable?
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Key idea: need enough mixing of information

Lemma
A digraph G is stable only if every strongly connected component has a
node with a self-loop

1

2 3

Not stable: the strongly connected component
{2, 3} has no nodes with a self-loop.

This is not the end of the story...

1

2 3

The graph is strongly connected and has a
self-loop, yet not stable.

−→ need to find the graphical structure that enables stability
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k-decompositions

! k-cycle in G: a sequence of k distinct nodes
connected by edges.

! Two cycles are disjoint if they have no nodes in
common.

! k-decomposition in G: union of disjoint cycles
covering k nodes.
A k-decomposition is given by cycles
S1, . . . , Sl if the Si are disjoint and
|S1|+ · · ·+ |Sl| = k.

! Hamiltonian cycle (resp. decomposition):
n-cycle (resp. decomposition).

1

2

3

4

5

6

1-cycle = (1)
2-cycle: (23)
3-cycle: (456)
3-decomp.: (1)(23) or
(456)
4-decomp.: (1)(456)
5-decomp.: (23)(456)

M.-A. Belabbas (University of Illinois) Strcutural Stability CDC18 7.1/ 28



A necessary condition for stability

Theorem1

A digraph G is stable only if it contains a k-decomposition for each
k = 1, 2, . . . , n

1

2

3

5

4

⎡

⎢⎢⎢⎢⎣

∗ ∗ 0 0 ∗
0 0 ∗ 0 0
∗ 0 0 ∗ 0
0 0 0 0 ∗
∗ 0 0 ∗ 0

⎤

⎥⎥⎥⎥⎦

1-decomp.: (1), 2-decomp.: (15), 3-decomp.:(1)(45) but no
4-decomp. −→ not stable.

1B. “Sparse Stable Systems”, Systems and Control Letters, 2013
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A necessary condition for stability: sketch of proof

! Sk: symmetric group on k characters.

! For σ ∈ Sk, let σ(i) be the position of the ith in the permutation.

e.g. σ : {1, 2, 3, 4} → {2, 1, 4, 3} then σ(1) = 2 and σ(3) = 4.

! It is known that A is Hurwitz only if all coefficients of its
characteristic polynomial are non-zero.

! Characteristic polynomial of A is given by

det(Iλ−A) =
n−1∑

k=0

(−1)kλk
∑

σ∈Sn−k

(−1)σ
n−k∏

i=1

ai,σ(i)
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A necessary condition for stability: sketch of proof (II)

! Each term
∏k

i=1 ai,σ(i) corresponds to a
k-decomposition.

! Said otherwise: each permutation in Sk

corresponds to a k-decomposition:
e.g. permutation in S3 that sends {4, 5, 6}
to {5, 6, 4} is depicted in red.
permutation in S3 that sends {1, 2, 3} to
{1, 3, 2} is depicted in blue+green.

! Conclusion: no k-decompositions =⇒
degree n− k term in characteristic
polynomial of any matrix in Z is zero =⇒
graph and ZP are not stable

1

2

3

4

5

6

1

2 3
p(s) =

s3 − a11s2 + 0s− a12a23a31.
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A sufficient condition for stability
Theorem2

A digraph G is stable if it contains a sequence of nested
k-decomposition for each k = 1, 2, . . . , n.

We say that a k-decomposition K1 is nested in K2 if the node set of K1

is included in the one of K2

1

2

3

5

4

⎡

⎢⎢⎢⎢⎣

∗ ∗ 0 0 0
∗ 0 ∗ 0 0
∗ 0 0 ∗ 0
0 0 ∗ 0 ∗
∗ 0 0 0 0

⎤

⎥⎥⎥⎥⎦

1-decomp.: (1), 2-decomp.: (12), 3-decomp.:(123),
4-decomp.:(12(34), 5-decomp.:(12345).

2B. “Sparse Stable Systems”, Systems and Control Letters, 2013
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Are the necessary and sufficient conditions close?

! There are many graphs that are stable, but do not pass the
sufficient condition.

! From our simulations, we observe that the necessary condition is
close to being sufficient: the number of graphs that pass the
necessary condition and are not stable is relatively small.

! Stability is not generic. The proportion of stable matrices in a ZP
can be very small.

! Hence simulations studies are “hard”: one needs to sample many
matrices in a SMS to conclude non-stability. Very unlike structural
controllability: almost all systems in a zero-pattern are controllable.
Sample one system: with probability one, it is controllable if the
zero pattern is.
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Minimal stable graphs and notions of robustness
Observation: adding an edge to a stable graph yields another stable

graph.
We say that graph stability is monotone with respect to edge addition.

This simple observation yields two interesting definitions:
! Minimal stable graphs: stable graphs for which removing any edge

yields an unstable graph.
All stable graphs are “descendants” of minimal stable graphs. We
can think of them as “prime” graphs.

! Robustly stable graphs: stable graphs for which removing any
edge yields a stable graph.
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The Tree of Three-Graphs
       

              

                                                        

                                                                                                                               

                                                                                                                                                                                        

                                                                                                                                                                                                                                                                             

                                                                                                                                                                                                                                       

                                                                                                                        

                              

               

Resilience Index

RobustFragile

�

�

�

�

�

�

�

�

�

�

�

�

Unstable

�

�

�

�

�

�

Box → graph on three
nodes
Same # edges → same row
Edge between box denotes
inclusion
Shade: # stable ancestors

# ancestors
Minimal stable: lightest
shade. There are 7.
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Reciprocal or Symmetric graphs

! It is often the case that information exchange is bilateral: i ↔ j.

! We call a graph reciprocal or symmetric of to every edge (i, j) ∈ E
there is an edge (j, i) ∈ E.

! The corresponding ZP is symmetric:

12 5

3 4

A =

⎡

⎢⎢⎢⎢⎢⎣

∗ ∗ ∗ 0 ∗
∗ ∗ ∗ 0 0
∗ ∗ 0 ∗ 0
0 0 ∗ 0 ∗
∗ 0 0 ∗ 0

⎤

⎥⎥⎥⎥⎥⎦

! Two cases: either the matrices in the ZP are symmetric (strongly
symmetric ZP) or not necessarily symmetric (weakly symmetric ZP).
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Stability of Symmetric Graphs

Definition3
A ZP is (weakly symmetric if to a free variable in position ij corresponds
a free variable in position ji. A ZP is strongly symmetric if it only
contains symmetric matrices.

Theorem3

A strongly symmetric ZP is stable if and only if all its diagonal elements
are free.

Theorem3

A weakly symmetric ZP is stable if and only if its graph is so that
1. Every node is strongly connected to a self-loop
2. The graph contains a Hamiltonian decomposition.

3A. Kirkoryan and B. “Symmetric Sparse Systems”, CDC 2014.
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Key notion: fat trees

The proof of the last theorem is graphical in nature. We sketch is here.
A tree graph is a graph without cycles.

1

23

4

6

75 1112

13 14

2131 32

33

41 42

61

71
51

1112

13 14

2131 32

33

41 42

61

71
51

! Tree graph → Nodes can be cycles → Edges are symmetric → fat
tree
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Stability of symmetric graphs

! Proof idea: Given a symmetric graph G, show that if
1. Every node in G is connected to a self-loop
2. G contains a Hamiltonian decomposition

→ then there exists a sequence of nested k-decompositions,
k = 1, . . . , n.

! The conclusion above says that we satisfy the sufficient condition
presented earlier.

! Proof technique: find a fat tree in G. Fat trees provide a natural
ordering of nodes. Use the ordering to exhibit nested
k-decompositions:
We label (order) the nodes so that
{1}, {1, 2}, {1, 2, 3}, . . . , {1, . . . , n} all have k-decompositions. By
construction, they are nested.

M.-A. Belabbas (University of Illinois) Strcutural Stability CDC18 18.1/ 28



Stability of symmetric graphs (II)

v0

v4

v3

v1

v2

Draw the cycles of a Hamiltonian
decomposition of G. This is a
subgraph of G.

Connect every cycle to the cycle
with the self-loop. We can do so by
assumption 1.

M.-A. Belabbas (University of Illinois) Strcutural Stability CDC18 19.1/ 28



Stability of symmetric graphs (III)

Add reciprocal edges. The resulting
graph is a planar subgraph of G by
construction.

1

6 2

9

1011

26

15 16

171413

12

25

24

23

18

22192021

7

8

5 4

3

Ordering: Set v0 at 1. Order nodes
counter-clockwise. Skip already numbered
nodes. By construction, no node lies inside
→ complete ordering. Call this graph P .
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Stability of symmetric graphs: (IV)

The last graph shown is a subgraph of G. We show that is satisfies the
hypothesis of Theorem 2.

1

6 2

9

1011 15 16

171413

12

18

22192021

7

8

5 4

3 ! There is a unique path from any node
k to 1 using the plain edges of P only.

! Key observation: by construction, the
subgraph induced by the node set
{1, 2, . . . , k} is the union of the path
joining 1 to k and l-cycles.
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Stability of symmetric graphs: (V)

1

6 2

9

1011 15 16

171413

12

18

22192021

7

8

5 4

3

A n = 22-decomposition

! The subgraph induced by nodes
{1, . . . , k} admits a Hamiltonian
decomposition, which is thus a
k-decomposition of G.

! Depending on whether the path
joining 1 to k has an even or odd
number of nodes, the decomposition
is in 2-cycles (even) or self=loop+2
cycles (odd).

! Repeating the procedure for each
node k = 1, . . . , n, we obtain nested
k-decompositions.
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Structural Stability of Random Graphs

! Random graph theory provides a different lens to look at what may
otherwise be hard problems.

! We look for conditions under which a sample graph form a given
distribution is structurally stable with overwhelming probability.

! The results are asymptotic in the number of nodes.

! Allows us to overlook finer structural details and obtain answers
when the graph is very large.

! Recall: Bernoulli distribution with parameter p: P (ω = 1) = p
P (ω = 0) = 1− p, ω ∈ Ω = {0, 1}.

M.-A. Belabbas (University of Illinois) Strcutural Stability CDC18 23.1/ 28



Random graphs models

! We look at two random graph models for symmetric ZP

! Model 1: variable number of edges Gn
p,q

1. Graph on n nodes
2. Existence of an edge between nodes i and j, i ̸= j are independent Bernoulli

random variables with parameter p
3. Existence of a self-loop are independent Bernoulli r.v. with parameter q.

! Model 2: fixed number of edges Fn
M,K

1. Graph on n nodes
2. Exactly M edges (i, j), chosen uniformly at random amongst all possible

edges (i, j), i ̸= j.
3. Exactly K self-loops chosen uniformly at random.

Definition
We say that almost every random graph Gn has a property X, if
P(Gn has X) → 1 as n → ∞

M.-A. Belabbas (University of Illinois) Strcutural Stability CDC18 24.1/ 28



Problem Statement

! We consider probabilities that depend on n. We need
p(n), q(n) → 0 n → ∞, otherwise random graphs a very dense.

Problem
For what magnitudes of p = p(n) and q = q(n), is almost every random
graph Gn

p,q ) stable? For what magnitudes of M = M(n) and K = K(n),
is almost every random graph Fn

M,K ) stable?

! Define ω1,ω2, such that:

p = p(n) =
ln(n) + ω1

n
, q = q(n) =

ω2

n
.

This particular form for p(n), q(n) makes statements easier.

M.-A. Belabbas (University of Illinois) Strcutural Stability CDC18 25.1/ 28



Results for Model 1

Theorem4

Assume that q(n) < 1− ε for some ε > 0

1. Almost every graph in Gn
0,q contains a self-loop if and only if

ω2 → ∞.
2. Almost every graph in Gn

p,0 contains a Hamiltonian decomposition if
and only if ω1 → ∞.

3.
P(Gn

p,q is stable) → 1 ⇐⇒ ω1,ω2 → ∞.

p = p(n) =
ln(n) + ω1

n
, q = q(n) =

ω2

n
.

p is probability of an edge, q is probability of a self loop

4B., A. Kirkoryan, preprint; A. Kirkoryan PhD thesis
M.-A. Belabbas (University of Illinois) Strcutural Stability CDC18 26.1/ 28



Results for Model 2

Define ω1,ω2 such that:

M = M(n) =
n(ln(n) + ω1)

2
, K = K(n) = ω2.

Theorem5

Assume that M < n2(1−ε)
2 for some ε > 0, then

P(Gn
M,K is stable) → 1 ⇐⇒ ω1 → ∞, ω2 ≥ 1.

5B., A. Kirkoryan, preprint; A. Kirkoryan PhD thesis
M.-A. Belabbas (University of Illinois) Strcutural Stability CDC18 27.1/ 28



Thank you for your attention!
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Control of Networks

! Model

ẋi(t) = −wiixi(t) +
∑

i∼P

wiPxP (t)+ui(t)

that in general assumes the form:
ẋ(t) = A(G)x(t) +B(S)u(t)

Controllability/observability: stabilization via feedback, observer design,
disturbance/noise rejection, optimal control, and pole placement



Network Controllability
For the LTI plant (A(G, S), B(S)) what are the structural conditions for
controllability? One approach is to link uncontrollability to symmetry

For today, we will use the edge leader follower dynamics

ẋ = A(G, S)x+B(S)u = −(L(G) +B(S)B(S)T )x+B(S)u.

(These results can be extended to the leader follower dynamics
ẋ = A(G,R)x+B(R)u and controlled consensus dynamics
ẋ = −L(G)x+B(S)u)



Symmetry
First, what do we mean by symmetry...

Definition
An automorphism of the graph is a mapping π : V(G) → V(G) such that if
{i, p} ∈ E(G) ⇐⇒ {π(i),π(p)} ∈ E(G)

Represented as π : {1, 2, . . . , n} → {1, 2, . . . , n} , π(i) = p

1 2 3 · · · n
↓ ↓ ↓ ↓

π(1) π(2) π(3) π(n)

Example
1 → 3, 2 → 2, 3 → 1
Mapping π : V(G) → V(G)
π(1) = 3, π(2) = 2, π(3) = 1
The edges {π(i),π(P )}
{1, 2} → {3, 2} ∈ E , {2, 3} → {2, 1} ∈ E =⇒ π is an
automorphism



Symmetry

We need an algebraic representation of the automorphism π.

Definition
A permutation matrix is a {0, 1} square matrix with one “1” and one “zero” in
each row and column.

π →permutation matrix P such that PA(G) = A(G)P

Example

PA(G) =

⎡

⎣
0 0 1
0 1 0
1 0 0

⎤

⎦

⎡

⎣
0 1 0
1 0 1
0 1 0

⎤

⎦ =

⎡

⎣
0 1 0
1 0 1
0 1 0

⎤

⎦

A(G)P =

⎡

⎣
0 1 0
1 0 1
0 1 0

⎤

⎦

⎡

⎣
0 0 1
0 1 0
1 0 0

⎤

⎦ =

⎡

⎣
0 1 0
1 0 1
0 1 0

⎤

⎦



Symmetry
We also need a link between the automorphism and the inputs.

Definition
A system is input symmetric with respect to the input nodes if there exists a
nonidentity automorphism with input nodes invariant under its action.

Input symmetry (permutation P ) w.r.t. to the input nodes ⇐⇒ P ̸= I,
A(G)P = PA(G) and PB(S) = B(S).

Example

PB({v2}) =

⎡

⎣
0 0 1
0 1 0
1 0 0

⎤

⎦

⎡

⎣
0
1
0

⎤

⎦ =

⎡

⎣
0
1
0

⎤

⎦ = B({v2})

→ Input symmetric

PB({v3}) =

⎡

⎣
0 0 1
0 1 0
1 0 0

⎤

⎦

⎡

⎣
0
0
1

⎤

⎦ =

⎡

⎣
1
0
0

⎤

⎦ ̸= B({v3})

→ Input asymmetric



Symmetry
Some more preliminary work before showing our controllability conditions
For an automorphism π of G with permutation matrix P

A(G)P = PA(G) =⇒ deg(v) = deg(π(v)) =⇒ ∆(G)P = P∆(G)

then as L(G) = A(G)−∆(G) we have

L(G)P = PL(G).

For input symmetry PB(S) = B(S) then

PB(S) = B(S) =⇒ π({s}) = {s} for all s ∈ S

Finally,

A(G, S)P = −(L(G) +B(S)B(S)T )P

= −P (L(G) +B(S)B(S)T )

= PA(G, S).



Symmetry

Theorem
Input symmetry implies uncontrollability.

Proof.
For P ̸= I, A(G)P = PA(G) and PB(S) = B(S) =⇒ A(G, S)P = PA(G, S)
Let v be an eigenvector of A(G, S) := A then

APv = PAv = P (λv) = λPv

So Pv is also an eigenvector.
As A(G, S) is symmetric with a spanning set of eigenvectors then for some v,
Pv ̸= v.
Then v − Pv is an eigenvector and (v − Pv)T B(S) = vTB(S)− vTPTB(S);
hence

(v − Pv)T B(S) = vTB(S)− vTB(S) = 0

and the pair (A(G, S), B(S)) is uncontrollable by PBH



more generally ...

Theorem
Suppose that the network dynamics assumes the form

ẋ = A(G)x+ B(G)u

is such at there exists some P ∈ AUT(G) that commutes with the dynamics
and leaves the input invariant under its action, i.e.,

PA(G) = A(G)P PB(G) = B(G);

if A(G) is non-defective, then (A(G), B(G)) is not controllable.



Does Input Asymmetry =⇒ controllability?
No!

Consider the smallest asymmetric graph G controlled through a

Then A(G,R) = L(G) + I and B(R) = −1; A(G,R) has 1 as an eigenvector:

A(G,R)1 = L(G)1+ 1 = 1

All other eigenvectors of A(G,R) are orthogonal to 1; now invoke PBH!
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Consensus-Seeking Networks
The consensus protocol is a canonical model

for studying complex networked systems
Z

min
xi,ui

Ji(xi, ui,�ij) min
xj ,uj

Jj(xj , uj ,�ij)

vj , kvi, k

�ij

formation 
control

distributed 
optimization

system theory 
over graphs

Are certain information
structures more favorable

than others?

Can system performance
be characterized using

properties of the graph?

How do we synthesize
good information

structures?

H2 cycle lengths
H∞ ∝ node degree

...
...

min
G∈G

∥Σ(G)∥



Influenced Networked Dynamics
Networks may be influenced by

! selected leaders
! exogenous inputs (disturbances or noises)
! malicious agents

General Dynamics
ẋ(t) = f(G, x(t), u(t), d(t))
y(t) = g(G, x(t), u(t), d(t))

Analysis draws upon:

! Control theory:
Input-output dynamics

! Graph theory:
Design and reasoning on G

! Large-scale Optimization:
For large # nodes n

! Machine-learning:
For uncertain dynamics and
inputs



The Noisy Consensus Protocol
Dynamics

ẋ(t) = −L(G)x(t) + w(t)

y(t) = E(H)Tx(t)

! Each node corrupted by zero-mean
white Gaussian noise.

! H models the performance network
(i.e., H ⊆ G or H = Kn)

wi(t)
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consensus state (average) is driven by
noise

d

dt
avg(x(t)) = 1

n
1⊤w(t)

covariance exhibits a random walk

E(avg(x(t)2)) = σw

n
t

ẋ(t) =
1

n
1Tw(t)

average is “driven” by noises… 

E(x(t)2) = �2
w

n
t

a random walk 



The Noisy Consensus Protocol
Dynamics

ẋ(t) = −L(G)x(t) + w(t)

y(t) = E(H)Tx(t)

! Each node corrupted by zero-mean
white Gaussian noise.

! H models the performance network
(i.e., H ⊆ G or H = Kn)

wi(t)
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When driven by noise, it is meaningful
to examine how noises effect the
stead-state covariance of the relative
states

Characterized by the H2 performance

Ker(E(G)>) = span{1}
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Minimal Realizations and the Edge Laplacian
A two-port model

Z

<latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit><latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit><latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit><latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit>

E(H)>
<latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit><latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit><latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit><latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit>

E(G)>
<latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit><latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit><latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit><latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit>

E(G)
<latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit><latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit><latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit><latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit>

�
<latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit><latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit><latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit><latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit>

w(t)
<latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit>

u(t)
<latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit>

y(t)
<latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit>

z(t)
<latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit>

ẋ(t) = �L(G)x(t) + w(t)

z(t) = E(H)Tx(t)
<latexit sha1_base64="5H0SJ8SqPxVbY/uidy924qtH1bI="></latexit><latexit sha1_base64="5H0SJ8SqPxVbY/uidy924qtH1bI="></latexit><latexit sha1_base64="5H0SJ8SqPxVbY/uidy924qtH1bI="></latexit><latexit sha1_base64="5H0SJ8SqPxVbY/uidy924qtH1bI="></latexit>

Note the system is not minimal
(unobservable) and also has unbounded
H2 norm (eigenvalue at 0)

⇒ Find a stable minimal realization!

S =
[
P 1√

n
1
]

1⊤P = 0

x̃(t) = S−1x(t)

G
<latexit sha1_base64="YztUVWwh/c2GRZvK+E8yB0hubQk=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WsA+YDiWTZtrQTDIkGaEMXfsFbvUL3Ilbv8MP8D/MtLOwrQcCh3Pu5Z6cMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOOb3O/80SVZlI8mklCgxgPBYsYwcZKfi/GZkQwz+6m/WrNrbszoFXiFaQGBZr96k9vIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jMKgMUSWWfMGim/t3IcKz1JA7tZB5RL3u5+J/npya6DjImktRQQeaHopQjI1H+fzRgihLDJ5ZgopjNisgIK0yMbWnhyjxpxfbiLbewStoXdc+tew+XtcZN0VAZTuAUzsGDK2jAPTShBQQkvMArvDnPzrvz4XzOR0tOsXMMC3C+fgEqcpll</latexit><latexit sha1_base64="YztUVWwh/c2GRZvK+E8yB0hubQk=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WsA+YDiWTZtrQTDIkGaEMXfsFbvUL3Ilbv8MP8D/MtLOwrQcCh3Pu5Z6cMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOOb3O/80SVZlI8mklCgxgPBYsYwcZKfi/GZkQwz+6m/WrNrbszoFXiFaQGBZr96k9vIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jMKgMUSWWfMGim/t3IcKz1JA7tZB5RL3u5+J/npya6DjImktRQQeaHopQjI1H+fzRgihLDJ5ZgopjNisgIK0yMbWnhyjxpxfbiLbewStoXdc+tew+XtcZN0VAZTuAUzsGDK2jAPTShBQQkvMArvDnPzrvz4XzOR0tOsXMMC3C+fgEqcpll</latexit><latexit sha1_base64="YztUVWwh/c2GRZvK+E8yB0hubQk=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WsA+YDiWTZtrQTDIkGaEMXfsFbvUL3Ilbv8MP8D/MtLOwrQcCh3Pu5Z6cMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOOb3O/80SVZlI8mklCgxgPBYsYwcZKfi/GZkQwz+6m/WrNrbszoFXiFaQGBZr96k9vIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jMKgMUSWWfMGim/t3IcKz1JA7tZB5RL3u5+J/npya6DjImktRQQeaHopQjI1H+fzRgihLDJ5ZgopjNisgIK0yMbWnhyjxpxfbiLbewStoXdc+tew+XtcZN0VAZTuAUzsGDK2jAPTShBQQkvMArvDnPzrvz4XzOR0tOsXMMC3C+fgEqcpll</latexit><latexit sha1_base64="YztUVWwh/c2GRZvK+E8yB0hubQk=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WsA+YDiWTZtrQTDIkGaEMXfsFbvUL3Ilbv8MP8D/MtLOwrQcCh3Pu5Z6cMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOOb3O/80SVZlI8mklCgxgPBYsYwcZKfi/GZkQwz+6m/WrNrbszoFXiFaQGBZr96k9vIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jMKgMUSWWfMGim/t3IcKz1JA7tZB5RL3u5+J/npya6DjImktRQQeaHopQjI1H+fzRgihLDJ5ZgopjNisgIK0yMbWnhyjxpxfbiLbewStoXdc+tew+XtcZN0VAZTuAUzsGDK2jAPTShBQQkvMArvDnPzrvz4XzOR0tOsXMMC3C+fgEqcpll</latexit>

S�1L(G)S =

2

66664

2.90 0.90 0.90 �0.40 0.00
0.90 1.90 0.90 0.60 0.00
0.90 0.90 1.90 0.60 �0.00
�0.40 0.60 0.60 1.29 �0.00
0.00 0.00 0.00 0.00 �0.00

3

77775



Spanning Trees and Co-Trees

A connected graph can be
decomposed into a spanning
tree and the edges that
complete cycles (co-tree)

G = T [ C
<latexit sha1_base64="nzZVMBmjRPN7L238t3lunBsoLAc="></latexit><latexit sha1_base64="nzZVMBmjRPN7L238t3lunBsoLAc="></latexit><latexit sha1_base64="nzZVMBmjRPN7L238t3lunBsoLAc="></latexit><latexit sha1_base64="nzZVMBmjRPN7L238t3lunBsoLAc="></latexit>

Cycles can be expressed as a
“linear combination” of edges in
the tree

E(C) = E(T )R

E(G) = E(T )
[
I R

]

R is referred to as the Tucker
representation of G with
spanning tree T

Theorem [Godsil and Royle, 2001]

The cycle space of G is spanned by the
fundamental cycles of G.

Ker[E(G)] = Im
[
−R
I

]

R = (E(T )⊤E(T ))−1E(T )⊤︸ ︷︷ ︸
EL

T

E(C)



Spanning Trees and Co-Trees

1

2

3

5

4

E(T ) =

⎡

⎢⎢⎢⎢⎣

1 0 0 −1
−1 1 0 0
0 −1 0 0
0 0 1 0
0 0 −1 1

⎤

⎥⎥⎥⎥⎦

R =

⎡

⎢⎢⎣

1 1
1 1
0 1
1 1

⎤

⎥⎥⎦

1

2

3

5

4

1

2

3

5

4



Minimal Realizations and the Edge Laplacian
A two-port model

Z

<latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit><latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit><latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit><latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit>

E(H)>
<latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit><latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit><latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit><latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit>

E(G)>
<latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit><latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit><latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit><latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit>

E(G)
<latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit><latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit><latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit><latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit>

�
<latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit><latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit><latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit><latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit>

w(t)
<latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit>

u(t)
<latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit>

y(t)
<latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit>

z(t)
<latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit>

ẋ(t) = �L(G)x(t) + w(t)

z(t) = E(H)Tx(t)
<latexit sha1_base64="5H0SJ8SqPxVbY/uidy924qtH1bI="></latexit><latexit sha1_base64="5H0SJ8SqPxVbY/uidy924qtH1bI="></latexit><latexit sha1_base64="5H0SJ8SqPxVbY/uidy924qtH1bI="></latexit><latexit sha1_base64="5H0SJ8SqPxVbY/uidy924qtH1bI="></latexit>

⇒ Find a stable minimal
realization!

S−1 =

[
E(T )⊤

1√
n

1⊤

]

x̃(t) =

[
xτ (t)

avg(x(t))

]
= S−1x(t)

S−1L(G)S =

[
Less(G) 0⊤

0 0

]

The Essential Edge Laplacian
Less(G) := (E(T )⊤E(T ))(I +RR⊤)



The Edge Laplacian

G
<latexit sha1_base64="YztUVWwh/c2GRZvK+E8yB0hubQk=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WsA+YDiWTZtrQTDIkGaEMXfsFbvUL3Ilbv8MP8D/MtLOwrQcCh3Pu5Z6cMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOOb3O/80SVZlI8mklCgxgPBYsYwcZKfi/GZkQwz+6m/WrNrbszoFXiFaQGBZr96k9vIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jMKgMUSWWfMGim/t3IcKz1JA7tZB5RL3u5+J/npya6DjImktRQQeaHopQjI1H+fzRgihLDJ5ZgopjNisgIK0yMbWnhyjxpxfbiLbewStoXdc+tew+XtcZN0VAZTuAUzsGDK2jAPTShBQQkvMArvDnPzrvz4XzOR0tOsXMMC3C+fgEqcpll</latexit><latexit sha1_base64="YztUVWwh/c2GRZvK+E8yB0hubQk=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WsA+YDiWTZtrQTDIkGaEMXfsFbvUL3Ilbv8MP8D/MtLOwrQcCh3Pu5Z6cMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOOb3O/80SVZlI8mklCgxgPBYsYwcZKfi/GZkQwz+6m/WrNrbszoFXiFaQGBZr96k9vIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jMKgMUSWWfMGim/t3IcKz1JA7tZB5RL3u5+J/npya6DjImktRQQeaHopQjI1H+fzRgihLDJ5ZgopjNisgIK0yMbWnhyjxpxfbiLbewStoXdc+tew+XtcZN0VAZTuAUzsGDK2jAPTShBQQkvMArvDnPzrvz4XzOR0tOsXMMC3C+fgEqcpll</latexit><latexit sha1_base64="YztUVWwh/c2GRZvK+E8yB0hubQk=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WsA+YDiWTZtrQTDIkGaEMXfsFbvUL3Ilbv8MP8D/MtLOwrQcCh3Pu5Z6cMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOOb3O/80SVZlI8mklCgxgPBYsYwcZKfi/GZkQwz+6m/WrNrbszoFXiFaQGBZr96k9vIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jMKgMUSWWfMGim/t3IcKz1JA7tZB5RL3u5+J/npya6DjImktRQQeaHopQjI1H+fzRgihLDJ5ZgopjNisgIK0yMbWnhyjxpxfbiLbewStoXdc+tew+XtcZN0VAZTuAUzsGDK2jAPTShBQQkvMArvDnPzrvz4XzOR0tOsXMMC3C+fgEqcpll</latexit><latexit sha1_base64="YztUVWwh/c2GRZvK+E8yB0hubQk=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WsA+YDiWTZtrQTDIkGaEMXfsFbvUL3Ilbv8MP8D/MtLOwrQcCh3Pu5Z6cMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOOb3O/80SVZlI8mklCgxgPBYsYwcZKfi/GZkQwz+6m/WrNrbszoFXiFaQGBZr96k9vIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jMKgMUSWWfMGim/t3IcKz1JA7tZB5RL3u5+J/npya6DjImktRQQeaHopQjI1H+fzRgihLDJ5ZgopjNisgIK0yMbWnhyjxpxfbiLbewStoXdc+tew+XtcZN0VAZTuAUzsGDK2jAPTShBQQkvMArvDnPzrvz4XzOR0tOsXMMC3C+fgEqcpll</latexit>

S�1L(G)S =


E(T )>E(T )(I +RR>) 0>

0 0

�

<latexit sha1_base64="gx0OS2l25IhwBkohLM8z4RPgBHs="></latexit><latexit sha1_base64="gx0OS2l25IhwBkohLM8z4RPgBHs="></latexit><latexit sha1_base64="gx0OS2l25IhwBkohLM8z4RPgBHs="></latexit><latexit sha1_base64="gx0OS2l25IhwBkohLM8z4RPgBHs="></latexit>

=

2

664

2 1 �1 0
1 2 �1 0
�1 �1 2 �1
0 0 �1 2

3

775 = Le(T )

<latexit sha1_base64="UBDwL101iom833SUsgXMR5tola8="></latexit><latexit sha1_base64="UBDwL101iom833SUsgXMR5tola8="></latexit><latexit sha1_base64="UBDwL101iom833SUsgXMR5tola8="></latexit><latexit sha1_base64="UBDwL101iom833SUsgXMR5tola8="></latexit>

Edge Laplacian
Le(G) = E(G)⊤E(G) ∈ R|E|×|E|

! shares the same non-zero
eigenvalues of L(G)

! Le(T ) is positive definite
! indexed by the edges in the graph

! [Le(G)]ij = ±1 when edge i is
adjacent to edge j

! Ker[Le(G)] is spanned by
fundamental cycles in G



H2 Performance of Consensus

Z

<latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit><latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit><latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit><latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit>

E(H)>
<latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit><latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit><latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit><latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit>

E(G)>
<latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit><latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit><latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit><latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit>

E(G)
<latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit><latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit><latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit><latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit>

�
<latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit><latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit><latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit><latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit>

w(t)
<latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit>

u(t)
<latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit>

y(t)
<latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit>

z(t)
<latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit>

ẋ(t) = �L(G)x(t) + w(t)

z(t) = E(H)Tx(t)
<latexit sha1_base64="5H0SJ8SqPxVbY/uidy924qtH1bI="></latexit><latexit sha1_base64="5H0SJ8SqPxVbY/uidy924qtH1bI="></latexit><latexit sha1_base64="5H0SJ8SqPxVbY/uidy924qtH1bI="></latexit><latexit sha1_base64="5H0SJ8SqPxVbY/uidy924qtH1bI="></latexit>

Theorem [Zelazo and Mesbahi, TAC2011]

The H2 performance of the consensus protocol is
∥Σ(G)∥22 = Tr[E(H)⊤EL⊤

T XEL
T E(H)],

where
X =

1

2

(
I +RR⊤)−1

is the positive definite solution to the Lyapunov equation

L(X) = −Less(G)X −XLess(G)⊤ + E(T )⊤E(T ) = 0.



H2 Performance of Consensus

Theorem [Zelazo et al., Systems & Controls Letters, 2013]

Consider the consensus protocol with G = H = T and an edge e /∈ G. Then

∥Σ(T ∪ e)∥22 = ∥Σe(T )∥22 −
ℓ(c)− 1

2ℓ(c)
,

where ℓ(c) is the length of the fundamental cycle created by adding the edge e.

! long cycles are better than short ones



H2 Performance of Consensus
Corollary [Zelazo et al., Systems & Controls Letters, 2013]

Consider the consensus protocol with G = H = T and an edges e1, e2 /∈ G.
Then

∥Σ(T ∪ {e1, e2})∥22 = ∥Σe(T )∥22 −
(
1− ℓ(c1) + ℓ(c2)

2(ℓ(c1)ℓ(c2)− s212)

)
,

where sij is the edge correlation number for cycles ci and cj .

s12 = 0
<latexit sha1_base64="RajAZ8jAc310fUGSo6m5r0n6dYw=">AAACAnicbVDLSgMxFL3js9ZX1aWbYBFclZki6EYounFZwT6gHUomzbShmcyQ3BHK0J1f4Fa/wJ249Uf8AP/DtJ2FbT0QOJxzL/fkBIkUBl3321lb39jc2i7sFHf39g8OS0fHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6G7qt564NiJWjzhOuB/RgRKhYBSt1Da9zKtObtxeqexW3BnIKvFyUoYc9V7pp9uPWRpxhUxSYzqem6CfUY2CST4pdlPDE8pGdMA7lioaceNns7wTcm6VPgljbZ9CMlP/bmQ0MmYcBXYyojg0y95U/M/rpBhe+5lQSYpcsfmhMJUEYzL9POkLzRnKsSWUaWGzEjakmjK0FS1cmSct2l685RZWSbNa8dyK93BZrt3mDRXgFM7gAjy4ghrcQx0awEDCC7zCm/PsvDsfzud8dM3Jd05gAc7XL7xGl2w=</latexit><latexit sha1_base64="RajAZ8jAc310fUGSo6m5r0n6dYw=">AAACAnicbVDLSgMxFL3js9ZX1aWbYBFclZki6EYounFZwT6gHUomzbShmcyQ3BHK0J1f4Fa/wJ249Uf8AP/DtJ2FbT0QOJxzL/fkBIkUBl3321lb39jc2i7sFHf39g8OS0fHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6G7qt564NiJWjzhOuB/RgRKhYBSt1Da9zKtObtxeqexW3BnIKvFyUoYc9V7pp9uPWRpxhUxSYzqem6CfUY2CST4pdlPDE8pGdMA7lioaceNns7wTcm6VPgljbZ9CMlP/bmQ0MmYcBXYyojg0y95U/M/rpBhe+5lQSYpcsfmhMJUEYzL9POkLzRnKsSWUaWGzEjakmjK0FS1cmSct2l685RZWSbNa8dyK93BZrt3mDRXgFM7gAjy4ghrcQx0awEDCC7zCm/PsvDsfzud8dM3Jd05gAc7XL7xGl2w=</latexit><latexit sha1_base64="RajAZ8jAc310fUGSo6m5r0n6dYw=">AAACAnicbVDLSgMxFL3js9ZX1aWbYBFclZki6EYounFZwT6gHUomzbShmcyQ3BHK0J1f4Fa/wJ249Uf8AP/DtJ2FbT0QOJxzL/fkBIkUBl3321lb39jc2i7sFHf39g8OS0fHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6G7qt564NiJWjzhOuB/RgRKhYBSt1Da9zKtObtxeqexW3BnIKvFyUoYc9V7pp9uPWRpxhUxSYzqem6CfUY2CST4pdlPDE8pGdMA7lioaceNns7wTcm6VPgljbZ9CMlP/bmQ0MmYcBXYyojg0y95U/M/rpBhe+5lQSYpcsfmhMJUEYzL9POkLzRnKsSWUaWGzEjakmjK0FS1cmSct2l685RZWSbNa8dyK93BZrt3mDRXgFM7gAjy4ghrcQx0awEDCC7zCm/PsvDsfzud8dM3Jd05gAc7XL7xGl2w=</latexit><latexit sha1_base64="RajAZ8jAc310fUGSo6m5r0n6dYw=">AAACAnicbVDLSgMxFL3js9ZX1aWbYBFclZki6EYounFZwT6gHUomzbShmcyQ3BHK0J1f4Fa/wJ249Uf8AP/DtJ2FbT0QOJxzL/fkBIkUBl3321lb39jc2i7sFHf39g8OS0fHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6G7qt564NiJWjzhOuB/RgRKhYBSt1Da9zKtObtxeqexW3BnIKvFyUoYc9V7pp9uPWRpxhUxSYzqem6CfUY2CST4pdlPDE8pGdMA7lioaceNns7wTcm6VPgljbZ9CMlP/bmQ0MmYcBXYyojg0y95U/M/rpBhe+5lQSYpcsfmhMJUEYzL9POkLzRnKsSWUaWGzEjakmjK0FS1cmSct2l685RZWSbNa8dyK93BZrt3mDRXgFM7gAjy4ghrcQx0awEDCC7zCm/PsvDsfzud8dM3Jd05gAc7XL7xGl2w=</latexit>

s12 = 4
<latexit sha1_base64="wqwyj/ko9nkiC8j+2naURLyyJS8=">AAACAnicbVDLSgMxFL1TX7W+qi7dBIvgqsyUgm6EohuXFewD2qFk0rQNzWSG5I5Qhu78Arf6Be7ErT/iB/gfpu0sbOuBwOGce7knJ4ilMOi6305uY3Nreye/W9jbPzg8Kh6fNE2UaMYbLJKRbgfUcCkUb6BAydux5jQMJG8F47uZ33ri2ohIPeIk5n5Ih0oMBKNopbbppV5lelPtFUtu2Z2DrBMvIyXIUO8Vf7r9iCUhV8gkNabjuTH6KdUomOTTQjcxPKZsTIe8Y6miITd+Os87JRdW6ZNBpO1TSObq342UhsZMwsBOhhRHZtWbif95nQQH134qVJwgV2xxaJBIghGZfZ70heYM5cQSyrSwWQkbUU0Z2oqWriySFmwv3moL66RZKXtu2Xuolmq3WUN5OINzuAQPrqAG91CHBjCQ8AKv8OY8O+/Oh/O5GM052c4pLMH5+gXCopdw</latexit><latexit sha1_base64="wqwyj/ko9nkiC8j+2naURLyyJS8=">AAACAnicbVDLSgMxFL1TX7W+qi7dBIvgqsyUgm6EohuXFewD2qFk0rQNzWSG5I5Qhu78Arf6Be7ErT/iB/gfpu0sbOuBwOGce7knJ4ilMOi6305uY3Nreye/W9jbPzg8Kh6fNE2UaMYbLJKRbgfUcCkUb6BAydux5jQMJG8F47uZ33ri2ohIPeIk5n5Ih0oMBKNopbbppV5lelPtFUtu2Z2DrBMvIyXIUO8Vf7r9iCUhV8gkNabjuTH6KdUomOTTQjcxPKZsTIe8Y6miITd+Os87JRdW6ZNBpO1TSObq342UhsZMwsBOhhRHZtWbif95nQQH134qVJwgV2xxaJBIghGZfZ70heYM5cQSyrSwWQkbUU0Z2oqWriySFmwv3moL66RZKXtu2Xuolmq3WUN5OINzuAQPrqAG91CHBjCQ8AKv8OY8O+/Oh/O5GM052c4pLMH5+gXCopdw</latexit><latexit sha1_base64="wqwyj/ko9nkiC8j+2naURLyyJS8=">AAACAnicbVDLSgMxFL1TX7W+qi7dBIvgqsyUgm6EohuXFewD2qFk0rQNzWSG5I5Qhu78Arf6Be7ErT/iB/gfpu0sbOuBwOGce7knJ4ilMOi6305uY3Nreye/W9jbPzg8Kh6fNE2UaMYbLJKRbgfUcCkUb6BAydux5jQMJG8F47uZ33ri2ohIPeIk5n5Ih0oMBKNopbbppV5lelPtFUtu2Z2DrBMvIyXIUO8Vf7r9iCUhV8gkNabjuTH6KdUomOTTQjcxPKZsTIe8Y6miITd+Os87JRdW6ZNBpO1TSObq342UhsZMwsBOhhRHZtWbif95nQQH134qVJwgV2xxaJBIghGZfZ70heYM5cQSyrSwWQkbUU0Z2oqWriySFmwv3moL66RZKXtu2Xuolmq3WUN5OINzuAQPrqAG91CHBjCQ8AKv8OY8O+/Oh/O5GM052c4pLMH5+gXCopdw</latexit><latexit sha1_base64="wqwyj/ko9nkiC8j+2naURLyyJS8=">AAACAnicbVDLSgMxFL1TX7W+qi7dBIvgqsyUgm6EohuXFewD2qFk0rQNzWSG5I5Qhu78Arf6Be7ErT/iB/gfpu0sbOuBwOGce7knJ4ilMOi6305uY3Nreye/W9jbPzg8Kh6fNE2UaMYbLJKRbgfUcCkUb6BAydux5jQMJG8F47uZ33ri2ohIPeIk5n5Ih0oMBKNopbbppV5lelPtFUtu2Z2DrBMvIyXIUO8Vf7r9iCUhV8gkNabjuTH6KdUomOTTQjcxPKZsTIe8Y6miITd+Os87JRdW6ZNBpO1TSObq342UhsZMwsBOhhRHZtWbif95nQQH134qVJwgV2xxaJBIghGZfZ70heYM5cQSyrSwWQkbUU0Z2oqWriySFmwv3moL66RZKXtu2Xuolmq3WUN5OINzuAQPrqAG91CHBjCQ8AKv8OY8O+/Oh/O5GM052c4pLMH5+gXCopdw</latexit>

! edge disjoint cycles are better



Design of Cycles
A network design problem
Given a graph G with spanning tree T , add k edges that optimizes ∥Σ(G)∥22.

Z

<latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit><latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit><latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit><latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit>

E(H)>
<latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit><latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit><latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit><latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit>

E(G)>
<latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit><latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit><latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit><latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit>

E(G)
<latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit><latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit><latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit><latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit>

�
<latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit><latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit><latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit><latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit>

w(t)
<latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit>

u(t)
<latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit>

y(t)
<latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit>

z(t)
<latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit>

,
<latexit sha1_base64="/H/ifTUy/xA2rMD1Oo7Dn27KyoE=">AAACC3icbVBLSgNBFOyJvxg/GXXppjEIrsKMCLoMunHhIoL5QDKEnk5P0qSne+h+o4QhR/AEbvUE7sSth/AA3sNOMguTWPCgqHqPV1SYCG7A876dwtr6xuZWcbu0s7u3X3YPDptGpZqyBlVC6XZIDBNcsgZwEKydaEbiULBWOLqZ+q1Hpg1X8gHGCQtiMpA84pSAlXpuuXvHItB8MASitXrquRWv6s2AV4mfkwrKUe+5P92+omnMJFBBjOn4XgJBRjRwKtik1E0NSwgdkQHrWCpJzEyQzYJP8KlV+jhS2o4EPFP/XmQkNmYch3YzJjA0y95U/M/rpBBdBRmXSQpM0vmjKBUYFJ62gPtcMwpibAmhmtusmA6JJhRsVwtf5klLthd/uYVV0jyv+l7Vv7+o1K7zhoroGJ2gM+SjS1RDt6iOGoiiFL2gV/TmPDvvzofzOV8tOPnNEVqA8/ULDLabeQ==</latexit><latexit sha1_base64="/H/ifTUy/xA2rMD1Oo7Dn27KyoE=">AAACC3icbVBLSgNBFOyJvxg/GXXppjEIrsKMCLoMunHhIoL5QDKEnk5P0qSne+h+o4QhR/AEbvUE7sSth/AA3sNOMguTWPCgqHqPV1SYCG7A876dwtr6xuZWcbu0s7u3X3YPDptGpZqyBlVC6XZIDBNcsgZwEKydaEbiULBWOLqZ+q1Hpg1X8gHGCQtiMpA84pSAlXpuuXvHItB8MASitXrquRWv6s2AV4mfkwrKUe+5P92+omnMJFBBjOn4XgJBRjRwKtik1E0NSwgdkQHrWCpJzEyQzYJP8KlV+jhS2o4EPFP/XmQkNmYch3YzJjA0y95U/M/rpBBdBRmXSQpM0vmjKBUYFJ62gPtcMwpibAmhmtusmA6JJhRsVwtf5klLthd/uYVV0jyv+l7Vv7+o1K7zhoroGJ2gM+SjS1RDt6iOGoiiFL2gV/TmPDvvzofzOV8tOPnNEVqA8/ULDLabeQ==</latexit><latexit sha1_base64="/H/ifTUy/xA2rMD1Oo7Dn27KyoE=">AAACC3icbVBLSgNBFOyJvxg/GXXppjEIrsKMCLoMunHhIoL5QDKEnk5P0qSne+h+o4QhR/AEbvUE7sSth/AA3sNOMguTWPCgqHqPV1SYCG7A876dwtr6xuZWcbu0s7u3X3YPDptGpZqyBlVC6XZIDBNcsgZwEKydaEbiULBWOLqZ+q1Hpg1X8gHGCQtiMpA84pSAlXpuuXvHItB8MASitXrquRWv6s2AV4mfkwrKUe+5P92+omnMJFBBjOn4XgJBRjRwKtik1E0NSwgdkQHrWCpJzEyQzYJP8KlV+jhS2o4EPFP/XmQkNmYch3YzJjA0y95U/M/rpBBdBRmXSQpM0vmjKBUYFJ62gPtcMwpibAmhmtusmA6JJhRsVwtf5klLthd/uYVV0jyv+l7Vv7+o1K7zhoroGJ2gM+SjS1RDt6iOGoiiFL2gV/TmPDvvzofzOV8tOPnNEVqA8/ULDLabeQ==</latexit><latexit sha1_base64="/H/ifTUy/xA2rMD1Oo7Dn27KyoE=">AAACC3icbVBLSgNBFOyJvxg/GXXppjEIrsKMCLoMunHhIoL5QDKEnk5P0qSne+h+o4QhR/AEbvUE7sSth/AA3sNOMguTWPCgqHqPV1SYCG7A876dwtr6xuZWcbu0s7u3X3YPDptGpZqyBlVC6XZIDBNcsgZwEKydaEbiULBWOLqZ+q1Hpg1X8gHGCQtiMpA84pSAlXpuuXvHItB8MASitXrquRWv6s2AV4mfkwrKUe+5P92+omnMJFBBjOn4XgJBRjRwKtik1E0NSwgdkQHrWCpJzEyQzYJP8KlV+jhS2o4EPFP/XmQkNmYch3YzJjA0y95U/M/rpBBdBRmXSQpM0vmjKBUYFJ62gPtcMwpibAmhmtusmA6JJhRsVwtf5klLthd/uYVV0jyv+l7Vv7+o1K7zhoroGJ2gM+SjS1RDt6iOGoiiFL2gV/TmPDvvzofzOV8tOPnNEVqA8/ULDLabeQ==</latexit>

⌃̂e(T )
<latexit sha1_base64="WulSjYVZchbHXZBmz3eH77QysA0=">AAACF3icbVDLSsNAFJ34rPUVddlNsAh1UxIRdFl047JiX9CEcDOdtENnkjAzEUrows/wC9zqF7gTty79AP/DSZuFbT0wcDjnXu6ZEySMSmXb38ba+sbm1nZpp7y7t39waB4dd2ScCkzaOGax6AUgCaMRaSuqGOklggAPGOkG49vc7z4SIWkctdQkIR6HYURDikFpyTcr7ghU5j7QIYepT2ouBzXCwLLW9Nw3q3bdnsFaJU5BqqhA0zd/3EGMU04ihRlI2XfsRHkZCEUxI9Oym0qSAB7DkPQ1jYAT6WWzT0ytM60MrDAW+kXKmql/NzLgUk54oCfzjHLZy8X/vH6qwmsvo1GSKhLh+aEwZZaKrbwRa0AFwYpNNAEsqM5q4REIwEr3tnBlnrSse3GWW1glnYu6Y9ed+8tq46ZoqIQq6BTVkIOuUAPdoSZqI4ye0At6RW/Gs/FufBif89E1o9g5QQswvn4B9kWgNg==</latexit><latexit sha1_base64="WulSjYVZchbHXZBmz3eH77QysA0=">AAACF3icbVDLSsNAFJ34rPUVddlNsAh1UxIRdFl047JiX9CEcDOdtENnkjAzEUrows/wC9zqF7gTty79AP/DSZuFbT0wcDjnXu6ZEySMSmXb38ba+sbm1nZpp7y7t39waB4dd2ScCkzaOGax6AUgCaMRaSuqGOklggAPGOkG49vc7z4SIWkctdQkIR6HYURDikFpyTcr7ghU5j7QIYepT2ouBzXCwLLW9Nw3q3bdnsFaJU5BqqhA0zd/3EGMU04ihRlI2XfsRHkZCEUxI9Oym0qSAB7DkPQ1jYAT6WWzT0ytM60MrDAW+kXKmql/NzLgUk54oCfzjHLZy8X/vH6qwmsvo1GSKhLh+aEwZZaKrbwRa0AFwYpNNAEsqM5q4REIwEr3tnBlnrSse3GWW1glnYu6Y9ed+8tq46ZoqIQq6BTVkIOuUAPdoSZqI4ye0At6RW/Gs/FufBif89E1o9g5QQswvn4B9kWgNg==</latexit><latexit sha1_base64="WulSjYVZchbHXZBmz3eH77QysA0=">AAACF3icbVDLSsNAFJ34rPUVddlNsAh1UxIRdFl047JiX9CEcDOdtENnkjAzEUrows/wC9zqF7gTty79AP/DSZuFbT0wcDjnXu6ZEySMSmXb38ba+sbm1nZpp7y7t39waB4dd2ScCkzaOGax6AUgCaMRaSuqGOklggAPGOkG49vc7z4SIWkctdQkIR6HYURDikFpyTcr7ghU5j7QIYepT2ouBzXCwLLW9Nw3q3bdnsFaJU5BqqhA0zd/3EGMU04ihRlI2XfsRHkZCEUxI9Oym0qSAB7DkPQ1jYAT6WWzT0ytM60MrDAW+kXKmql/NzLgUk54oCfzjHLZy8X/vH6qwmsvo1GSKhLh+aEwZZaKrbwRa0AFwYpNNAEsqM5q4REIwEr3tnBlnrSse3GWW1glnYu6Y9ed+8tq46ZoqIQq6BTVkIOuUAPdoSZqI4ye0At6RW/Gs/FufBif89E1o9g5QQswvn4B9kWgNg==</latexit><latexit sha1_base64="WulSjYVZchbHXZBmz3eH77QysA0=">AAACF3icbVDLSsNAFJ34rPUVddlNsAh1UxIRdFl047JiX9CEcDOdtENnkjAzEUrows/wC9zqF7gTty79AP/DSZuFbT0wcDjnXu6ZEySMSmXb38ba+sbm1nZpp7y7t39waB4dd2ScCkzaOGax6AUgCaMRaSuqGOklggAPGOkG49vc7z4SIWkctdQkIR6HYURDikFpyTcr7ghU5j7QIYepT2ouBzXCwLLW9Nw3q3bdnsFaJU5BqqhA0zd/3EGMU04ihRlI2XfsRHkZCEUxI9Oym0qSAB7DkPQ1jYAT6WWzT0ytM60MrDAW+kXKmql/NzLgUk54oCfzjHLZy8X/vH6qwmsvo1GSKhLh+aEwZZaKrbwRa0AFwYpNNAEsqM5q4REIwEr3tnBlnrSse3GWW1glnYu6Y9ed+8tq46ZoqIQq6BTVkIOuUAPdoSZqI4ye0At6RW/Gs/FufBif89E1o9g5QQswvn4B9kWgNg==</latexit>

RR>
<latexit sha1_base64="lITZxlwF117e1v55OGm3woi50pM=">AAACAXicbVDLTgIxFL2DL8QX6tJNIzFxRWaMiS6JblwikUcCI+mUAg2dzqS9Y0ImrPwCt/oF7oxbv8QP8D8sMAsBT9Lk5Jx7c09PEEth0HW/ndza+sbmVn67sLO7t39QPDxqmCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGt1O/+cS1EZF6wHHM/ZAOlOgLRtFKzVrtsYNR3C2W3LI7A1klXkZKkKHaLf50ehFLQq6QSWpM23Nj9FOqUTDJJ4VOYnhM2YgOeNtSRUNu/HQWd0LOrNIj/Ujbp5DM1L8bKQ2NGYeBnQwpDs2yNxX/89oJ9q/9VKg4Qa7Y/FA/kQQjMv076QnNGcqxJZRpYbMSNqSaMrQNLVyZJy3YXrzlFlZJ46LsuWXv/rJUuckaysMJnMI5eHAFFbiDKtSBwQhe4BXenGfn3flwPuejOSfbOYYFOF+/uOaXeQ==</latexit><latexit sha1_base64="lITZxlwF117e1v55OGm3woi50pM=">AAACAXicbVDLTgIxFL2DL8QX6tJNIzFxRWaMiS6JblwikUcCI+mUAg2dzqS9Y0ImrPwCt/oF7oxbv8QP8D8sMAsBT9Lk5Jx7c09PEEth0HW/ndza+sbmVn67sLO7t39QPDxqmCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGt1O/+cS1EZF6wHHM/ZAOlOgLRtFKzVrtsYNR3C2W3LI7A1klXkZKkKHaLf50ehFLQq6QSWpM23Nj9FOqUTDJJ4VOYnhM2YgOeNtSRUNu/HQWd0LOrNIj/Ujbp5DM1L8bKQ2NGYeBnQwpDs2yNxX/89oJ9q/9VKg4Qa7Y/FA/kQQjMv076QnNGcqxJZRpYbMSNqSaMrQNLVyZJy3YXrzlFlZJ46LsuWXv/rJUuckaysMJnMI5eHAFFbiDKtSBwQhe4BXenGfn3flwPuejOSfbOYYFOF+/uOaXeQ==</latexit><latexit sha1_base64="lITZxlwF117e1v55OGm3woi50pM=">AAACAXicbVDLTgIxFL2DL8QX6tJNIzFxRWaMiS6JblwikUcCI+mUAg2dzqS9Y0ImrPwCt/oF7oxbv8QP8D8sMAsBT9Lk5Jx7c09PEEth0HW/ndza+sbmVn67sLO7t39QPDxqmCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGt1O/+cS1EZF6wHHM/ZAOlOgLRtFKzVrtsYNR3C2W3LI7A1klXkZKkKHaLf50ehFLQq6QSWpM23Nj9FOqUTDJJ4VOYnhM2YgOeNtSRUNu/HQWd0LOrNIj/Ujbp5DM1L8bKQ2NGYeBnQwpDs2yNxX/89oJ9q/9VKg4Qa7Y/FA/kQQjMv076QnNGcqxJZRpYbMSNqSaMrQNLVyZJy3YXrzlFlZJ46LsuWXv/rJUuckaysMJnMI5eHAFFbiDKtSBwQhe4BXenGfn3flwPuejOSfbOYYFOF+/uOaXeQ==</latexit><latexit sha1_base64="lITZxlwF117e1v55OGm3woi50pM=">AAACAXicbVDLTgIxFL2DL8QX6tJNIzFxRWaMiS6JblwikUcCI+mUAg2dzqS9Y0ImrPwCt/oF7oxbv8QP8D8sMAsBT9Lk5Jx7c09PEEth0HW/ndza+sbmVn67sLO7t39QPDxqmCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGt1O/+cS1EZF6wHHM/ZAOlOgLRtFKzVrtsYNR3C2W3LI7A1klXkZKkKHaLf50ehFLQq6QSWpM23Nj9FOqUTDJJ4VOYnhM2YgOeNtSRUNu/HQWd0LOrNIj/Ujbp5DM1L8bKQ2NGYeBnQwpDs2yNxX/89oJ9q/9VKg4Qa7Y/FA/kQQjMv076QnNGcqxJZRpYbMSNqSaMrQNLVyZJy3YXrzlFlZJ46LsuWXv/rJUuckaysMJnMI5eHAFFbiDKtSBwQhe4BXenGfn3flwPuejOSfbOYYFOF+/uOaXeQ==</latexit>

w(t)
<latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit>

u(t)
<latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit>

y(t)
<latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit>

z(t)
<latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit>

! Cycles interpreted as a
feedback system

! Can be formulated as a
mixed-integer SDP

! re-weighted ℓ1
optimization; ADMM



H2 Performance of Consensus

Z

<latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit><latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit><latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit><latexit sha1_base64="b+DOJQ69i5O+rzcJHdOpC6z0d3Q=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF2wptKJPppB06mYSZG6GEgl/gVr/Anbj1V/wA/8NJm4VtPTBwOOde7pkTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1g/BtRwKRRvoUDJHxPNaRRI3gnGt7nfeeLaiFg94CThfkSHSoSCUcylnlDYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0M6pRMMmnlV5qeELZmA5511JFI278bJZ1Ss6sMiBhrO1TSGbq342MRsZMosBORhRHZtnLxf+8borhtZ8JlaTIFZsfClNJMCb5x8lAaM5QTiyhTAublbAR1ZShrWfhyjxpxfbiLbewStoXdc+te/eXtcZN0VAZTuAUzsGDK2jAHTShBQxG8AKv8OY8O+/Oh/M5Hy05xc4xLMD5+gWd0JZR</latexit>

E(H)>
<latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit><latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit><latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit><latexit sha1_base64="udZYKL1oZA81zYBJOWlH7X7xP4Y=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoQpcV7AOaWCbTSTt0MhNmJkII/Qi/wK1+gTtx6yf4Af6HkzYL23rgwuGce7mHE8SMKu0439ba+sbm1nZpp7y7t39waB8dd5RIJCZtLJiQvQApwignbU01I71YEhQFjHSDyW3ud5+IVFTwB53GxI/QiNOQYqSNNLArdzUvQnqMEcua0/NHT4t4YFedujMDXCVuQaqgQGtg/3hDgZOIcI0ZUqrvOrH2MyQ1xYxMy16iSIzwBI1I31COIqL8bBZ+Cs+MMoShkGa4hjP170WGIqXSKDCbeVC17OXif14/0eG1n1EeJ5pwPH8UJgxqAfMm4JBKgjVLDUFYUpMV4jGSCGvT18KXedKy6cVdbmGVdC7qrlN37y+rjZuioRI4AaegBlxwBRqgCVqgDTBIwQt4BW/Ws/VufVif89U1q7ipgAVYX78njZyK</latexit>

E(G)>
<latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit><latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit><latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit><latexit sha1_base64="2ikwMXIBDMUhzQ7s7zr6AgJllho=">AAACD3icbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LIoossK9gFNLJPppB06mQkzEyGEfoRf4Fa/wJ249RP8AP/DSZuFbT1w4XDOvdzDCWJGlXacb2tldW19Y7O0Vd7e2d3btw8O20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Dr3O09EKir4g05j4kdoyGlIMdJG6tuVm5oXIT3CiGW3k9NHT4u4b1edujMFXCZuQaqgQLNv/3gDgZOIcI0ZUqrnOrH2MyQ1xYxMyl6iSIzwGA1Jz1COIqL8bBp+Ak+MMoChkGa4hlP170WGIqXSKDCbeVC16OXif14v0eGln1EeJ5pwPHsUJgxqAfMm4IBKgjVLDUFYUpMV4hGSCGvT19yXWdKy6cVdbGGZtM/qrlN378+rjauioRI4AsegBlxwARrgDjRBC2CQghfwCt6sZ+vd+rA+Z6srVnFTAXOwvn4BJe+ciQ==</latexit>

E(G)
<latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit><latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit><latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit><latexit sha1_base64="hd8w4+hEoesIduYr9Rt9aqNnNX8=">AAACCHicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEV1WsA9oY5lMJ+3QySTMTIQS+gN+gVv9Anfi1r/wA/wPJ20WtvXAhcM593IPx485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj64zv/VEpWKReNDjmHohHggWMIK1kR5vKt0Q6yHBPL2dnPbsslN1pkDLxM1JGXLUe/ZPtx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46TT1BJ0bpoyCSZoRGU/XvRYpDpcahbzazjGrRy8T/vE6ig0svZSJONBVk9ihIONIRyipAfSYp0XxsCCaSmayIDLHERJui5r7MkpZML+5iC8ukeVZ1nap7f16uXeUNFeEIjqECLlxADe6gDg0gIOEFXuHNerberQ/rc7ZasPKbQ5iD9fULkfiaGQ==</latexit>

�
<latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit><latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit><latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit><latexit sha1_base64="XhtUkT0qcrLHmnJ0tprH/nc97Qo=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWTSTBubSYY8hDJ04xe41S9wJ279Ez/A/zBtZ2FbDwQO59zLPTlRypk2vv/tFdbWNza3itulnd29/YPy4VFTS6sIbRDJpWpHWFPOBG0YZjhtp4riJOK0FY1up37riSrNpHgw45SGCR4IFjOCjZOaXZlyq3vlil/1Z0CrJMhJBXLUe+Wfbl8Sm1BhCMdadwI/NWGGlWGE00mpazVNMRnhAe04KnBCdZjN0k7QmVP6KJbKPWHQTP27keFE63ESuckEm6Fe9qbif17Hmvg6zJhIraGCzA/FliMj0fTrqM8UJYaPHcFEMZcVkSFWmBhX0MKVedKS6yVYbmGVNC+qgV8N7i8rtZu8oSKcwCmcQwBXUIM7qEMDCDzCC7zCm/fsvXsf3ud8tODlO8ewAO/rF1yTl00=</latexit>

w(t)
<latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit><latexit sha1_base64="Czj23vmfXTToiw8srmJqxBHJ1eI=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0oJBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f83mV5g==</latexit>

u(t)
<latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit><latexit sha1_base64="8ENGCNTBvQN4qYI6t91EozMI/hs=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTStA3NZIbkjlCGgl/gVr/Anbj1V/wA/8NMOwvbeiBwOOde7skJYikMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxXea3nrg2IlKPOIm5H9KhEgPBKGZSUsGLXqnsVt0ZyCrxclKGHPVe6afbj1gScoVMUmM6nhujn1KNgkk+LXYTw2PKxnTIO5YqGnLjp7OsU3JulT4ZRNo+hWSm/t1IaWjMJAzsZEhxZJa9TPzP6yQ4uPFToeIEuWLzQ4NEEoxI9nHSF5ozlBNLKNPCZiVsRDVlaOtZuDJPWrS9eMstrJLmZdVzq97DVbl2mzdUgFM4gwp4cA01uIc6NIDBCF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B8EWV5A==</latexit>

y(t)
<latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit><latexit sha1_base64="kiipwxT8ZMQ0ePeSpxnXxIu570Y=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF+4A2lMl00g6dTMLMjRBCwS9wq1/gTtz6K36A/2HSZmFbDwwczrmXe+Z4kRQGbfvbWlvf2NzaLu2Ud/f2Dw4rR8dtE8aa8RYLZai7HjVcCsVbKFDybqQ5DTzJO97kLvc7T1wbEapHTCLuBnSkhC8YxVxKangxqFTtuj0DWSVOQapQoDmo/PSHIYsDrpBJakzPsSN0U6pRMMmn5X5seETZhI54L6OKBty46SzrlJxnypD4oc6eQjJT/26kNDAmCbxsMqA4NsteLv7n9WL0b9xUqChGrtj8kB9LgiHJP06GQnOGMskIZVpkWQkbU00ZZvUsXJknLWe9OMstrJL2Zd2x687DVbVxWzRUglM4gxo4cA0NuIcmtIDBGF7gFd6sZ+vd+rA+56NrVrFzAguwvn4B9q2V6A==</latexit>

z(t)
<latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit><latexit sha1_base64="qtrMwmMYNcG1/q1zifOoU63yzDw=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkWom5KIoMuiG5cV7APaUCbTSTt0MgkzN0INBb/ArX6BO3Hrr/gB/oeTNgvbemDgcM693DPHjwXX6DjfVmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrIkfBOrFiJPQFa/vj28xvPzKleSQfcBIzLyRDyQNOCWbSUxXP++WKU3NmsFeJm5MK5Gj0yz+9QUSTkEmkgmjddZ0YvZQo5FSwaamXaBYTOiZD1jVUkpBpL51lndpnRhnYQaTMk2jP1L8bKQm1noS+mQwJjvSyl4n/ed0Eg2sv5TJOkEk6PxQkwsbIzj5uD7hiFMXEEEIVN1ltOiKKUDT1LFyZJy2ZXtzlFlZJ66LmOjX3/rJSv8kbKsIJnEIVXLiCOtxBA5pAYQQv8Apv1rP1bn1Yn/PRgpXvHMMCrK9f+EeV6Q==</latexit>

ẋ(t) = �L(G)x(t) + w(t)

z(t) = E(H)Tx(t)
<latexit sha1_base64="5H0SJ8SqPxVbY/uidy924qtH1bI="></latexit><latexit sha1_base64="5H0SJ8SqPxVbY/uidy924qtH1bI="></latexit><latexit sha1_base64="5H0SJ8SqPxVbY/uidy924qtH1bI="></latexit><latexit sha1_base64="5H0SJ8SqPxVbY/uidy924qtH1bI="></latexit>

What is the performance when monitoring all relative state pairs?
wi(t)

<latexit sha1_base64="p+QtRYSeUEwqVy6OGGUHswd10G4=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTSTBubyQzJHaWUbvwCt/oF7sStf+IH+B+m7Sxs64HA4Zx7uScnSKQw6Lrfzsrq2vrGZm4rv72zu7dfODismzjVjNdYLGPdDKjhUiheQ4GSNxPNaRRI3ggGNxO/8ci1EbG6x2HC/Yj2lAgFo2il+lNHlPCsUyi6ZXcKsky8jBQhQ7VT+Gl3Y5ZGXCGT1JiW5yboj6hGwSQf59up4QllA9rjLUsVjbjxR9O0Y3JqlS4JY22fQjJV/26MaGTMMArsZESxbxa9ifif10oxvPJHQiUpcsVmh8JUEozJ5OukKzRnKIeWUKaFzUpYn2rK0BY0d2WWNG978RZbWCb187Lnlr27i2LlOmsoB8dwAiXw4BIqcAtVqAGDB3iBV3hznp1358P5nI2uONnOEczB+foFfzCWwg==</latexit><latexit sha1_base64="p+QtRYSeUEwqVy6OGGUHswd10G4=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTSTBubyQzJHaWUbvwCt/oF7sStf+IH+B+m7Sxs64HA4Zx7uScnSKQw6Lrfzsrq2vrGZm4rv72zu7dfODismzjVjNdYLGPdDKjhUiheQ4GSNxPNaRRI3ggGNxO/8ci1EbG6x2HC/Yj2lAgFo2il+lNHlPCsUyi6ZXcKsky8jBQhQ7VT+Gl3Y5ZGXCGT1JiW5yboj6hGwSQf59up4QllA9rjLUsVjbjxR9O0Y3JqlS4JY22fQjJV/26MaGTMMArsZESxbxa9ifif10oxvPJHQiUpcsVmh8JUEozJ5OukKzRnKIeWUKaFzUpYn2rK0BY0d2WWNG978RZbWCb187Lnlr27i2LlOmsoB8dwAiXw4BIqcAtVqAGDB3iBV3hznp1358P5nI2uONnOEczB+foFfzCWwg==</latexit><latexit sha1_base64="p+QtRYSeUEwqVy6OGGUHswd10G4=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTSTBubyQzJHaWUbvwCt/oF7sStf+IH+B+m7Sxs64HA4Zx7uScnSKQw6Lrfzsrq2vrGZm4rv72zu7dfODismzjVjNdYLGPdDKjhUiheQ4GSNxPNaRRI3ggGNxO/8ci1EbG6x2HC/Yj2lAgFo2il+lNHlPCsUyi6ZXcKsky8jBQhQ7VT+Gl3Y5ZGXCGT1JiW5yboj6hGwSQf59up4QllA9rjLUsVjbjxR9O0Y3JqlS4JY22fQjJV/26MaGTMMArsZESxbxa9ifif10oxvPJHQiUpcsVmh8JUEozJ5OukKzRnKIeWUKaFzUpYn2rK0BY0d2WWNG978RZbWCb187Lnlr27i2LlOmsoB8dwAiXw4BIqcAtVqAGDB3iBV3hznp1358P5nI2uONnOEczB+foFfzCWwg==</latexit><latexit sha1_base64="p+QtRYSeUEwqVy6OGGUHswd10G4=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTSTBubyQzJHaWUbvwCt/oF7sStf+IH+B+m7Sxs64HA4Zx7uScnSKQw6Lrfzsrq2vrGZm4rv72zu7dfODismzjVjNdYLGPdDKjhUiheQ4GSNxPNaRRI3ggGNxO/8ci1EbG6x2HC/Yj2lAgFo2il+lNHlPCsUyi6ZXcKsky8jBQhQ7VT+Gl3Y5ZGXCGT1JiW5yboj6hGwSQf59up4QllA9rjLUsVjbjxR9O0Y3JqlS4JY22fQjJV/26MaGTMMArsZESxbxa9ifif10oxvPJHQiUpcsVmh8JUEozJ5OukKzRnKIeWUKaFzUpYn2rK0BY0d2WWNG978RZbWCb187Lnlr27i2LlOmsoB8dwAiXw4BIqcAtVqAGDB3iBV3hznp1358P5nI2uONnOEczB+foFfzCWwg==</latexit>

H = Kn
<latexit sha1_base64="ERO4DGpB6crLCZzMSjNz8OUpyZY=">AAACF3icbVDLSsNAFL3xWeur6rKbwSK4KokIuhGKbgpuKtgHtKFMppN26GQSZiZCCVn4GX6BW/0Cd+LWpR/gfzhpg9jWCwPnnnMv98zxIs6Utu0va2V1bX1js7BV3N7Z3dsvHRy2VBhLQpsk5KHseFhRzgRtaqY57USS4sDjtO2NbzK9/UClYqG415OIugEeCuYzgrWh+qVyL8B6RDBP6im6Qr/dbdo3asWu2tNCy8DJQQXyavRL371BSOKACk04Vqrr2JF2Eyw1I5ymxV6saITJGA9p10CBA6rcZPqJFJ0YZoD8UJonNJqyfzcSHCg1CTwzmZlUi1pG/qd1Y+1fugkTUaypILNDfsyRDlGWCBowSYnmEwMwkcx4RWSEJSba5DZ3Zea0aHJxFlNYBq2zqmNXnbvzSu06T6gAZTiGU3DgAmpQhwY0gcAjPMMLvFpP1pv1bn3MRlesfOcI5sr6/AGQaZ/6</latexit><latexit sha1_base64="ERO4DGpB6crLCZzMSjNz8OUpyZY=">AAACF3icbVDLSsNAFL3xWeur6rKbwSK4KokIuhGKbgpuKtgHtKFMppN26GQSZiZCCVn4GX6BW/0Cd+LWpR/gfzhpg9jWCwPnnnMv98zxIs6Utu0va2V1bX1js7BV3N7Z3dsvHRy2VBhLQpsk5KHseFhRzgRtaqY57USS4sDjtO2NbzK9/UClYqG415OIugEeCuYzgrWh+qVyL8B6RDBP6im6Qr/dbdo3asWu2tNCy8DJQQXyavRL371BSOKACk04Vqrr2JF2Eyw1I5ymxV6saITJGA9p10CBA6rcZPqJFJ0YZoD8UJonNJqyfzcSHCg1CTwzmZlUi1pG/qd1Y+1fugkTUaypILNDfsyRDlGWCBowSYnmEwMwkcx4RWSEJSba5DZ3Zea0aHJxFlNYBq2zqmNXnbvzSu06T6gAZTiGU3DgAmpQhwY0gcAjPMMLvFpP1pv1bn3MRlesfOcI5sr6/AGQaZ/6</latexit><latexit sha1_base64="ERO4DGpB6crLCZzMSjNz8OUpyZY=">AAACF3icbVDLSsNAFL3xWeur6rKbwSK4KokIuhGKbgpuKtgHtKFMppN26GQSZiZCCVn4GX6BW/0Cd+LWpR/gfzhpg9jWCwPnnnMv98zxIs6Utu0va2V1bX1js7BV3N7Z3dsvHRy2VBhLQpsk5KHseFhRzgRtaqY57USS4sDjtO2NbzK9/UClYqG415OIugEeCuYzgrWh+qVyL8B6RDBP6im6Qr/dbdo3asWu2tNCy8DJQQXyavRL371BSOKACk04Vqrr2JF2Eyw1I5ymxV6saITJGA9p10CBA6rcZPqJFJ0YZoD8UJonNJqyfzcSHCg1CTwzmZlUi1pG/qd1Y+1fugkTUaypILNDfsyRDlGWCBowSYnmEwMwkcx4RWSEJSba5DZ3Zea0aHJxFlNYBq2zqmNXnbvzSu06T6gAZTiGU3DgAmpQhwY0gcAjPMMLvFpP1pv1bn3MRlesfOcI5sr6/AGQaZ/6</latexit><latexit sha1_base64="ERO4DGpB6crLCZzMSjNz8OUpyZY=">AAACF3icbVDLSsNAFL3xWeur6rKbwSK4KokIuhGKbgpuKtgHtKFMppN26GQSZiZCCVn4GX6BW/0Cd+LWpR/gfzhpg9jWCwPnnnMv98zxIs6Utu0va2V1bX1js7BV3N7Z3dsvHRy2VBhLQpsk5KHseFhRzgRtaqY57USS4sDjtO2NbzK9/UClYqG415OIugEeCuYzgrWh+qVyL8B6RDBP6im6Qr/dbdo3asWu2tNCy8DJQQXyavRL371BSOKACk04Vqrr2JF2Eyw1I5ymxV6saITJGA9p10CBA6rcZPqJFJ0YZoD8UJonNJqyfzcSHCg1CTwzmZlUi1pG/qd1Y+1fugkTUaypILNDfsyRDlGWCBowSYnmEwMwkcx4RWSEJSba5DZ3Zea0aHJxFlNYBq2zqmNXnbvzSu06T6gAZTiGU3DgAmpQhwY0gcAjPMMLvFpP1pv1bn3MRlesfOcI5sr6/AGQaZ/6</latexit>



Circuit Interpretations

Linear Consensus as an RC-Circuit

ẋ(t) = −L(G)x(t) + w(t)

y(t) = E(H)Tx(t)

Capacitors ⇔ Node Dynamics (integrators)

Resistors ⇔ Edge Dynamics (linear gain)

! edge weights model the admittance
of the resistor

ri =
1

wi

! in steady-state, network
corresponds to a resistive circuit

G

RC circuit



Effective Resistance
The effective resistance between two nodes u and v is the electrical resistance
measured across the nodes when the graph represents a resistive circuit.

Effective Resistance Calculation [Klein and Randić 1993]

Ruv(G) = [L†(G)]uu + 2[L†(G)]uv + [L†(G)]vv

The total effective resistance of a graph is the sum over all pairs of nodes of
Ruv(G),

Rtot(G) =
∑

{u,v}∈E

Ruv(G).



Effective Resistance and the Edge Laplacian

Proposition
Consider a graph G with spanning tree T and Tucker matrix R. Let Ruv satisfy
(eu − ev) = E(T )Ruv. Then the effective resistance between nodes u and v
can be computed as

Ruv(G) = R⊤
uv(I +RR⊤)−1Ruv.

This can be extended to derive an expression for the total effective resistance.
Let RKn satisfy E(Kn) = E(T )RKn , representing the Tucker matrix for all
possible edges, then

Rtot(G) = Tr[R⊤
Kn

(I +RR⊤)−1RKn ].

Performance when H = Kn

∥Σ(G)∥22 =
1

2
Rtot(G)



Effective Resistance and Signed Networks



Effective Resistance and Signed Networks

Theorem [Zelazo and Bürger, TCNS2017]

Let G = (V, E>) be a strictly positive network with edge functions µk = wkζk (i.e.,
wk > 0 for all k ∈ E) and let Ḡ = (V, E> ∪ e) where e = (u, v) is a negative edge with
weight we < 0. Then the signed consensus network reaches agreement if and only if

|we| ≤ r−1
uv ,

where ruv is the effective resistance in G between nodes u and v.

The negative edge weights effectively creates an open circuit



Summary and Outlooks

General Dynamics
ẋ(t) = f(G, x(t), u(t), d(t))
y(t) = g(G, x(t), u(t), d(t))

! network structure influences the
performance of network systems

! in linear consensus, H2

performance can be understood in
terms of fundamental structural
properties of the graph: trees and
co-trees

! effective resistance is a powerful
concept for analyzing performance
and robustness of linear consensus

! design of networks leverages
combinatorial understanding of
performance with modern
optimization methods



Summary and Outlooks

Explore graph-theoretic
interpretations for more general
networked systems structures

Leader-follower networks

ẋ(t) = A(G,R)x(t) +B(R)u(t)

! leader selection and H2 performance
! effective resistance interpretations
! network design using online

optimization
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Networked Dynamic Systems



Graphs at CDC

Why do we need this tutorial?

The network approach to systems is here to stay. This tutorial aims to bring to
the forefront the role of graphs in these systems.



Networked Dynamic Systems

So far in this tutorial...

! graphs and modelling of network
systems

! stability of network systems
! input-output properties of network

systems

u1(t)

w(t)
z(t)

y(t)

u3(t)

u2(t)

1
2

3

6

5
4

1
2

3

6

5
4



A Graph Structure ⇔ System Behavior Morphism

We are interested in morphisms between

(networks/operations) ⇐⇒ (systems/properties)

Our thesis is that for control theoretic methods to have an impact in the
growing field of networks, our techniques should be modular, scalable, and offer
flexibility in their use.
Some areas that have been explored in this direction include:

! structural considerations
! compositional perspective/motifs
! approximations
! randomness

We believe this area is highly unexplored!



Table of Contents

Extremal Graphs

Composite Networks



Large Scale Networks

How do we approach the analysis of networks that are too large to model?

! fault detection and isolation
! power distribution networks
! transportation networks

! internet-of-things
! cyber-pysical systems
! social networks



Extremal Graph Theory
Mantel’s Theorem (1907)
If a graph G on n vertices contains no triangles, then it contains at most n2

4
edges.

The complete bipartite graphs are extremal

Extremal graph theory studies how global properties of a graph (i.e., number of
edges) relate to local substructures (i.e., a triangle subgraph)



Forbidden Graphs
Forbidden Subgraph Problem
Given a set H of forbidden graphs, what is the maximum number of edges in a
graph G on n nodes (denoted e(G)) such that H ̸⊆ G for any H ∈ H?

Extremal Number ex(n,G) = max
H ̸⊆G

e(G)

Generalize Mantel’s Theorem for Kr

Túran Graphs T (n, r) - complete
r-partite graphs with n vertices

e(n,Kr) ≤
n2

2

(
1− 1

r − 1

)

T (13, 4)

! avoiding paths of length k

! avoiding Hamiltonian cycles
! avoiding even length cycles
! avoiding edge disjoint cycles



Extremal Networked Systems
A simple example...

...
<latexit sha1_base64="1A6TSU4nNkcKs9t7AIEcJ5/lLqo=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lEwm08ZmJkNyp1BKN36BW/0Cd+LWP/ED/A/Tdha29UDgcM693JMTpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jMo043WmpNKtgBouRcLrKFDyVqo5jQPJm8Hgbuo3h1wboZJHHKXcj2kvEZFgFK3U6AxDhaZbKrsVdwaySryclCFHrVv66YSKZTFPkElqTNtzU/THVKNgkk+KnczwlLIB7fG2pQmNufHHs7QTcm6VkERK25cgmal/N8Y0NmYUB3Yyptg3y95U/M9rZxjd+GORpBnyhM0PRZkkqMj06yQUmjOUI0so08JmJaxPNWVoC1q4Mk9atL14yy2sksZlxXMr3sNVuXqbN1SAUziDC/DgGqpwDzWoA4MneIFXeHOenXfnw/mcj645+c4JLMD5+gVXy5dK</latexit><latexit sha1_base64="1A6TSU4nNkcKs9t7AIEcJ5/lLqo=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lEwm08ZmJkNyp1BKN36BW/0Cd+LWP/ED/A/Tdha29UDgcM693JMTpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jMo043WmpNKtgBouRcLrKFDyVqo5jQPJm8Hgbuo3h1wboZJHHKXcj2kvEZFgFK3U6AxDhaZbKrsVdwaySryclCFHrVv66YSKZTFPkElqTNtzU/THVKNgkk+KnczwlLIB7fG2pQmNufHHs7QTcm6VkERK25cgmal/N8Y0NmYUB3Yyptg3y95U/M9rZxjd+GORpBnyhM0PRZkkqMj06yQUmjOUI0so08JmJaxPNWVoC1q4Mk9atL14yy2sksZlxXMr3sNVuXqbN1SAUziDC/DgGqpwDzWoA4MneIFXeHOenXfnw/mcj645+c4JLMD5+gVXy5dK</latexit><latexit sha1_base64="1A6TSU4nNkcKs9t7AIEcJ5/lLqo=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lEwm08ZmJkNyp1BKN36BW/0Cd+LWP/ED/A/Tdha29UDgcM693JMTpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jMo043WmpNKtgBouRcLrKFDyVqo5jQPJm8Hgbuo3h1wboZJHHKXcj2kvEZFgFK3U6AxDhaZbKrsVdwaySryclCFHrVv66YSKZTFPkElqTNtzU/THVKNgkk+KnczwlLIB7fG2pQmNufHHs7QTcm6VkERK25cgmal/N8Y0NmYUB3Yyptg3y95U/M9rZxjd+GORpBnyhM0PRZkkqMj06yQUmjOUI0so08JmJaxPNWVoC1q4Mk9atL14yy2sksZlxXMr3sNVuXqbN1SAUziDC/DgGqpwDzWoA4MneIFXeHOenXfnw/mcj645+c4JLMD5+gVXy5dK</latexit><latexit sha1_base64="1A6TSU4nNkcKs9t7AIEcJ5/lLqo=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lEwm08ZmJkNyp1BKN36BW/0Cd+LWP/ED/A/Tdha29UDgcM693JMTpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jMo043WmpNKtgBouRcLrKFDyVqo5jQPJm8Hgbuo3h1wboZJHHKXcj2kvEZFgFK3U6AxDhaZbKrsVdwaySryclCFHrVv66YSKZTFPkElqTNtzU/THVKNgkk+KnczwlLIB7fG2pQmNufHHs7QTcm6VkERK25cgmal/N8Y0NmYUB3Yyptg3y95U/M9rZxjd+GORpBnyhM0PRZkkqMj06yQUmjOUI0so08JmJaxPNWVoC1q4Mk9atL14yy2sksZlxXMr3sNVuXqbN1SAUziDC/DgGqpwDzWoA4MneIFXeHOenXfnw/mcj645+c4JLMD5+gVXy5dK</latexit>

...
<latexit sha1_base64="1A6TSU4nNkcKs9t7AIEcJ5/lLqo=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lEwm08ZmJkNyp1BKN36BW/0Cd+LWP/ED/A/Tdha29UDgcM693JMTpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jMo043WmpNKtgBouRcLrKFDyVqo5jQPJm8Hgbuo3h1wboZJHHKXcj2kvEZFgFK3U6AxDhaZbKrsVdwaySryclCFHrVv66YSKZTFPkElqTNtzU/THVKNgkk+KnczwlLIB7fG2pQmNufHHs7QTcm6VkERK25cgmal/N8Y0NmYUB3Yyptg3y95U/M9rZxjd+GORpBnyhM0PRZkkqMj06yQUmjOUI0so08JmJaxPNWVoC1q4Mk9atL14yy2sksZlxXMr3sNVuXqbN1SAUziDC/DgGqpwDzWoA4MneIFXeHOenXfnw/mcj645+c4JLMD5+gVXy5dK</latexit><latexit sha1_base64="1A6TSU4nNkcKs9t7AIEcJ5/lLqo=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lEwm08ZmJkNyp1BKN36BW/0Cd+LWP/ED/A/Tdha29UDgcM693JMTpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jMo043WmpNKtgBouRcLrKFDyVqo5jQPJm8Hgbuo3h1wboZJHHKXcj2kvEZFgFK3U6AxDhaZbKrsVdwaySryclCFHrVv66YSKZTFPkElqTNtzU/THVKNgkk+KnczwlLIB7fG2pQmNufHHs7QTcm6VkERK25cgmal/N8Y0NmYUB3Yyptg3y95U/M9rZxjd+GORpBnyhM0PRZkkqMj06yQUmjOUI0so08JmJaxPNWVoC1q4Mk9atL14yy2sksZlxXMr3sNVuXqbN1SAUziDC/DgGqpwDzWoA4MneIFXeHOenXfnw/mcj645+c4JLMD5+gVXy5dK</latexit><latexit sha1_base64="1A6TSU4nNkcKs9t7AIEcJ5/lLqo=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lEwm08ZmJkNyp1BKN36BW/0Cd+LWP/ED/A/Tdha29UDgcM693JMTpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jMo043WmpNKtgBouRcLrKFDyVqo5jQPJm8Hgbuo3h1wboZJHHKXcj2kvEZFgFK3U6AxDhaZbKrsVdwaySryclCFHrVv66YSKZTFPkElqTNtzU/THVKNgkk+KnczwlLIB7fG2pQmNufHHs7QTcm6VkERK25cgmal/N8Y0NmYUB3Yyptg3y95U/M9rZxjd+GORpBnyhM0PRZkkqMj06yQUmjOUI0so08JmJaxPNWVoC1q4Mk9atL14yy2sksZlxXMr3sNVuXqbN1SAUziDC/DgGqpwDzWoA4MneIFXeHOenXfnw/mcj645+c4JLMD5+gVXy5dK</latexit><latexit sha1_base64="1A6TSU4nNkcKs9t7AIEcJ5/lLqo=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lEwm08ZmJkNyp1BKN36BW/0Cd+LWP/ED/A/Tdha29UDgcM693JMTpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jMo043WmpNKtgBouRcLrKFDyVqo5jQPJm8Hgbuo3h1wboZJHHKXcj2kvEZFgFK3U6AxDhaZbKrsVdwaySryclCFHrVv66YSKZTFPkElqTNtzU/THVKNgkk+KnczwlLIB7fG2pQmNufHHs7QTcm6VkERK25cgmal/N8Y0NmYUB3Yyptg3y95U/M9rZxjd+GORpBnyhM0PRZkkqMj06yQUmjOUI0so08JmJaxPNWVoC1q4Mk9atL14yy2sksZlxXMr3sNVuXqbN1SAUziDC/DgGqpwDzWoA4MneIFXeHOenXfnw/mcj645+c4JLMD5+gVXy5dK</latexit>

w1
<latexit sha1_base64="hyAt/zaYZfOpmZDCqeACK+90mfc=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qnrdcsVt+pOQZaJl5MK5Kh3yz+dXszSiCtkkhrT9twE/YxqFEzycamTGp5QNqR93rZU0YgbP5tGHZMTq/RIGGv7FJKp+ncjo5ExoyiwkxHFgVn0JuJ/XjvF8NLPhEpS5IrNDoWpJBiTyb9JT2jOUI4soUwLm5WwAdWUoW1n7sosacn24i22sEyaZ1XPrXq355XaVd5QEY7gGE7BgwuowQ3UoQEM+vACr/DmPDvvzofzORstOPnOIczB+foFeV+Vpw==</latexit><latexit sha1_base64="hyAt/zaYZfOpmZDCqeACK+90mfc=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qnrdcsVt+pOQZaJl5MK5Kh3yz+dXszSiCtkkhrT9twE/YxqFEzycamTGp5QNqR93rZU0YgbP5tGHZMTq/RIGGv7FJKp+ncjo5ExoyiwkxHFgVn0JuJ/XjvF8NLPhEpS5IrNDoWpJBiTyb9JT2jOUI4soUwLm5WwAdWUoW1n7sosacn24i22sEyaZ1XPrXq355XaVd5QEY7gGE7BgwuowQ3UoQEM+vACr/DmPDvvzofzORstOPnOIczB+foFeV+Vpw==</latexit><latexit sha1_base64="hyAt/zaYZfOpmZDCqeACK+90mfc=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qnrdcsVt+pOQZaJl5MK5Kh3yz+dXszSiCtkkhrT9twE/YxqFEzycamTGp5QNqR93rZU0YgbP5tGHZMTq/RIGGv7FJKp+ncjo5ExoyiwkxHFgVn0JuJ/XjvF8NLPhEpS5IrNDoWpJBiTyb9JT2jOUI4soUwLm5WwAdWUoW1n7sosacn24i22sEyaZ1XPrXq355XaVd5QEY7gGE7BgwuowQ3UoQEM+vACr/DmPDvvzofzORstOPnOIczB+foFeV+Vpw==</latexit><latexit sha1_base64="hyAt/zaYZfOpmZDCqeACK+90mfc=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qnrdcsVt+pOQZaJl5MK5Kh3yz+dXszSiCtkkhrT9twE/YxqFEzycamTGp5QNqR93rZU0YgbP5tGHZMTq/RIGGv7FJKp+ncjo5ExoyiwkxHFgVn0JuJ/XjvF8NLPhEpS5IrNDoWpJBiTyb9JT2jOUI4soUwLm5WwAdWUoW1n7sosacn24i22sEyaZ1XPrXq355XaVd5QEY7gGE7BgwuowQ3UoQEM+vACr/DmPDvvzofzORstOPnOIczB+foFeV+Vpw==</latexit>

wi
<latexit sha1_base64="zjQxKKppiO92IDLqsTLvLooo/+Y=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qkruuWKW3WnIMvEy0kFctS75Z9OL2ZpxBUySY1pe26CfkY1Cib5uNRJDU8oG9I+b1uqaMSNn02jjsmJVXokjLV9CslU/buR0ciYURTYyYjiwCx6E/E/r51ieOlnQiUpcsVmh8JUEozJ5N+kJzRnKEeWUKaFzUrYgGrK0LYzd2WWtGR78RZbWCbNs6rnVr3b80rtKm+oCEdwDKfgwQXU4Abq0AAGfXiBV3hznp1358P5nI0WnHznEObgfP0C0meV3w==</latexit><latexit sha1_base64="zjQxKKppiO92IDLqsTLvLooo/+Y=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qkruuWKW3WnIMvEy0kFctS75Z9OL2ZpxBUySY1pe26CfkY1Cib5uNRJDU8oG9I+b1uqaMSNn02jjsmJVXokjLV9CslU/buR0ciYURTYyYjiwCx6E/E/r51ieOlnQiUpcsVmh8JUEozJ5N+kJzRnKEeWUKaFzUrYgGrK0LYzd2WWtGR78RZbWCbNs6rnVr3b80rtKm+oCEdwDKfgwQXU4Abq0AAGfXiBV3hznp1358P5nI0WnHznEObgfP0C0meV3w==</latexit><latexit sha1_base64="zjQxKKppiO92IDLqsTLvLooo/+Y=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qkruuWKW3WnIMvEy0kFctS75Z9OL2ZpxBUySY1pe26CfkY1Cib5uNRJDU8oG9I+b1uqaMSNn02jjsmJVXokjLV9CslU/buR0ciYURTYyYjiwCx6E/E/r51ieOlnQiUpcsVmh8JUEozJ5N+kJzRnKEeWUKaFzUrYgGrK0LYzd2WWtGR78RZbWCbNs6rnVr3b80rtKm+oCEdwDKfgwQXU4Abq0AAGfXiBV3hznp1358P5nI0WnHznEObgfP0C0meV3w==</latexit><latexit sha1_base64="zjQxKKppiO92IDLqsTLvLooo/+Y=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qkruuWKW3WnIMvEy0kFctS75Z9OL2ZpxBUySY1pe26CfkY1Cib5uNRJDU8oG9I+b1uqaMSNn02jjsmJVXokjLV9CslU/buR0ciYURTYyYjiwCx6E/E/r51ieOlnQiUpcsVmh8JUEozJ5N+kJzRnKEeWUKaFzUrYgGrK0LYzd2WWtGR78RZbWCbNs6rnVr3b80rtKm+oCEdwDKfgwQXU4Abq0AAGfXiBV3hznp1358P5nI0WnHznEObgfP0C0meV3w==</latexit>

wn
<latexit sha1_base64="Xt1zmFpbmJeypgMz6NluyrSDbq4=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qmruuWKW3WnIMvEy0kFctS75Z9OL2ZpxBUySY1pe26CfkY1Cib5uNRJDU8oG9I+b1uqaMSNn02jjsmJVXokjLV9CslU/buR0ciYURTYyYjiwCx6E/E/r51ieOlnQiUpcsVmh8JUEozJ5N+kJzRnKEeWUKaFzUrYgGrK0LYzd2WWtGR78RZbWCbNs6rnVr3b80rtKm+oCEdwDKfgwQXU4Abq0AAGfXiBV3hznp1358P5nI0WnHznEObgfP0C2lqV5A==</latexit><latexit sha1_base64="Xt1zmFpbmJeypgMz6NluyrSDbq4=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qmruuWKW3WnIMvEy0kFctS75Z9OL2ZpxBUySY1pe26CfkY1Cib5uNRJDU8oG9I+b1uqaMSNn02jjsmJVXokjLV9CslU/buR0ciYURTYyYjiwCx6E/E/r51ieOlnQiUpcsVmh8JUEozJ5N+kJzRnKEeWUKaFzUrYgGrK0LYzd2WWtGR78RZbWCbNs6rnVr3b80rtKm+oCEdwDKfgwQXU4Abq0AAGfXiBV3hznp1358P5nI0WnHznEObgfP0C2lqV5A==</latexit><latexit sha1_base64="Xt1zmFpbmJeypgMz6NluyrSDbq4=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qmruuWKW3WnIMvEy0kFctS75Z9OL2ZpxBUySY1pe26CfkY1Cib5uNRJDU8oG9I+b1uqaMSNn02jjsmJVXokjLV9CslU/buR0ciYURTYyYjiwCx6E/E/r51ieOlnQiUpcsVmh8JUEozJ5N+kJzRnKEeWUKaFzUrYgGrK0LYzd2WWtGR78RZbWCbNs6rnVr3b80rtKm+oCEdwDKfgwQXU4Abq0AAGfXiBV3hznp1358P5nI0WnHznEObgfP0C2lqV5A==</latexit><latexit sha1_base64="Xt1zmFpbmJeypgMz6NluyrSDbq4=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qmruuWKW3WnIMvEy0kFctS75Z9OL2ZpxBUySY1pe26CfkY1Cib5uNRJDU8oG9I+b1uqaMSNn02jjsmJVXokjLV9CslU/buR0ciYURTYyYjiwCx6E/E/r51ieOlnQiUpcsVmh8JUEozJ5N+kJzRnKEeWUKaFzUrYgGrK0LYzd2WWtGR78RZbWCbNs6rnVr3b80rtKm+oCEdwDKfgwQXU4Abq0AAGfXiBV3hznp1358P5nI0WnHznEObgfP0C2lqV5A==</latexit>

yn
<latexit sha1_base64="fOeJzRa3K5J2bHCQFa/hAODOWgI=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtCd75YpbdWcgq8TLSQVy1Hvln24/YkmI0jBBte54bmz8jCrDmcBJqZtojCkb0yF2LJU0RO1ns6gTcmaVPhlEyj5pyEz9u5HRUOs0DOxkSM1IL3tT8T+vk5jBtZ9xGScGJZsfGiSCmIhM/036XCEzIrWEMsVtVsJGVFFmbDsLV+ZJS7YXb7mFVdK8qHpu1bu/rNRu8oaKcAKncA4eXEEN7qAODWAwhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y/djJXm</latexit><latexit sha1_base64="fOeJzRa3K5J2bHCQFa/hAODOWgI=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtCd75YpbdWcgq8TLSQVy1Hvln24/YkmI0jBBte54bmz8jCrDmcBJqZtojCkb0yF2LJU0RO1ns6gTcmaVPhlEyj5pyEz9u5HRUOs0DOxkSM1IL3tT8T+vk5jBtZ9xGScGJZsfGiSCmIhM/036XCEzIrWEMsVtVsJGVFFmbDsLV+ZJS7YXb7mFVdK8qHpu1bu/rNRu8oaKcAKncA4eXEEN7qAODWAwhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y/djJXm</latexit><latexit sha1_base64="fOeJzRa3K5J2bHCQFa/hAODOWgI=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtCd75YpbdWcgq8TLSQVy1Hvln24/YkmI0jBBte54bmz8jCrDmcBJqZtojCkb0yF2LJU0RO1ns6gTcmaVPhlEyj5pyEz9u5HRUOs0DOxkSM1IL3tT8T+vk5jBtZ9xGScGJZsfGiSCmIhM/036XCEzIrWEMsVtVsJGVFFmbDsLV+ZJS7YXb7mFVdK8qHpu1bu/rNRu8oaKcAKncA4eXEEN7qAODWAwhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y/djJXm</latexit><latexit sha1_base64="fOeJzRa3K5J2bHCQFa/hAODOWgI=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtCd75YpbdWcgq8TLSQVy1Hvln24/YkmI0jBBte54bmz8jCrDmcBJqZtojCkb0yF2LJU0RO1ns6gTcmaVPhlEyj5pyEz9u5HRUOs0DOxkSM1IL3tT8T+vk5jBtZ9xGScGJZsfGiSCmIhM/036XCEzIrWEMsVtVsJGVFFmbDsLV+ZJS7YXb7mFVdK8qHpu1bu/rNRu8oaKcAKncA4eXEEN7qAODWAwhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y/djJXm</latexit>

yi
<latexit sha1_base64="1mLiSo6pU4wFrpPgq6sXzxr784s=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtMd75YpbdWcgq8TLSQVy1Hvln24/YkmI0jBBte54bmz8jCrDmcBJqZtojCkb0yF2LJU0RO1ns6gTcmaVPhlEyj5pyEz9u5HRUOs0DOxkSM1IL3tT8T+vk5jBtZ9xGScGJZsfGiSCmIhM/036XCEzIrWEMsVtVsJGVFFmbDsLV+ZJS7YXb7mFVdK8qHpu1bu/rNRu8oaKcAKncA4eXEEN7qAODWAwhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y/VmZXh</latexit><latexit sha1_base64="1mLiSo6pU4wFrpPgq6sXzxr784s=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtMd75YpbdWcgq8TLSQVy1Hvln24/YkmI0jBBte54bmz8jCrDmcBJqZtojCkb0yF2LJU0RO1ns6gTcmaVPhlEyj5pyEz9u5HRUOs0DOxkSM1IL3tT8T+vk5jBtZ9xGScGJZsfGiSCmIhM/036XCEzIrWEMsVtVsJGVFFmbDsLV+ZJS7YXb7mFVdK8qHpu1bu/rNRu8oaKcAKncA4eXEEN7qAODWAwhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y/VmZXh</latexit><latexit sha1_base64="1mLiSo6pU4wFrpPgq6sXzxr784s=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtMd75YpbdWcgq8TLSQVy1Hvln24/YkmI0jBBte54bmz8jCrDmcBJqZtojCkb0yF2LJU0RO1ns6gTcmaVPhlEyj5pyEz9u5HRUOs0DOxkSM1IL3tT8T+vk5jBtZ9xGScGJZsfGiSCmIhM/036XCEzIrWEMsVtVsJGVFFmbDsLV+ZJS7YXb7mFVdK8qHpu1bu/rNRu8oaKcAKncA4eXEEN7qAODWAwhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y/VmZXh</latexit><latexit sha1_base64="1mLiSo6pU4wFrpPgq6sXzxr784s=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtMd75YpbdWcgq8TLSQVy1Hvln24/YkmI0jBBte54bmz8jCrDmcBJqZtojCkb0yF2LJU0RO1ns6gTcmaVPhlEyj5pyEz9u5HRUOs0DOxkSM1IL3tT8T+vk5jBtZ9xGScGJZsfGiSCmIhM/036XCEzIrWEMsVtVsJGVFFmbDsLV+ZJS7YXb7mFVdK8qHpu1bu/rNRu8oaKcAKncA4eXEEN7qAODWAwhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y/VmZXh</latexit>

y1
<latexit sha1_base64="btIp6MfDo3B/VDj0kVxtxZFZgjg=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtOf1yhW36s5AVomXkwrkqPfKP91+xJIQpWGCat3x3Nj4GVWGM4GTUjfRGFM2pkPsWCppiNrPZlEn5MwqfTKIlH3SkJn6dyOjodZpGNjJkJqRXvam4n9eJzGDaz/jMk4MSjY/NEgEMRGZ/pv0uUJmRGoJZYrbrISNqKLM2HYWrsyTlmwv3nILq6R5UfXcqnd/Wand5A0V4QRO4Rw8uIIa3EEdGsBgCC/wCm/Os/PufDif89GCk+8cwwKcr198kZWp</latexit><latexit sha1_base64="btIp6MfDo3B/VDj0kVxtxZFZgjg=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtOf1yhW36s5AVomXkwrkqPfKP91+xJIQpWGCat3x3Nj4GVWGM4GTUjfRGFM2pkPsWCppiNrPZlEn5MwqfTKIlH3SkJn6dyOjodZpGNjJkJqRXvam4n9eJzGDaz/jMk4MSjY/NEgEMRGZ/pv0uUJmRGoJZYrbrISNqKLM2HYWrsyTlmwv3nILq6R5UfXcqnd/Wand5A0V4QRO4Rw8uIIa3EEdGsBgCC/wCm/Os/PufDif89GCk+8cwwKcr198kZWp</latexit><latexit sha1_base64="btIp6MfDo3B/VDj0kVxtxZFZgjg=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtOf1yhW36s5AVomXkwrkqPfKP91+xJIQpWGCat3x3Nj4GVWGM4GTUjfRGFM2pkPsWCppiNrPZlEn5MwqfTKIlH3SkJn6dyOjodZpGNjJkJqRXvam4n9eJzGDaz/jMk4MSjY/NEgEMRGZ/pv0uUJmRGoJZYrbrISNqKLM2HYWrsyTlmwv3nILq6R5UfXcqnd/Wand5A0V4QRO4Rw8uIIa3EEdGsBgCC/wCm/Os/PufDif89GCk+8cwwKcr198kZWp</latexit><latexit sha1_base64="btIp6MfDo3B/VDj0kVxtxZFZgjg=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtOf1yhW36s5AVomXkwrkqPfKP91+xJIQpWGCat3x3Nj4GVWGM4GTUjfRGFM2pkPsWCppiNrPZlEn5MwqfTKIlH3SkJn6dyOjodZpGNjJkJqRXvam4n9eJzGDaz/jMk4MSjY/NEgEMRGZ/pv0uUJmRGoJZYrbrISNqKLM2HYWrsyTlmwv3nILq6R5UfXcqnd/Wand5A0V4QRO4Rw8uIIa3EEdGsBgCC/wCm/Os/PufDif89GCk+8cwwKcr198kZWp</latexit>

z = E(G)>y
<latexit sha1_base64="70hzrHFcQTwtVK8mbUjTOlVB1KY=">AAACE3icbVDLSsNAFJ34rPUVdeHCzWAR6qYkIuhGKIrosoJ9QBPLZDpph04yYWYixJDP8Avc6he4E7d+gB/gfzhps7CtBwYO59zLPXO8iFGpLOvbWFhcWl5ZLa2V1zc2t7bNnd2W5LHApIk546LjIUkYDUlTUcVIJxIEBR4jbW90lfvtRyIk5eG9SiLiBmgQUp9ipLTUM/efLq6rToDUECOW3mTHD47iEUx6ZsWqWWPAeWIXpAIKNHrmj9PnOA5IqDBDUnZtK1JuioSimJGs7MSSRAiP0IB0NQ1RQKSbjj+QwSOt9KHPhX6hgmP170aKAimTwNOTeVQ56+Xif143Vv65m9IwihUJ8eSQHzOoOMzbgH0qCFYs0QRhQXVWiIdIIKx0Z1NXJknLuhd7toV50jqp2VbNvjut1C+LhkrgAByCKrDBGaiDW9AATYBBBl7AK3gzno1348P4nIwuGMXOHpiC8fUL7v6eAQ==</latexit><latexit sha1_base64="70hzrHFcQTwtVK8mbUjTOlVB1KY=">AAACE3icbVDLSsNAFJ34rPUVdeHCzWAR6qYkIuhGKIrosoJ9QBPLZDpph04yYWYixJDP8Avc6he4E7d+gB/gfzhps7CtBwYO59zLPXO8iFGpLOvbWFhcWl5ZLa2V1zc2t7bNnd2W5LHApIk546LjIUkYDUlTUcVIJxIEBR4jbW90lfvtRyIk5eG9SiLiBmgQUp9ipLTUM/efLq6rToDUECOW3mTHD47iEUx6ZsWqWWPAeWIXpAIKNHrmj9PnOA5IqDBDUnZtK1JuioSimJGs7MSSRAiP0IB0NQ1RQKSbjj+QwSOt9KHPhX6hgmP170aKAimTwNOTeVQ56+Xif143Vv65m9IwihUJ8eSQHzOoOMzbgH0qCFYs0QRhQXVWiIdIIKx0Z1NXJknLuhd7toV50jqp2VbNvjut1C+LhkrgAByCKrDBGaiDW9AATYBBBl7AK3gzno1348P4nIwuGMXOHpiC8fUL7v6eAQ==</latexit><latexit sha1_base64="70hzrHFcQTwtVK8mbUjTOlVB1KY=">AAACE3icbVDLSsNAFJ34rPUVdeHCzWAR6qYkIuhGKIrosoJ9QBPLZDpph04yYWYixJDP8Avc6he4E7d+gB/gfzhps7CtBwYO59zLPXO8iFGpLOvbWFhcWl5ZLa2V1zc2t7bNnd2W5LHApIk546LjIUkYDUlTUcVIJxIEBR4jbW90lfvtRyIk5eG9SiLiBmgQUp9ipLTUM/efLq6rToDUECOW3mTHD47iEUx6ZsWqWWPAeWIXpAIKNHrmj9PnOA5IqDBDUnZtK1JuioSimJGs7MSSRAiP0IB0NQ1RQKSbjj+QwSOt9KHPhX6hgmP170aKAimTwNOTeVQ56+Xif143Vv65m9IwihUJ8eSQHzOoOMzbgH0qCFYs0QRhQXVWiIdIIKx0Z1NXJknLuhd7toV50jqp2VbNvjut1C+LhkrgAByCKrDBGaiDW9AATYBBBl7AK3gzno1348P4nIwuGMXOHpiC8fUL7v6eAQ==</latexit><latexit sha1_base64="70hzrHFcQTwtVK8mbUjTOlVB1KY=">AAACE3icbVDLSsNAFJ34rPUVdeHCzWAR6qYkIuhGKIrosoJ9QBPLZDpph04yYWYixJDP8Avc6he4E7d+gB/gfzhps7CtBwYO59zLPXO8iFGpLOvbWFhcWl5ZLa2V1zc2t7bNnd2W5LHApIk546LjIUkYDUlTUcVIJxIEBR4jbW90lfvtRyIk5eG9SiLiBmgQUp9ipLTUM/efLq6rToDUECOW3mTHD47iEUx6ZsWqWWPAeWIXpAIKNHrmj9PnOA5IqDBDUnZtK1JuioSimJGs7MSSRAiP0IB0NQ1RQKSbjj+QwSOt9KHPhX6hgmP170aKAimTwNOTeVQ56+Xif143Vv65m9IwihUJ8eSQHzOoOMzbgH0qCFYs0QRhQXVWiIdIIKx0Z1NXJknLuhd7toV50jqp2VbNvjut1C+LhkrgAByCKrDBGaiDW9AATYBBBl7AK3gzno1348P4nIwuGMXOHpiC8fUL7v6eAQ==</latexit>

G
<latexit sha1_base64="YztUVWwh/c2GRZvK+E8yB0hubQk=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WsA+YDiWTZtrQTDIkGaEMXfsFbvUL3Ilbv8MP8D/MtLOwrQcCh3Pu5Z6cMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOOb3O/80SVZlI8mklCgxgPBYsYwcZKfi/GZkQwz+6m/WrNrbszoFXiFaQGBZr96k9vIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jMKgMUSWWfMGim/t3IcKz1JA7tZB5RL3u5+J/npya6DjImktRQQeaHopQjI1H+fzRgihLDJ5ZgopjNisgIK0yMbWnhyjxpxfbiLbewStoXdc+tew+XtcZN0VAZTuAUzsGDK2jAPTShBQQkvMArvDnPzrvz4XzOR0tOsXMMC3C+fgEqcpll</latexit><latexit sha1_base64="YztUVWwh/c2GRZvK+E8yB0hubQk=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WsA+YDiWTZtrQTDIkGaEMXfsFbvUL3Ilbv8MP8D/MtLOwrQcCh3Pu5Z6cMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOOb3O/80SVZlI8mklCgxgPBYsYwcZKfi/GZkQwz+6m/WrNrbszoFXiFaQGBZr96k9vIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jMKgMUSWWfMGim/t3IcKz1JA7tZB5RL3u5+J/npya6DjImktRQQeaHopQjI1H+fzRgihLDJ5ZgopjNisgIK0yMbWnhyjxpxfbiLbewStoXdc+tew+XtcZN0VAZTuAUzsGDK2jAPTShBQQkvMArvDnPzrvz4XzOR0tOsXMMC3C+fgEqcpll</latexit><latexit sha1_base64="YztUVWwh/c2GRZvK+E8yB0hubQk=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WsA+YDiWTZtrQTDIkGaEMXfsFbvUL3Ilbv8MP8D/MtLOwrQcCh3Pu5Z6cMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOOb3O/80SVZlI8mklCgxgPBYsYwcZKfi/GZkQwz+6m/WrNrbszoFXiFaQGBZr96k9vIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jMKgMUSWWfMGim/t3IcKz1JA7tZB5RL3u5+J/npya6DjImktRQQeaHopQjI1H+fzRgihLDJ5ZgopjNisgIK0yMbWnhyjxpxfbiLbewStoXdc+tew+XtcZN0VAZTuAUzsGDK2jAPTShBQQkvMArvDnPzrvz4XzOR0tOsXMMC3C+fgEqcpll</latexit><latexit sha1_base64="YztUVWwh/c2GRZvK+E8yB0hubQk=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WsA+YDiWTZtrQTDIkGaEMXfsFbvUL3Ilbv8MP8D/MtLOwrQcCh3Pu5Z6cMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOOb3O/80SVZlI8mklCgxgPBYsYwcZKfi/GZkQwz+6m/WrNrbszoFXiFaQGBZr96k9vIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jMKgMUSWWfMGim/t3IcKz1JA7tZB5RL3u5+J/npya6DjImktRQQeaHopQjI1H+fzRgihLDJ5ZgopjNisgIK0yMbWnhyjxpxfbiLbewStoXdc+tew+XtcZN0VAZTuAUzsGDK2jAPTShBQQkvMArvDnPzrvz4XzOR0tOsXMMC3C+fgEqcpll</latexit>

⌃(G)
<latexit sha1_base64="m443SSpMIXe8StJ6vktgf/CinJ0=">AAACD3icbVDLSsNAFJ3UV62vaJduBotQNyURQZdFF7qsaB/QhDKZTtqhM5MwMxFC6Ef4BW71C9yJWz/BD/A/nLRZ2NYDFw7n3Ms9nCBmVGnH+bZKa+sbm1vl7crO7t7+gX141FFRIjFp44hFshcgRRgVpK2pZqQXS4J4wEg3mNzkfveJSEUj8ajTmPgcjQQNKUbaSAO76j3QEUd1jyM9xohlt9OzgV1zGs4McJW4BamBAq2B/eMNI5xwIjRmSKm+68Taz5DUFDMyrXiJIjHCEzQifUMF4kT52Sz8FJ4aZQjDSJoRGs7UvxcZ4kqlPDCbeUa17OXif14/0eGVn1ERJ5oIPH8UJgzqCOZNwCGVBGuWGoKwpCYrxGMkEdamr4Uv86QV04u73MIq6Zw3XKfh3l/UmtdFQ2VwDE5AHbjgEjTBHWiBNsAgBS/gFbxZz9a79WF9zldLVnFTBQuwvn4BINichA==</latexit><latexit sha1_base64="m443SSpMIXe8StJ6vktgf/CinJ0=">AAACD3icbVDLSsNAFJ3UV62vaJduBotQNyURQZdFF7qsaB/QhDKZTtqhM5MwMxFC6Ef4BW71C9yJWz/BD/A/nLRZ2NYDFw7n3Ms9nCBmVGnH+bZKa+sbm1vl7crO7t7+gX141FFRIjFp44hFshcgRRgVpK2pZqQXS4J4wEg3mNzkfveJSEUj8ajTmPgcjQQNKUbaSAO76j3QEUd1jyM9xohlt9OzgV1zGs4McJW4BamBAq2B/eMNI5xwIjRmSKm+68Taz5DUFDMyrXiJIjHCEzQifUMF4kT52Sz8FJ4aZQjDSJoRGs7UvxcZ4kqlPDCbeUa17OXif14/0eGVn1ERJ5oIPH8UJgzqCOZNwCGVBGuWGoKwpCYrxGMkEdamr4Uv86QV04u73MIq6Zw3XKfh3l/UmtdFQ2VwDE5AHbjgEjTBHWiBNsAgBS/gFbxZz9a79WF9zldLVnFTBQuwvn4BINichA==</latexit><latexit sha1_base64="m443SSpMIXe8StJ6vktgf/CinJ0=">AAACD3icbVDLSsNAFJ3UV62vaJduBotQNyURQZdFF7qsaB/QhDKZTtqhM5MwMxFC6Ef4BW71C9yJWz/BD/A/nLRZ2NYDFw7n3Ms9nCBmVGnH+bZKa+sbm1vl7crO7t7+gX141FFRIjFp44hFshcgRRgVpK2pZqQXS4J4wEg3mNzkfveJSEUj8ajTmPgcjQQNKUbaSAO76j3QEUd1jyM9xohlt9OzgV1zGs4McJW4BamBAq2B/eMNI5xwIjRmSKm+68Taz5DUFDMyrXiJIjHCEzQifUMF4kT52Sz8FJ4aZQjDSJoRGs7UvxcZ4kqlPDCbeUa17OXif14/0eGVn1ERJ5oIPH8UJgzqCOZNwCGVBGuWGoKwpCYrxGMkEdamr4Uv86QV04u73MIq6Zw3XKfh3l/UmtdFQ2VwDE5AHbjgEjTBHWiBNsAgBS/gFbxZz9a79WF9zldLVnFTBQuwvn4BINichA==</latexit><latexit sha1_base64="m443SSpMIXe8StJ6vktgf/CinJ0=">AAACD3icbVDLSsNAFJ3UV62vaJduBotQNyURQZdFF7qsaB/QhDKZTtqhM5MwMxFC6Ef4BW71C9yJWz/BD/A/nLRZ2NYDFw7n3Ms9nCBmVGnH+bZKa+sbm1vl7crO7t7+gX141FFRIjFp44hFshcgRRgVpK2pZqQXS4J4wEg3mNzkfveJSEUj8ajTmPgcjQQNKUbaSAO76j3QEUd1jyM9xohlt9OzgV1zGs4McJW4BamBAq2B/eMNI5xwIjRmSKm+68Taz5DUFDMyrXiJIjHCEzQifUMF4kT52Sz8FJ4aZQjDSJoRGs7UvxcZ4kqlPDCbeUa17OXif14/0eGVn1ERJ5oIPH8UJgzqCOZNwCGVBGuWGoKwpCYrxGMkEdamr4Uv86QV04u73MIq6Zw3XKfh3l/UmtdFQ2VwDE5AHbjgEjTBHWiBNsAgBS/gFbxZz9a79WF9zldLVnFTBQuwvn4BINichA==</latexit>⌃

<latexit sha1_base64="G0LODBxFTRLcJ/hQkbEaRJljmyc=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KifUA7lEyaaWPzGJKMUIZu/AK3+gXuxK1/4gf4H6btLGzrgcDhnHu5JydKODPW97+9ldW19Y3NwlZxe2d3b790cNgwKtWE1oniSrcibChnktYts5y2Ek2xiDhtRsObid98otowJR/sKKGhwH3JYkawdVKjc8/6AndLZb/iT4GWSZCTMuSodUs/nZ4iqaDSEo6NaQd+YsMMa8sIp+NiJzU0wWSI+7TtqMSCmjCbph2jU6f0UKy0e9Kiqfp3I8PCmJGI3KTAdmAWvYn4n9dObXwVZkwmqaWSzA7FKUdWocnXUY9pSiwfOYKJZi4rIgOsMbGuoLkrs6RF10uw2MIyaZxXAr8S3F2Uq9d5QwU4hhM4gwAuoQq3UIM6EHiEF3iFN+/Ze/c+vM/Z6IqX7xzBHLyvX/L/lws=</latexit><latexit sha1_base64="G0LODBxFTRLcJ/hQkbEaRJljmyc=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KifUA7lEyaaWPzGJKMUIZu/AK3+gXuxK1/4gf4H6btLGzrgcDhnHu5JydKODPW97+9ldW19Y3NwlZxe2d3b790cNgwKtWE1oniSrcibChnktYts5y2Ek2xiDhtRsObid98otowJR/sKKGhwH3JYkawdVKjc8/6AndLZb/iT4GWSZCTMuSodUs/nZ4iqaDSEo6NaQd+YsMMa8sIp+NiJzU0wWSI+7TtqMSCmjCbph2jU6f0UKy0e9Kiqfp3I8PCmJGI3KTAdmAWvYn4n9dObXwVZkwmqaWSzA7FKUdWocnXUY9pSiwfOYKJZi4rIgOsMbGuoLkrs6RF10uw2MIyaZxXAr8S3F2Uq9d5QwU4hhM4gwAuoQq3UIM6EHiEF3iFN+/Ze/c+vM/Z6IqX7xzBHLyvX/L/lws=</latexit><latexit sha1_base64="G0LODBxFTRLcJ/hQkbEaRJljmyc=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KifUA7lEyaaWPzGJKMUIZu/AK3+gXuxK1/4gf4H6btLGzrgcDhnHu5JydKODPW97+9ldW19Y3NwlZxe2d3b790cNgwKtWE1oniSrcibChnktYts5y2Ek2xiDhtRsObid98otowJR/sKKGhwH3JYkawdVKjc8/6AndLZb/iT4GWSZCTMuSodUs/nZ4iqaDSEo6NaQd+YsMMa8sIp+NiJzU0wWSI+7TtqMSCmjCbph2jU6f0UKy0e9Kiqfp3I8PCmJGI3KTAdmAWvYn4n9dObXwVZkwmqaWSzA7FKUdWocnXUY9pSiwfOYKJZi4rIgOsMbGuoLkrs6RF10uw2MIyaZxXAr8S3F2Uq9d5QwU4hhM4gwAuoQq3UIM6EHiEF3iFN+/Ze/c+vM/Z6IqX7xzBHLyvX/L/lws=</latexit><latexit sha1_base64="G0LODBxFTRLcJ/hQkbEaRJljmyc=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KifUA7lEyaaWPzGJKMUIZu/AK3+gXuxK1/4gf4H6btLGzrgcDhnHu5JydKODPW97+9ldW19Y3NwlZxe2d3b790cNgwKtWE1oniSrcibChnktYts5y2Ek2xiDhtRsObid98otowJR/sKKGhwH3JYkawdVKjc8/6AndLZb/iT4GWSZCTMuSodUs/nZ4iqaDSEo6NaQd+YsMMa8sIp+NiJzU0wWSI+7TtqMSCmjCbph2jU6f0UKy0e9Kiqfp3I8PCmJGI3KTAdmAWvYn4n9dObXwVZkwmqaWSzA7FKUdWocnXUY9pSiwfOYKJZi4rIgOsMbGuoLkrs6RF10uw2MIyaZxXAr8S3F2Uq9d5QwU4hhM4gwAuoQq3UIM6EHiEF3iFN+/Ze/c+vM/Z6IqX7xzBHLyvX/L/lws=</latexit>

⌃
<latexit sha1_base64="G0LODBxFTRLcJ/hQkbEaRJljmyc=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KifUA7lEyaaWPzGJKMUIZu/AK3+gXuxK1/4gf4H6btLGzrgcDhnHu5JydKODPW97+9ldW19Y3NwlZxe2d3b790cNgwKtWE1oniSrcibChnktYts5y2Ek2xiDhtRsObid98otowJR/sKKGhwH3JYkawdVKjc8/6AndLZb/iT4GWSZCTMuSodUs/nZ4iqaDSEo6NaQd+YsMMa8sIp+NiJzU0wWSI+7TtqMSCmjCbph2jU6f0UKy0e9Kiqfp3I8PCmJGI3KTAdmAWvYn4n9dObXwVZkwmqaWSzA7FKUdWocnXUY9pSiwfOYKJZi4rIgOsMbGuoLkrs6RF10uw2MIyaZxXAr8S3F2Uq9d5QwU4hhM4gwAuoQq3UIM6EHiEF3iFN+/Ze/c+vM/Z6IqX7xzBHLyvX/L/lws=</latexit><latexit sha1_base64="G0LODBxFTRLcJ/hQkbEaRJljmyc=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KifUA7lEyaaWPzGJKMUIZu/AK3+gXuxK1/4gf4H6btLGzrgcDhnHu5JydKODPW97+9ldW19Y3NwlZxe2d3b790cNgwKtWE1oniSrcibChnktYts5y2Ek2xiDhtRsObid98otowJR/sKKGhwH3JYkawdVKjc8/6AndLZb/iT4GWSZCTMuSodUs/nZ4iqaDSEo6NaQd+YsMMa8sIp+NiJzU0wWSI+7TtqMSCmjCbph2jU6f0UKy0e9Kiqfp3I8PCmJGI3KTAdmAWvYn4n9dObXwVZkwmqaWSzA7FKUdWocnXUY9pSiwfOYKJZi4rIgOsMbGuoLkrs6RF10uw2MIyaZxXAr8S3F2Uq9d5QwU4hhM4gwAuoQq3UIM6EHiEF3iFN+/Ze/c+vM/Z6IqX7xzBHLyvX/L/lws=</latexit><latexit sha1_base64="G0LODBxFTRLcJ/hQkbEaRJljmyc=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KifUA7lEyaaWPzGJKMUIZu/AK3+gXuxK1/4gf4H6btLGzrgcDhnHu5JydKODPW97+9ldW19Y3NwlZxe2d3b790cNgwKtWE1oniSrcibChnktYts5y2Ek2xiDhtRsObid98otowJR/sKKGhwH3JYkawdVKjc8/6AndLZb/iT4GWSZCTMuSodUs/nZ4iqaDSEo6NaQd+YsMMa8sIp+NiJzU0wWSI+7TtqMSCmjCbph2jU6f0UKy0e9Kiqfp3I8PCmJGI3KTAdmAWvYn4n9dObXwVZkwmqaWSzA7FKUdWocnXUY9pSiwfOYKJZi4rIgOsMbGuoLkrs6RF10uw2MIyaZxXAr8S3F2Uq9d5QwU4hhM4gwAuoQq3UIM6EHiEF3iFN+/Ze/c+vM/Z6IqX7xzBHLyvX/L/lws=</latexit><latexit sha1_base64="G0LODBxFTRLcJ/hQkbEaRJljmyc=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KifUA7lEyaaWPzGJKMUIZu/AK3+gXuxK1/4gf4H6btLGzrgcDhnHu5JydKODPW97+9ldW19Y3NwlZxe2d3b790cNgwKtWE1oniSrcibChnktYts5y2Ek2xiDhtRsObid98otowJR/sKKGhwH3JYkawdVKjc8/6AndLZb/iT4GWSZCTMuSodUs/nZ4iqaDSEo6NaQd+YsMMa8sIp+NiJzU0wWSI+7TtqMSCmjCbph2jU6f0UKy0e9Kiqfp3I8PCmJGI3KTAdmAWvYn4n9dObXwVZkwmqaWSzA7FKUdWocnXUY9pSiwfOYKJZi4rIgOsMbGuoLkrs6RF10uw2MIyaZxXAr8S3F2Uq9d5QwU4hhM4gwAuoQq3UIM6EHiEF3iFN+/Ze/c+vM/Z6IqX7xzBHLyvX/L/lws=</latexit>

⌃
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A relative sensing network

∥Σ(G)∥22 = 2|E|∥Σ∥22

Proposition
Let Σ(G) be a relative sensing network with n agents such that G is Kr+1-free.
Then the H2 performance of Σ(G) is at most n2 r−1

r ∥Σ∥22.



recall: k-decompositions

! k-cycle in G: a sequence of k distinct nodes
connected by edges.

! Two cycles are disjoint if they have no nodes in
common.

! k-decomposition in G: union of disjoint cycles
covering k nodes.
A k-decomposition is given by cycles S1, . . . , Sl if
the Si are disjoint and |S1|+ · · ·+ |Sl| = k.

! Hamiltonian cycle (resp. decomposition): n-cycle
(resp. decomposition).

1

2

3

4

5

6

1-cycle = (1)
2-cycle: (23)
3-cycle: (456)
3-decomp.: (1)(23) or
(456)
4-decomp.: (1)(456)
5-decomp.: (23)(456)



A necessary condition for stability

Theorem1

A digraph G is stable only if it contains a k-decomposition for each
k = 1, 2, . . . , n

1

2

3

5

4

⎡

⎢⎢⎢⎢⎣

∗ ∗ 0 0 ∗
0 0 ∗ 0 0
∗ 0 0 ∗ 0
0 0 0 0 ∗
∗ 0 0 ∗ 0

⎤

⎥⎥⎥⎥⎦

An extremal question
What is the maximum number of edges in a graph G on n nodes before a
k-decomposition appears?

1B. “Sparse Stable Systems”, Systems and Control Letters, 2013
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Compositional approaches: A general setup

! let P be a system theoretic property, G be a class of graphs, and consider
P(G)

! consider a subset of G and examine how P varies over this subset
! impose algebraic operations on G and examine how P behaves with respect

to this algebra
! make G a semi-lattice and examine how the ordering on G is reflected on P



Case in point: Composite networks

Controllability of the product networks?



Input and Output Set Product



Controllability Factorization - Product Control

Theorem 1: Product Controllability
The dynamics

ẋ(t) = −A(
∏

"
Gi)x(t) +B(

∏

×
Si)u(t)

y(t) = C(
∏

×
Ri)x(t)

where A(
∏
"
Gi) has simple eigenvalues is controllable/observable if and only if

ẋi(t) = −A(Gi)xi(t) +B(Si)ui(t)

yi(t) = C(Ri)xi(t)

is controllable/observable for all i.



Network Learning
! Sensing accuracy/ confidence is coupled to an edge state, i.e.,

wij(x) = g(∥xi − xj∥)
! Online performance with respect to edge state control

edge states: xi(t);
coordinated state yi(t)

ẏi(t) =
∑

j∈N(i)

wij(x)(yj(t)− yi(t))

ẋi(t) = f(xi)

0 0.5 1 1.5 2 2.5 3
−0.05

0
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0.2

dij

w
ij

Questions: time-scale analysis, learning, gradient flow on space of graphs



Conclusions
Graph Theory

! Algebraic graph theory
! Geometric graph theory
! Extremal graph theory
! Probabilistic graph theory
! Topological graph theory

Systems Theory
! Stability
! Performance
! Input-Output Properties
! Control Synthesis
! Control Architectures

Thank you!


