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SIMPLIFY, SIMPLIFY, SIMPLIFY!

THE SYSTEMS WE WISH TO 
DESIGN, ANALYZE, AND 
CONTROL ARE COMPLEX!

CONTROL THEORY PROVIDES 
US WITH AN ANALYTICAL 
JUSTIFICATION FOR USING 
SIMPLE MODELS!

Z
u y

LET’S MAKE EVERYTHING 
AN INTEGRATOR!



WHAT ABOUT SENSING?

THE “DYNAMICS” OF THE SENSOR IN A CONTROL SYSTEM IS 
LESS IMPORTANT THAN THE QUANTITY IT IS MEASURING

Comparison Controller Plant

Sensor

Desired Output
Response

Output



Solutions to coordination problems in multi-robot systems are highly dependent on 
the sensing and communication mediums available!

Courtesy of P. Robuffo Giordano and A. Franchi 



• GPS 
• Relative Position 

Sensing 
• Range Sensing 
• Bearing Sensing

Sensing Communication

• Internet 
• Radio 
• Sonar 
• MANet 

TurtleBot II



EXAMPLE:  FORMATION CONTROL

ẋi = ui

Assumptions
• GLOBAL COORDINATE FRAME 
• RELATIVE POSITION MEASUREMENTS 
• DISTANCE MEASUREMENTS 
• NO SENSING CONSTRAINTS (360◦) 
• SENSING

“robots” - modeled as kinematic point mass

Control

THE “DISTANCE CONSTRAINED” 
FORMATION CONTROL PROBLEM

Formation
• SPECIFIED BY DISTANCES BETWEEN  

PAIRS OF ROBOTS

dij 2 R

[Krick2009] 

ui =
X

i⇠j

(kxi � xjk2 � d2ij)(xj � xi)



EXAMPLE:  FORMATION CONTROL

DISTANCE CONSTRAINED

• SPECIFIED BY DISTANCES BETWEEN  
PAIRS OF ROBOTS

dij 2 R

ui =
X

i⇠j

(kxi � xjk2 � d2ij)(xj � xi)
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ControlFormation

• FINAL FORMATION WILL BE A  
TRANSLATION OR ROTATION OF SHAPE 
SATISFYING DISTANCE CONSTRAINTS  

• AGENTS REQUIRE RELATIVE POSITION AND  
DISTANCES  

NEGLECTS RANGE CONSTRAINT OF RELATIVE 
POSITION SENSORS



EXAMPLE:  FORMATION CONTROL

ẋi = ui

Assumptions
• GLOBAL COORDINATE FRAME 
• BEARING MEASUREMENTS 
• NO SENSING CONSTRAINTS (360◦) 
• SENSING 

“robots” - modeled as kinematic point mass

Control

THE “BEARING ONLY” 
FORMATION CONTROL PROBLEM

Formation
• SPECIFIED BY BEARING VECTORS

g⇤ij 2 R2, kg⇤ijk = 1

[Zhao,Zelazo2016] 

ui = �
X

i⇠j

(I � gijg
T
ij)g

⇤
ij



EXAMPLE:  FORMATION CONTROL

BEARING ONLY
ControlFormation

• FINAL FORMATION WILL BE A  
TRANSLATION OR SCALING OF SHAPE 
SATISFYING BEARING CONSTRAINTS  

• AGENTS REQUIRE BEARING 
MEASUREMENTS 

• SPECIFIED BY BEARING VECTORS ui = �
X

i⇠j

(I � gijg
T
ij)g

⇤
ij
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GRASP Lab 

Motion capture systems allow us to “simulate” ideal sensors and test our 
control strategies



REAL SENSORS, REAL CHALLENGES

- sensing is typically physically 
attached to the body frame of the 
robot 

- sensing is inherently directed 

- knowledge of common inertial 
frame is not a realistic assumption 

- sensing is inherently limited



FIELD-OF-VIEW CONSTRAINTS
ṗi = �

X

j⇠i

✓
I � (pj � pi)(pj � pi)T

kpj � pik2

◆
g⇤ij

- bearing measurement only available when  
neighbor is in field-of-view of camera



REAL SENSING MEANS DIRECTED INFORMATION

HOW DO WE ADAPT OUR EXISTING THEORY TO HANDLE 
REAL SENSING?



Given a team of robots endowed with the ability to sense/
communicate with neighboring robots, design a control for 
each robot using only local information that moves the team 
into a desired formation shape. 

FORMATION CONTROL



CDC2015 - Invited Session: Rigidity Theory for Problems in 
Multi-Agent Coordination,  Dec. 18, 2015  Osaka, Japan

 הפקולטה להנדסת אוירונוטיקה וחלל
Faculty of Aerospace Engineering

Bearing 



v2v3

v1

 A framework
• A DIRECTED GRAPH 
• A MAPPING TO A METRIC SPACE

SE(2) RIGIDITY THEORY

G �(v2)

�(v3)

�(v1) = (p(v1), (v1))

(p, )

G = (V, E)
p : V ! R2

 : V ! S1

�vu

pu

pv

 v

 u

a directed edge indicates availability 
of relative bearing measurement

ruv



v2v3

v1

 A framework
• A DIRECTED GRAPH 
• A MAPPING TO A METRIC SPACE

SE(2) RIGIDITY THEORY

G �(v2)

�(v3)

�(v1) = (p(v1), (v1))

(p, )

G = (V, E)
p : V ! R2

 : V ! S1

directed bearing rigidity function

ruv =


cos( u) sin( u)
� sin( u) cos( u)

�

| {z }
T ( u)T

pv � pu
kpv � puk - bearings are expressed in the  

body frame of a point

FSE(2)(p, ) =
1

2

h
rTe1 · · · reT|E|

iT



EQUIVALENCE AND CONGRUENCE

|E| = 3

(G, p, )

T ( u)
T pv � pu
kpu � pvk

= T (�u)
T qv � qu
kqu � qvk

is equivalent to

if

8 (u, v) 2 E

- (local) bearings determined by the edge-set  
should be the same



EQUIVALENCE AND CONGRUENCE

- all (local) bearings pairs should be the same

(G, p, ) (G, q,�)

T ( u)
T pv � pu
kpu � pvk

= T (�u)
T qv � qu
kqu � qvk

is congruent to

if

8 u, v 2 V

|E| = 6



INFINITESIMAL MOTIONS IN SE(2)

- maintain bearings in local frame 

- rigid body rotations and scaling +  
coordinated rotations

Infinitesimal motions are bearing preserving (in local frame) 
motions of the framework.

SE(2) Rigidity

[Zelazo et al. ECC2014] 
[Schiano et al. ICRA2016]



AN EXAMPLE: THE TRIANGLE

equivalent but not congruent



AN EXAMPLE: THE TRIANGLE

4 SE(2) preserving infinitesimal motions 

we need 5 edges for triangle!



INFINITESIMAL RIGIDITY
A framework is infinitesimally rigid if every 
infinitesimal motion is trivial

FD(p) =
1

2

2

664

...
kp(vi)� p(vj)k2

...

3

775 FB(p) =

2

6664

...
p(vj)�p(vi)

kp(vi)�p(vj)k
...

3

7775

Distance Function Bearing Function

RB(p) =
@FB(p)

@p
RD(p) =

@FD(p)

@p

Distance Rigidity Matrix Bearing Rigidity Matrix

infinitesimal motions are precisely the motions that  
satisfy

R(p)�p =
@F (p)

@p
�p = 0



INFINITESIMAL RIGIDITY

FD(p) =
1

2

2

664

...
kp(vi)� p(vj)k2

...

3

775 FB(p) =

2

6664

...
p(vj)�p(vi)

kp(vi)�p(vj)k
...

3

7775

Distance Function Bearing Function

RB(p) =
@FB(p)

@p
RD(p) =

@FD(p)

@p

Distance Rigidity Matrix Bearing Rigidity Matrix

THEOREM
A framework is infinitesimally (distance, bearing) rigid 
if and only if the rank of the rigidity matrix is 2n-3.

3 trivial motions in the plane



INFINITESIMAL RIGIDITY
Directed Bearing Function

SE(2) Bearing Rigidity Matrix

THEOREM
A framework is infinitesimally SE(2) rigid if and only if 
the rank of the rigidity matrix is 3n-4.

RSE(2)(p, ) =
@FSE(2)(p, )

@(p, )

FSE(2)(p, ) =
1

2

2

664

...
T ( u)guv

...

3

775



SE(2) FORMATION CONTROL
The SE(2) bearing-based formation control problem is to 
design a (distributed) control law that drives the agents to a 
desired spatial configuration determined by interagent 
bearings measured in the local body frame of each agent.

A gradient controller

�(p, ) =
1

2

X

(i,j)2E

krij � r⇤ijk2


ṗ
 ̇

�
= �r(p, )�(p, ) = RSE(2)(p, )

T b⇤G

ui = T ( i)
T ṗi control expressed in local frame



SE(2) FORMATION CONTROL
The SE(2) bearing-based formation control problem is to 
design a (distributed) control law that drives the agents to a 
desired spatial configuration determined by interagent 
bearings measured in the local body frame of each agent.

A gradient controller

x requires relative orientation
x requires communication
x requires distances

ṗi =

for any u and v. Exploiting (8) three times we can write:

�v2v3 = �v3v2 +  v3 �  u2 � ⇡

= �v3v2 + ( v3 �  v1)� ( u2 �  v1)� ⇡

= �v3v2 + �v1v3 � �v3v1 � �v1v2 + �v2v1 � ⇡, (9)

which proves that �v2v3 , and therefore rv2v3 , can be com-
puted from the five available bearings. Therefore, measuring
five bearings is equivalent to measuring six bearings, i.e., to
having a complete measurement graph. To conclude the first
part of the proof we observe that if the agents are not aligned
then the complete graph guarantees the infinitesimal rigidity
of the framework.

In order to show the minimality we first observe that each
two rows of the bearing rigidity matrix corresponding to
each measured bearing ruv are linearly dependent. In fact,
this can be seen by noticing that (r?uv)T is in the left null-
space of the 2 ⇥ 6 matrix composed by these two rows.
Furthermore, as stated by Theorem II.6, the rank of the
bearing rigidity matrix must be in this case 3 · 3� 4 = 5 in
order to have infinitesimal rigidity. Therefore, the presence
of at least five bearing measurements is necessary in order
to have infinitesimal rigidity. This proves the minimality of
the framework and concludes the proof.

III. FORMATION CONTROL IN SE(2)

We now study a formation control problem in SE(2).
Consider a team of n agents (n � 2) in SE(2) where there is
no knowledge of a common reference frame. The dynamics
of each agent are expressed as


T ( i)T ṗi

 ̇i

�
=


ui

!i

�
, i = 1, . . . , n. (10)

Here, the control input ui is applied in the body-frame of
agent i, and wi directly controls the angular velocity of agent
i. Agents are able to sense the bearing to neighboring agents
according to a fixed directed graph G = (V, E).

We would like to design a distributed control law that
utilizes only bearing information to drive the formation to a
configuration that is congruent to the desired configuration
(i.e., admits the same directed bearing rigidity function). We
denote the desired formation in terms of desired relative
bearings between each agent,

bd
G =

⇥
(rde1)

T · · · (rdeE )
T

⇤T
.

Assumption 1. There exists an SE(2) framework

(G, pd, d) with �d(V) = (pd, d) such that

bG(�d(V)) = bd
G . Furthermore, the directed bearing

rigidity matrix B̃G(�d(V)) is minimally infinitesimally rigid

in SE(2).

In this direction, define the following potential function,

J(�(V)) = 1

2
kbG(�(V))� bd

Gk2.

We would like to examine the following gradient controller,


ṗ
 ̇

�
= �kr�J(�(V))

= �kB̃G(�(V))T
�
bG(�)� bd

G
�
, (11)

Here, k > 0 is a scalar gain used to improve the rate of
convergence of the system. For analysis purposes, we take
k = 1. Observe that by construction B̃G(�(V))T bG(�) = 0,
leading to


ṗ
 ̇

�
= B̃G(�(V))Tbd

G .

Note that this control is expressed in the global frame. The
form of the controller for each agent expressed in the local
body frame takes the form

ui = T ( i)
T ṗi = �T ( i)

T
X

(i,j)2E

T ( i)
Prij

kpj � pik
rdij

+ T ( i)
T

X

(j,i)2E

T ( j)
Prji

kpi � pjk
rdji =

=
X

(i,j)2E

Prij

kpj � pik
rdij +

X

(j,i)

T ( j �  i)
Prji

kpi � pjk
rdji

(12)

 ̇i = �
X

(i,j)2E

(r?ij)
T rdij (13)

A few comments regarding the above control strategy are
in order. Indeed, the control in (12–13) has a distributed
structure depending only on the sensing graph G. On the
other hand, this control requires communication between
agents. That is, if there is an edge (j, i) 2 E , then agent
i requires the bearing measurement rji and the desired
bearing rdji from agent j. Furthermore, the agents also require
information on their relative orientation, T ( i)TT ( j) =
T ( j �  i), as well as the range kpi � pjk between neigh-
boring agents. As well-known, this latter quantity cannot be
recovered from sole measured bearings and an independent
measurement (via, e.g., a distance sensor) would be required.
To cope with this issue, we will detail in the following a
scale-free version of controller (12) for which no distance
measurement is needed. On the other hand, the relative
orientation T ( j �  i) among neighboring pairs can be
directly obtained in terms of measured bearings thanks to
the rigidity of the framework (G, p, ). Indeed, if (G, p, )
is rigid then one could, for instance, exploit the distributed
estimation strategy illustrated in [17] for recovering the quan-
tity T ( j �  i) from the measured bearings. Alternatively,
one could make use of the geometric arguments of [22]
for algebraically obtaining T ( j �  i) from the available
bearings. An example of this algebraic procedure for the case
of 3 agents is given in the proof of Proposition II.10.

In this direction, we now propose the following scale-free
alternative control for avoiding measurement of the inter-
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for any u and v. Exploiting (8) three times we can write:

�v2v3 = �v3v2 +  v3 �  u2 � ⇡

= �v3v2 + ( v3 �  v1)� ( u2 �  v1)� ⇡

= �v3v2 + �v1v3 � �v3v1 � �v1v2 + �v2v1 � ⇡, (9)

which proves that �v2v3 , and therefore rv2v3 , can be com-
puted from the five available bearings. Therefore, measuring
five bearings is equivalent to measuring six bearings, i.e., to
having a complete measurement graph. To conclude the first
part of the proof we observe that if the agents are not aligned
then the complete graph guarantees the infinitesimal rigidity
of the framework.

In order to show the minimality we first observe that each
two rows of the bearing rigidity matrix corresponding to
each measured bearing ruv are linearly dependent. In fact,
this can be seen by noticing that (r?uv)T is in the left null-
space of the 2 ⇥ 6 matrix composed by these two rows.
Furthermore, as stated by Theorem II.6, the rank of the
bearing rigidity matrix must be in this case 3 · 3� 4 = 5 in
order to have infinitesimal rigidity. Therefore, the presence
of at least five bearing measurements is necessary in order
to have infinitesimal rigidity. This proves the minimality of
the framework and concludes the proof.

III. FORMATION CONTROL IN SE(2)

We now study a formation control problem in SE(2).
Consider a team of n agents (n � 2) in SE(2) where there is
no knowledge of a common reference frame. The dynamics
of each agent are expressed as


T ( i)T ṗi

 ̇i

�
=


ui

!i

�
, i = 1, . . . , n. (10)

Here, the control input ui is applied in the body-frame of
agent i, and wi directly controls the angular velocity of agent
i. Agents are able to sense the bearing to neighboring agents
according to a fixed directed graph G = (V, E).

We would like to design a distributed control law that
utilizes only bearing information to drive the formation to a
configuration that is congruent to the desired configuration
(i.e., admits the same directed bearing rigidity function). We
denote the desired formation in terms of desired relative
bearings between each agent,

bd
G =

⇥
(rde1)

T · · · (rdeE )
T

⇤T
.

Assumption 1. There exists an SE(2) framework

(G, pd, d) with �d(V) = (pd, d) such that

bG(�d(V)) = bd
G . Furthermore, the directed bearing

rigidity matrix B̃G(�d(V)) is minimally infinitesimally rigid

in SE(2).

In this direction, define the following potential function,

J(�(V)) = 1

2
kbG(�(V))� bd

Gk2.

We would like to examine the following gradient controller,


ṗ
 ̇

�
= �kr�J(�(V))

= �kB̃G(�(V))T
�
bG(�)� bd

G
�
, (11)

Here, k > 0 is a scalar gain used to improve the rate of
convergence of the system. For analysis purposes, we take
k = 1. Observe that by construction B̃G(�(V))T bG(�) = 0,
leading to


ṗ
 ̇

�
= B̃G(�(V))Tbd

G .

Note that this control is expressed in the global frame. The
form of the controller for each agent expressed in the local
body frame takes the form

ui = T ( i)
T ṗi = �T ( i)

T
X

(i,j)2E

T ( i)
Prij

kpj � pik
rdij

+ T ( i)
T

X

(j,i)2E

T ( j)
Prji

kpi � pjk
rdji =

=
X

(i,j)2E

Prij

kpj � pik
rdij +

X

(j,i)

T ( j �  i)
Prji

kpi � pjk
rdji

(12)

 ̇i = �
X

(i,j)2E

(r?ij)
T rdij (13)

A few comments regarding the above control strategy are
in order. Indeed, the control in (12–13) has a distributed
structure depending only on the sensing graph G. On the
other hand, this control requires communication between
agents. That is, if there is an edge (j, i) 2 E , then agent
i requires the bearing measurement rji and the desired
bearing rdji from agent j. Furthermore, the agents also require
information on their relative orientation, T ( i)TT ( j) =
T ( j �  i), as well as the range kpi � pjk between neigh-
boring agents. As well-known, this latter quantity cannot be
recovered from sole measured bearings and an independent
measurement (via, e.g., a distance sensor) would be required.
To cope with this issue, we will detail in the following a
scale-free version of controller (12) for which no distance
measurement is needed. On the other hand, the relative
orientation T ( j �  i) among neighboring pairs can be
directly obtained in terms of measured bearings thanks to
the rigidity of the framework (G, p, ). Indeed, if (G, p, )
is rigid then one could, for instance, exploit the distributed
estimation strategy illustrated in [17] for recovering the quan-
tity T ( j �  i) from the measured bearings. Alternatively,
one could make use of the geometric arguments of [22]
for algebraically obtaining T ( j �  i) from the available
bearings. An example of this algebraic procedure for the case
of 3 agents is given in the proof of Proposition II.10.

In this direction, we now propose the following scale-free
alternative control for avoiding measurement of the inter-
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SE(2) FORMATION CONTROL
a scale-free SE(2) formation control

stability analysis depends 
on the SE(2) bearing 
rigidity of the formation!

agent distances as in (12),

T ( i)
T ṗi = �

X

(i,j)2E

Prijr
d
ij +

X

(j,i)2E

T ( i �  j)
TPrjir

d
ji (14)

 ̇i = �
X

(i,j)2E

(r?ij)
T rdij , (15)

and we assume for the purpose of analysis that the agents are
able to acquire their relative orientation This control can be
expressed in a compact notation using the scale-free bearing
rigidity matrix as


diag(T ( i)T )ṗ
 ̇

�
=


diag(T ( i)T ) 0

0 I|V|

�
B̂G(�)

Tbd
G

(16)

It is worth noting that this control is in fact different than
the one proposed in [15]. In particular, in [15] a consensus-
type algorithm is used to align all agents to a common
orientation, thereby creating an effective common reference

frame, while the control action in (13) does not enforce any
agreement/alignment over common orientation.

Before proceeding with a stability analysis of this control,
we first present a useful result relating to the centroid of the
formation.

Proposition III.1. [15] The centroid of the formation p =
1
n (1

T ⌦ I2)p and its scale sp = 1
n

pPn
i=1 kpi � pk2 are

invariant under the dynamics (16).

Proof. In the global coordinate frame, the centroid dynamics
can be expressed as

ṗ =
(1T ⌦ I2)

n
ṗ = � (1T ⌦ I2)E diag(T ( v)Prvu)

n
bd
G = 0.

Similarly, the scale dynamics can be expressed as

ṡ =
1

n

(p � 1 ⌦ p)T

kp � 1 ⌦ pk ṗ.

From Proposition II.7, it follows that pT ṗ = 0 and (1 ⌦
p)T ṗ = 0 concluding the proof.

We are now prepared to state the main result. We will
show that for almost all initial conditions, the dynamics in
(16) asymptotically converges to the desired configuration.

Theorem III.2. Consider a minimally infinitesimally rigid

SE(2) framework (G, p(0), (0)) with directed bearing

rigidity function bG(�(V)). Consider a formation in SE(2)
specified by the vector of relative bearings bd

G satisfy-

ing Assumption 1. Then for almost all initial conditions

(p(0), (0)), the system (16) asymptotically converges to a

configuration �⇤
with bG(�⇤) = bd

G .

Proof. Without loss of generality, assume that the centroid
of the formation p(0) is at the origin. Furthermore, denote
by �d = (pd, d) a formation satisfying Assumption 1, that
is, bG(�d) = bd

G and assume pd = 0 and the scale satisfies
spd = sp(0).

Using a similar approach as found in [9], [15], we define
the new variable �p = p�pd and � =  � d. Differentiating
with respect to time yields


�̇p
�̇ 

�
= B̂G(�)

Tbd
G =

"
�E diag

⇣
T ( v)Prvu
kpu�pvk

⌘

�Eout diag
�
r?ij

�T

#
bd
G (17)

expressed in the global frame. Observe that an equilibrium
of the system corresponds precisely to the desired relative
bearings. In fact, using similar arguments used in [15], it
can be shown that the other equilibrium, corresponding to a
point reflection of the desired formation, is unstable.

The first point to observe is that (17) has a cascade
structure. In particular,

�̇ = �Eout diag
�
r?ij

�T
bd
G

does not depend on �p. Furthermore, the � dynamics have
a clear geometric interpretation since (r?ij)

T rdij = cos(⇡/2�
� i) = sin(� i). Let V =

Pn
i=1(1 � cos(� i)) be a

Lyapunov function. Then

V̇ = sin(�T )�̇ = � sin(�T )Eout sin (� )

= �
nX

i=1

di sin(� i)
2  0,

where di is the out-degree of node i (i.e. the ith row sum of
Eout. This shows the almost global asymptotic stability of
� to the origin.

Consider now the dynamics for �̇p,

�̇p = �� E diag
✓

T ( v)Prvu

kpu � pvk

◆
bd
G ,

and consider the Lyapunov function Vp = (1/2)�Tp �p. The
following is derivations are taken from [15]. Evaluating the
derivative of Vp along the trajectories of the system yields

V̇p = �Tp �̇p = �Tp B̂G(�)
Tbd

G = ��Tp E diag
�
T ( i)Prij

�
bd
G .

From (2) and the fact that rTijPrij = 0, it follows that

pT
�
E diag

�
T ( i)Prij

�
bd
G
�

= 0,

and V̇p simplifies to

�(pd)T
�
E diag

�
T ( i)Prij

�
bd
G
�
.

Using (2) again, we have

(pd)T
�
E diag(T ( i))

�
= diag(kpdj � pdi k)(bd

G)
T .

This leads to the following bound on the first term of V̇ ,

� diag(kpdj � pdi k)(bd
G)

T diag
�
Prij

�
bd
G  ↵(bd

G)
T diag

�
Prij

�
bd
G ,

where ↵ = max(kpdj � pdi k). Next, observe that from the
property of projection matrices one has

(bd
G)

T diag
�
Prij

�
bd
G=(bG(�))

T diag
⇣
Prdij

⌘
bG(�)
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proof

D-semistability, Lyapunov, LaSalle

� = FSE(2)(p, )� b⇤G

�̇ = �RT
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scale-free rigidity
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REAL SENSING MEANS DIRECTED INFORMATION

HOW DO WE ADAPT OUR EXISTING THEORY TO HANDLE 
REAL SENSING?



SE(2) FORMATION CONTROL
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FIELD-OF-VIEW CONSTRAINTS



FIELD-OF-VIEW CONSTRAINTS
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�
“robots” - modeled as kinematic point  
mass with heading

Assumptions
• GLOBAL COORDINATE FRAME 
• BEARING MEASUREMENTS 
• FIELD OF VIEW CONSTRAINTS 
• SENSING 

Control

Formation
• SPECIFIED BY BEARING VECTORS

g⇤ij 2 R2, kg⇤ijk = 1

!i =
1

|Ni(p(t))|
X

j2Ni(p(t))

�ij(p(t))

• ALWAYS FACE IN THE MIDDLE OF THE 
NEIGHBORS YOU ARE SENSING

STABILITY? 
CONVERGENCE? 

TRINH ET AL. 3

FIGURE 1 A directed cycle graph with 6 nodes

FIGURE 2 Both configurations A, and B, satisfy all desired bearing vectors g∗i , i = 1, … , 4, but are not similar

node i, ie, i = {i + 1(modulo n)}. A directed cycle of 6 nodes is illustrated in Figure 1. We define the relative position
vector as zi = pi+1 − pi, for i = 1, … ,n. The variable zi is sometimes referred to as the edge (i, i + 1) in the Euclidean
space. Furthermore, di = ||zi|| is the distance between the 2 agents i and i + 1. In addition, let the absolute and relative
positions be stacked as vectors p =

[
pT

1 , … ,pT
n
]T ∈ Rdn and z =

[
zT

1 , … ,zT
n
]T ∈ Rdn, respectively.

Assume that agent i can measure the bearing with respect to agent i+1 (modulo n). Based on the bearing measurement,
agent i can obtain the relative bearing vector35

gi =
pi+1 − pi

||pi+1 − pi|| =
zi

||zi|| . (2)

The unit vector gi contains the direction information from agent i to agent i + 1. Suppose agent i also knows a desired
bearing vector g∗i and the control objective is to asymptotically reduce the bearing error between gi and g∗i to zero. The
following definition describes admissible desired bearings.

Definition 1. The set n = {g∗i }i∈ is called a feasible bearing vector set if and only if, for each i ∈  , g∗i ≠ ±g∗i+1 and
there exist strictly positive scalars di such that ∑n

i=1 dig∗i = 0 .

It follows from Definition 1 that, when the desired bearing vectors belong to set n, there do not exist 3 consecutive
agents i− 1, i and i + 1 whose desired positions are collinear. The condition ∑n

i=1 dig∗i = 0 implies that the desired forma-
tion of the agents is a closed polygon because each vector of the form dig∗i is essentially an edge of the desired polygon,
connecting agents i and i + 1, with g∗i being the desired bearing of agent i with respect to its leader, ie, agent i + 1. The
scalar di is the length of the edge between agents i and i + 1 and is thus the distance between agents i and i + 1 in the
Euclidean space corresponding to a feasible formation.

For n = 3, every triangular formation satisfying a given desired bearing configuration in 3 is related by translations
and a dilation to another feasible formation. For n > 3, this property is generally not true. To see this, consider a 4-agent
formation, as shown in Figure 2, which depicts 2 configurations in R2 with sensing graph 4. The desired bearing vectors
are given by g∗1 = [1, 0]T , g∗2 = [0, 1]T , g∗3 = [−1, 0]T , and g∗4 = [0,−1]T . Although both Figures 2A and 2B satisfy the desired
bearings, the formation shapes are not similar. Similarity between formations can only be achieved if the infinitesimal
bearing rigidity conditions in the work of Zhao and Zelazo14 are satisfied. However, for n > 3, such conditions do not hold
for a cycle digraph, so the formation shape is not fixed for a given set of desired bearing vectors.

In R2, we define g⟂
i = Jgi =

[
0 −1
1 0

]
gi as the unit vector perpendicular to gi in the counterclockwise direction. Note

that JT = −J. The following result characterizes a condition for feasibility of a set n in R2.

Lemma 1. In R2, the set n is a feasible bearing vector set if and only if, for all i ∈  , g∗i ≠ ±g∗i+1, and there exist
j, k ∈ ∖{i} such that (g∗j )Tg∗⟂i < 0 and (g∗k)Tg∗⟂i > 0.
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OUTLOOKS

Do we need to develop rigidity theory 
extensions for every kind of sensor?

G. Stacey and R. Mahony, "The Role of Symmetry in Rigidity Analysis: A Tool 
for Network Localisation and Formation Control," in IEEE Transactions on 
Automatic Control, vol. PP, no. 99, pp. 1-1.

Extensions for directed sensing network

control and estimation algorithms

THEORY APPLICATION
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