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Consensus-Seeking Networks

The consensus protocol is a canonical model
for studying complex networked systems

formation
control

distributed
optimization

systems theory

@ over graphs

Are certain information structures
more favorable to others?

Ho cycle lengths
Hoo X node degree

Can notions of dynamic system performance be
explained in terms of properties of the graph?

min [5G,

How do we synthesize good
information structures?
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The Consensus Protocol

An ‘input-output’ consensus model

=

ot) |
w(t) ! 1 2t}
ZORING ’{E@T} .4 y(t)
[E(g)}
#(t) = —L(G)x(1)

How do disturbances and noises affect the
performance of the consensus protocol?
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Spanning Trees and Cycles

A graph as the union of a spanning
tree and edges that complete cycles

JC

remaining edges

a spanning tree
P 5 “complete cycles”

Edge Laplacian Essentlal Edge Laplacian

L.(G) = E(G)"E(G) NReRire

. /lmllarlty between ed e\
R(T rows form a basis for the and graph Laplacians

C) cut space of the graph
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The Edge Agreement Problem

Z:e(G) X

i) = ~L@at)+| 1 -E(@) | "
z(t) = E(G)Tz(t). _ —
[ i’T(t) = —Le(T)R(T.c)R?:r,C)IT(t_)'*' i
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stable and minimal
realization of
consensus protocol
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Cycles as Feedback

w(t)

wilf) AL})

o— X
TR =

R = | I T
7o = | 7o | Design of consensus networks can
E(T)T 7.0y = E(C) be viewed as a state-feedback problem

Le (T)R(T,C)RC(FT,C) — Le(T) T Le(T)T(T,C)T(TT,C)
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Cycles as Feedback

w(t)

LG BN emp SR
u(?) "L e( )) zr (t)
e D
Ler c>T<1f;,c> M

N y,

A synthesis problem
min % (G)]]2;

|V | Xk
TT,0)€

S5 RIWINNIN NOTITS INPPen

=

Faculty of Aerospace Engineering

CDC2012 Maui, Hawaii



Performance of Consensus

Theorem

2613 = str [(Rere RY o))

T,C)

some immediate bounds...

12e(G)ll2 < [[%e(T)lz = 5(n =1

all trees are the same

12e(9)l2 2 [[Xe(Kn)ll2 =

I

n—1
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Performance and Cycles

Theorem: Adding cycles always improves
the performance.

[Ec(GUe)lz = [Ze(9)z -
L 1
(R0 Rire) e (RroRbe)
1
2(1+c" (R(T o R, c:)) c)
e
2 2
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Performance and Cycles

Is there a combinatorial feature
that affects the performance?

Corollary

(T U = [8(TI3 — 51— 1))

long cycles are “better”
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Performance and Cycles

Is there a combinatorial feature
that affects the performance?

Corollary

A )T [Ze(TU{en e} = 2T -

< (-5

l(c1) + (c2) ))

(c1)l(c2) — 515

“edge disjoint” cycles are better
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Design of Cycles

a mixed-integer SDP

min
Mawi

S.1.

trace [ M|

M
I I+

L

min_[2e(G)]]2

T(T,C)ERl

Given a spanning tree, add k edges that
maximize the performance improvement

1

VLT

Zwi =k, w; € {0,1}

1
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Sparsity Promoting Optimization

-~ ~ - =~ ~ - . T

0 \ . \ . \
)\ feasible set \ I\ feasible set \ ) feasible set \
\ \

et || i [E4IR! Ry i M| i et ||

*convex optimization >convex optimization >convex optimization >non-convex
*not sparse *sparse for LP *sparse for SDP Xsparse

re-weighted /-1 minimization algorithm
[Candes 2008]

S5 RIWINNIN NOTITS INPPen

=

Faculty of Aerospace Engineering

CDC2012 Maui, Hawaii



Design of Cycles

A5.7) i min |2 (G)]]2,
u) 7 a0 Tir,c)eR
AETW,@TZ;,C}— Given a spanning tree, add k edges that
maximize the performance improvement
min atrace M| + (1 — «) E m;w;
M,w@- .
0
M 1 _
S.t. >0

DAL nyWhier |~

d wi=k 0<w; <1

1
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Simulation Examples

spanning tree
30 nodes

741 candidate

edges
add 40 new
k edges
S(T)llz = 58.5
I2(T)lz = 8.
2
|X(K5)[[3 = 39.975
o~
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Simulation Examples

weights can be used to
promote certain graph
properties

“long cycle weights”
m; = diam(G) — ||¢||1 + 1
I2(G)|I3 = 50.233
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Simulation Examples

/
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weights can be used to
promote certain graph

properties

“short cycle weights”
m; = ||¢il|s

12(G) |5 = 48.704
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Simulation Examples

weights can be used to
promote certain graph
/ properties

"A ‘)’! “cycle correlation weights”

1
“L/AIA e = &, Z | [T<TaC>T<1’;,C>Lj

— ¥ N\ i#i
= . 2
/7' N\ 1%(6)]]2 = 48.939

S5 RIWINNIN NOTITS INPPen

=

Faculty of Aerospace Engineering

CDC2012 Maui, Hawaii



Simulation Examples

promo

weights can be used to

e certain graph

proper

‘1es
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Concluding Remarks

role of cycles in consensus networks -

* internal feedback vy

Ve
* performance
f
V2

a tractable design procedure

* |1 optimization
* design of multi-agent systems

future works

* additional performance metrics

¥ push to Iarge scale Performance and design of cycles in consensus networks

Systems & Control Letters 62(1) : 85-96, 2013.
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Concluding Remarks

Questions?

U1

(U3

(¢ C2 D

U3

Fulerian Consensus Networks
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