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Differential Flatness of Nonlinear Consensus Networks:
A Graph-Theoretic Perspective

Daniel Zelazo! and Timm Faulwasser

Abstract— We study the property of differential flatness for
networks of identical flat agents coupled through a consensus
protocol, where a single exogenous input acts on one agent
and the output of another agent is measured. We distinguish
whether the network admits a flat output at all from whether
the measured task output is a flat output. For the former,
we show that flatness at a synchronized equilibrium requires
controllability of the Laplacian leader—follower pair, which is
also sufficient for linear agents but not for nonlinear ones. For
the latter, we show that the relative degree of the task output is
determined by its graph distance to the input node, so that it
is a flat output if and only if the graph is a path with the input
and output nodes at its ends. Numerical examples illustrate
how flatness enables finite-time transitions between consensus
configurations through a single input.

I. INTRODUCTION

In the canonical consensus protocol [1], each agent drives
its output towards those of its neighbors through diffusive
coupling, and the resulting collective behavior is dictated by
the properties of the graph Laplacian. In many applications,
a network may be required to track an external reference
known only to a subset of the agents [2], [3], or reconfigure
their spatial formation [4], [5]. Often such interaction with
the network is only possible through a few leader nodes [6],
[7], and only a few nodes can be measured. This raises a
structural question: which trajectories of a network output
can be generated by an input applied at a remote node?

For a single system, differential flatness [8] provides a
powerful answer to this question. If a system is flat, there
exists an output, the flat output, such that all states and
inputs can be expressed algebraically as functions of this
output and finitely many of its time derivatives. Trajectory
generation then reduces to planning a sufficiently smooth
curve for the flat output. This property is the foundation for a
large body of work on motion planning, feedforward control,
constrained trajectory generation and reachability [9]-[11]. It
is also the core mechanism behind computed-torque concepts
in robotics. For linear systems, flatness is equivalent to
controllability [10], [12], a flat output being furnished by
the Brunovsky canonical form [9], [13]. For SISO nonlinear
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systems, flatness is equivalent to static feedback linearizabil-
ity [8], [14], [15], and flat outputs are exactly the outputs
of full relative degree [16]; in particular, they are essentially
unique up to a reparametrization.

Consensus is well understood for single and higher-
order integrators and passive agents [1], [2], [17], but these
works concern the stability of agreement rather than steering
the network through a few input nodes. Controllability of
leader—follower consensus networks was introduced in [18];
symmetries of the graph with respect to the leader render
it uncontrollable [6], [7], and distance partitions bound
the controllable subspace [19]. For linear networks with a
single input and a single output node, the relative degree is
determined by the graph distance [20], and the transfer zeros
are related to paths in the graph [21]. Flatness, in turn, is
widely used for multi-agent coordination, e.g., in formation
flight [4], but there each agent has its own input and is flat
individually; similarly, [22] identifies couplings between flat
subsystems, each with its own input, that preserve flatness
of the joint system. In contrast, we study networks of
flat agents diffusively coupled through the flat outputs and
driven by a single network input. We investigate flatness
of such a network as an emergent property induced by the
interconnection structure. To the best of our knowledge, this
interplay between graph structure and differential flatness has
not been addressed.

Specifically, we ask when a network of nonlinear SISO
flat agents, coupled through a consensus protocol and driven
from a single node, is itself differentially flat, and how this
depends on where the network is actuated and where it is
observed. Given the agents and the interaction graph, two
design questions arise:

(i) Actuator placement: at which node can a single input
be injected so that the network is flat?

(i1) Sensor placement. where must the task output be lo-
cated, relative to a given input node, for it to be a flat
output?

To tackle both questions, we distinguish the property of
network flatness, i.e., the existence of a flat output, which
constrains where the input can be placed, from flatness of
the task output. We show that the two guiding questions have
different answers: Actuator placement is constrained by the
controllability of Laplacian leader—follower dynamics, which
is necessary for flatness and sufficient for linear agents,
so that graph symmetries about the input node rule out
flatness. Classical symmetry obstructions to leader—follower
controllability [6] are therefore obstructions to flatness. We



show by a counterexample that this condition is not sufficient
for nonlinear systems.

The task output, by contrast, is a flat output only if its
graph distance from the input node is one less than the
number of agents, which forces the graph to be a path
with the input and the task output at its two ends. Put
differently, we prove that the latter property is much stronger.
For the task output, we show that the relative degree from the
input node to the output node is determined by their graph
distance, increasing by the agent order with each edge, which
generalizes the linear first-order result of [20]. In every other
flat network, the task output is not a flat output, and the flat
output may even be a combination of several agents’ outputs,
as we illustrate with an explicit example.

The remainder of the paper is organized as follows.
Sections II-IIT give background and the problem statement,
Section IV graph conditions for both flatness aspects of
diffusively coupled networks of flat agents, and Section V
numerical examples of trajectory planning.

Notation: Throughout, e; denotes the i-th unit coor-
dinate vector and I, the n X n identity matrix, with the
dimension of e; clear from context, 1y € RY is the vector
of ones, and ® is the Kronecker product. We use standard
graph-theoretic notation [1]: G = (V, £, w) is an undirected
graph with nodes V = {1,..., N}, edges £ and weights
w;; = wj; > 0, N; is the neighborhood of node i, and
L € RV*N is the weighted Laplacian, which is symmetric
positive semidefinite with L1y = 0. The distance dist(z, j)
is the number of edges of a shortest path between nodes
1 and j, and Py is the path graph on NN nodes. For a
smooth function y(t), y*) denotes its k-th time derivative,
and §*! := (y,9,...,y*). For an open set U C R", smooth
vector fields f,g : U — R™ and a smooth function h : U —
R, the differential of & is the row vector dh = Oh/0z, the
Lie derivative of h along f is L¢h = dh f, with E(}h =h
and E’}Hh = L;(L%h), and the Lie bracket of f and g is
[f,g] = %f—%g, with ad?cg = g and ad’}“g =[f, ad’}g].
Smooth vector fields vy, ..., v; on U define the distribution
A(x) = span{vi(z),...,v(x)} € R, x € U, which
is called nonsingular if dim A(z) is constant on U, and
involutive if [v;,v;](x) € A(z) for all 4,5 € {1,...,k} and
all z € U. We write dh L. A if dh(z)v =0 for all v € A(x)
and all x € U.

II. PRELIMINARIES

We first recall the consensus protocol and the control-
lability of leader—follower consensus dynamics, which will
govern the existence of a flat output for the network. We then
review differential flatness, with emphasis on single-input
systems, for which existence of a flat output and flatness of
a given output are characterized by the geometric controlla-
bility distributions and by relative degree, respectively.

A. Leader—follower consensus

For single-integrator agents y; = u;, the consensus proto-
col

wi= Y wiy(y;—w), ie. §=-Ly, (D
JEN;
drives all outputs to the average of their initial values
whenever G is connected [23]. When an exogenous input
ug is injected at a leader node ¢, one obtains the leader—
follower dynamics
y=—Ly+emuc. 2

Its controllability is characterized by the spectrum of L and
will reappear in Section IV as a necessary condition for
network flatness.

Lemma 1 (Leader—follower controllability [6], [7]). Sys-
tem (2) is controllable if and only if no eigenvector of L
is orthogonal to e; and all eigenvalues of L are simple.

B. Differential flatness

Consider the nonlinear system

z = f(xvu)a

with f: R™ x RP — R" a smooth vector field.

x €R™ ueRP, 3)

Definition 1 (Differential flatness [8]). System (3) is (dif-
ferentially) flat if there exist an output z € RP, integers
r > 1, s > 0, and smooth maps h, ®, ¥ such that, along
all trajectories,

z=h(x,u,a,...,u(s)), (4a)
p=®(z4...,20 D) = d (z[’”—ﬂ) . (4b)
w=U(z%...,20) = (z[’“l) : (4¢)

holds and the components of z do not satisfy any differential
equation. The output z is then called a flat output.

For smooth zpef, Tyef = @)(Zr[:}; 1]), Upep = \I/(Zr[g]f) is a

trajectory of (3), so trajectory generation can be simplified,
see, e.g., [9], [11].

Lemma 2 (Linear systems [8], [13]). A linear system © =
Az + Bu is flat if and only if (A, B) is controllable. For
p =1, an output z = v " x is a flat output if and only if v' =
ke, C~1 for some k # 0, where C = [B, AB, ..., A"~ 'B];
i.e., the linear flat output is unique up to scaling.

Let (3) be single-input control-affine
&= f(x) +g(x)u

Ju,
Recall that an output y = h(z),dimy = 1 has relative
degree p at 2° if L,Lh(x) =0 forall k < p—1 and all z
near 2°, and L,L£} h(2°) # 0 [16]. Then y*) = L5h(x)
for k < p and y(¥) = LOh(x) + ﬁgﬁ’;flh(x) u.

dimu = 1. 5

Lemma 3 (Nonlinear single-input systems [8]-[10]). Con-
sider (5) around x°. Then:



(a) the system is locally flat around x° if and only if it is
locally static feedback linearizable, i.e., if and only
if the distributions Ay = span{g,adfg,...,ad]}g}
are involutive near z° for k = 0,...,n — 2 and
dimA,,_1(z%) = n,

(b) the output y = h(x) is a local flat output if and only
if it has relative degree p = n at x°, in which case
x> (h,Lsh, ..., E?_lh) is a local diffeomorphism;

(¢) if hi(x) and ha(z) are both local flat outputs, then
ho = 0 o hy near z° for some smooth 6 with 6’ £ 0.

The two conditions in (a) play different roles. The rank
condition on A,,_; is a controllability condition, whereas
involutivity is what makes a flat output exist. Under the
rank condition, A, _o is nonsingular of dimension n — 1
near z%, and by Frobenius’ theorem [16] it is involutive
near x° if and only if there is a smooth function h with
dh(z®) # 0 and dh L A, _5 near 2°, which, again under
the rank condition, is equivalent to relative degree n at z°.
If A,,_o is not involutive, any h with dh L A,,_o must also
annihilate the brackets of its vector fields, so that d~ vanishes
wherever these brackets together with A,,_5 span R™. Hence,
unlike for linear systems, controllability is necessary but not
sufficient for flatness. Part (c) follows from (b), since the
annihilator of A,,_5 is one-dimensional.

Remark 1 (Existence versus identification). Lemma 3 sep-
arates two questions. Part (a) concerns the existence of a
flat output and depends on (f,g) only, whereas part (b)
concerns whether a given output h is flat, which by (c)
holds if and only if h = 6 o h* for an essentially unique
flat output y* = h*(z). If 2° is an equilibrium for u = 0,
then ad];ég(mo) = (=1)kA*by with A = 9f/0x(z°) and
bo = g(2°), so the rank condition in (a) is controllability
of the linearization, which is therefore necessary for local
flatness. For the network, the two questions become the two
problems introduced in Section III. A

III. PROBLEM STATEMENT

The building blocks of the studied network are agents that
are differentially flat in isolation, with their output as flat
output. Specifically, we consider IV identical SISO agents in
nonlinear normal form,

jfi,k:xi,k+17 kil,...,(]*l,
Ty q = a(wy) + b(x;) ui, (6)
Yi = Ti1,

with state z; = (z41,...,%:,4) € RY input u; € R and
output y; € R, ¢ € V. In compact form, the agent dynamics
read

yi = el xi, (7)

where A, = [8 Iqo‘l} € R?%9 and e, e, € RY.

i = Aci + eq (a(ws) + b(w:) ug),

Assumption 1. The functions a,b : R? — R are smooth and
b(x;) > 0 for all z; € R

Under Assumption 1, each agent is (globally) flat with flat

Output Yii Xy = gz[q—l] and u; = (yZ(Q) _a(yz[q—l]))/b(gl[q—l])

Remark 2 (Generality of (6)). By Lemma 3(b), a SISO
control-affine agent with flat output h takes the form (6), at
least locally, in the coordinates & = (h,Lyh, ... ,E(}_lh).
Hence (6) covers any network of SISO flat agents that
exchange information via their flat outputs. A

A. Consensus coupling and the network system

The agents interact over a connected undirected graph
G through the consensus protocol (1) applied to their flat
outputs. In addition, an exogenous input ug € R acts on a
single input node ¢ € V, and the output yg € R of a single
output node m €V is measured:

up = Z wij (y; —vi) + dieue, Yo =Ym, ©8)

JEN;
where 0,0 is the Kronecker delta. Stacking x =
(r1,...,25) € RN a(x) = (a(z1),...,a(xyn)), and
B(z) = diag(b(x1),...,b(xN)), the interconnection (7)—(8)
reads

T = (IN & Ac)x + b(I@) (eg ® eq) UG
Xg: +(In ®eg)(a(e) = B(x) L (I @ ¢ )z),
ye = (e, ®ef )z,
©)

Here eg,e,, € RY select the input and output agents,
whereas e, e, € R? select the flat-output and input coordi-
nates within an agent, and b(z,) is the input gain of agent .
The setup is depicted in Fig. 1.

For the subsequent analysis we will rewrite (9) in more
compact form as

Fl(xlvmje/\ﬂ) 0

_ Fy(z2, zjen,) :
T = . + : UG (10a)

: b(xg)
Fn(zn, Tjeny) 0
——
=F(z) G(z)=b(z¢)e®eq

yo = h(z) = (e, ®e] )z =] z,, (10b)

which is of the form (5) with f = F, g = G and n = Ng.
Assumption 2. The graph G is connected and N > 2.

For c € R, the synchronized configuration z}, := 1y ®ce;
is the state in which all agents agree on the flat output y; = ¢
and all higher derivatives vanish. Since (Iy® A;)x’ = 0 and
L(Ixy ®e] )z} = 0, the configuration x* is an equilibrium
of (9) with ug = 0 if and only if ¢ belongs to the set

S:={ceR: alcey) =0}, (11)

in which case we call x} a synchronized equilibrium.

Remark 3. For ¢ = 1, a = 0 and b = 1, (9) reduces to
the classical leader—follower consensus network y = — Ly +
eoua [6], [7]. For ¢ > 2, the coupling (8) need not render
agreement attractive; we do not require this, since (9) is the
object to be steered via ug. A
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Fig. 1. (a) Network Xg: agents coupled by the consensus protocol (8); the
exogenous input ug acts at node ¢, and the output yg = ym, of node m is
measured. (b) Agent ¢ in the normal form (7), with its flat output y; = x;,1
exchanged with its neighbors.

B. Problem formulation

Each agent is flat, but it is not clear whether the intercon-
nection (9), which has a single input for Ngq states, is flat.
Following Remark 1, we distinguish two properties of (9).

Definition 2 (Network flatness). The interconnected sys-
tem (9) is said to be a differentially flat network if ¥g admits
a flat output 2 in the sense of Definition 1, measured or not.

This property depends on a, b, G and ¢, but not on
m, and hence is a question of where to place the input.
Network flatness suffices for motion planning: for every
sufficiently smooth z.¢, the input ug = \I!(Zr[i\;q]) steers the
whole network along ..t = @(Er[i\;qfl])
consensus configurations.

, e.g., between two

Definition 3 (Flat task output). The interconnected sys-
tem (9) is said to have a flat task output if yg is a flat
output.

The flat output z of Definition 2 is in general a combi-
nation of the states of many agents and is neither measured
nor meaningful for the task, whereas node m is typically
dictated by the application. By Lemma 3(c), task flatness asks
whether y,, coincides with the essentially unique flat output
of ¥g. In addition to planning, a flat task output enables

e algebraic reconstruction of the entire network state
x = @(g[g q_l]) from derivatives of a single measured
signal, without an observer; and

 exact output tracking: for every sufficiently smooth ¥y,
ug = \I/(gjﬂq]) drives the measured agent exactly along
Yrefs With no internal dynamics left over.

Definition 3 implies Definition 2. This motivates the follow-
ing problems.

Problem 1 (Network flatness). Determine graph-theoretic
conditions under which Xg is (locally) flat, i.e., admits some
flat output, possibly not a node output.

Problem 2 (Task flat outputs). Given G, characterize all pairs
(¢,m) € ¥V x V for which yg = y,, is a (local) flat output
of Eg.

Both problems are addressed in Section IV, and Section V
illustrates how the results can be used for trajectory planning.

IV. WHEN Is A CONSENSUS NETWORK FLAT?

We now address Problems 1 and 2 in turn, using a
linearization argument for the former and a relative degree
computation for the latter, and then relate the two problems.

A. Existence of a flat network output

Our results on network flatness rest on the fact that (9)
decouples along the eigenvectors of L, exactly for linear
agents and, at synchronized equilibria, to first order for
nonlinear ones.

Lemma 4 (Network flatness for linear agents). Let a(x;) =
a'zi,i € Vand b € Rsq. Then Yg is flat if and only if
(L,ep) is controllable.

Proof. For a(x;) = a'x; and b € Ryg, (9) is the linear
system & = (Iy ® M — bL ® eqef )z + b(er ® eq)uc
with M := A, + ean. Since L is symmetric, it admits an
orthonormal diagonalization L = QAQ". In the coordinates
T = (Q" ®I,)z, the system decouples into the N subsystems

Z;Ei = Mliz + b[Q]& eq uag, Mz = M — b)\ieqeir,

for ¢ € V. Each M; is in companion form with characteristic
polynomial p;(s) = s7 — a'(1,s,...,s77)T + b);, so
(M;,eq) is controllable and every eigenvalue of A; has
geometric multiplicity one. Moreover, p;(s) —p;(s) = b(A; —
Aj) is constant, so the spectra of M; and M; intersect if
and only if A\; = \; because any common root has to
satisfy p;(s) — p;(s) = 0. Using the Hautus criterion [24],
the decoupled system is therefore controllable if and only
if all \; are distinct and [Q]s; # O for all ¢ € V. Since
[Qlei = e] q; for the i-th column ¢; of @, an eigenvector
of L, these are exactly the conditions of Lemma 1, so the
decoupled system is controllable if and only if (L,e/) is.
The assertion follows from Lemma 2. Related results on
diffusively coupled linear agents are given in [19]. O

Proposition 1 (Necessary condition). Let Assumptions 1
and 2 hold. If ¥g is locally flat around a synchronized
equilibrium x, c € S, then (L,ey) is controllable.

Proof. Write (9) as & = F(z) + G(x)ug as in (10). At
xk, every agent has the state £* := ceq, so that L(Iy ®
e] )z = cLly = 0. Hence the derivative of B(z) =
diag(b(x1),...,b(zn)) does not contribute to the Jacobian
of the coupling term at z, and
oF
a5 ) = In® (Ac +ega’) = BL @ ege]
Glaz) = Blee @ eg),

with @ := Va(¢*) and 8 := b(¢*) > 0 by Assumption 1.
This is the linear network of Lemma 4. Since ¢ € S, the
state x is an equilibrium for ug = 0, so by Lemma 3(a)



and Remark 1, local flatness around = implies that this lin-
earization is controllable, i.e., flat by Lemma 2. By Lemma 4,
this holds only if (L, e,) is controllable. O

Proposition 1 allows the classical graph-theoretic obstruc-
tions to leader—follower controllability to be carried over
directly to flatness. The most prominent of these are sym-
metries. An automorphism of G is a relabeling of the nodes
that preserves the edges and their weights [25]; algebraically,
it is a permutation matrix P with PL = LP, and it fixes
the input node if Pe, = e;. Any two nodes exchanged by
an automorphism fixing ¢ are influenced identically by ug,
so their states cannot be steered independently. Rahmani et
al. [6] showed that (L, e,) is then uncontrollable; see also [7].
Combined with the spectral condition recalled in Section II,
this yields the following consequence of Proposition 1, which
is illustrated in Fig. 2(d).

Corollary 1 (Symmetry obstruction). If G admits a nontriv-
ial automorphism fixing £, or if L has a repeated eigenvalue,
then Xg is not locally flat around any synchronized equilib-
rium, regardless of a and b.

For linear agents, controllability of (L, e/) is necessary and
sufficient. The following example shows that this is no longer
true for nonlinear agents, already for the path P, driven from
an interior node.

Example 1 (Controllability is not sufficient). Consider scalar
agents ¢; = (1 + y?)u;, ie., ¢ = 1, a = 0 and b(§) =
1 + &2, coupled over P, with unit weights and input node
¢ = 2. Then (L, e3) is controllable, and z is a synchronized
equilibrium for every ¢ € R. Since ¥g has dimension four,
local flatness requires by Lemma 3(a) that Ao be involutive.
A direct symbolic computation gives

det [G, adrG, ad}.G, [adrG,ad}G]]
=2(z1 —a3) (1 +27)*(1 + 23)°(1 + 23)*(1 + 3),

which is nonzero whenever x; # x3, in particular at points
arbitrarily close to any z*. At such points [adrG,ad%.G] ¢
Ao, while dim Ay = 3 near z} by controllability of the
linearization. Thus Ay is not involutive near x%, and Xg
is not locally flat around any synchronized equilibrium,
although (L, e3) is controllable. For general weights and b,
the factor 2(x1 —x3) = b'(x1) —b'(x3) becomes wi2 b’ (x1)—
wa3 b’ (x3), so the same conclusion holds whenever b is not
affine near c. Since all vector fields involved are polynomial
in x and in the derivatives of a and b, a failure of involutivity
at a single point for one choice of agents implies failure for
generic agents. o

B. Flat task outputs and graph distance

We now turn to Problem 2. By Lemma 3(b), the task
output is a flat output exactly when its relative degree equals
the state dimension N g, so it suffices to compute this relative
degree. Intuitively, the input has to propagate from node ¢
to node m through the graph, and each agent along the way
contributes ¢ integrators.

Proposition 2 (Relative degree of the task output). Let
Assumptions 1 and 2 hold and let d = dist(¢,m). Then
the task output yi of (10) has uniform relative degree

p=aq(d+1)

with respect to ug on all of RN, and

Lolh'h@) = >[I ww []b6) >0 a2

m€llgm {u,v}en jET
where 1y, is the set of shortest paths from £ to m in G.

Proof. To investigate the relative degree of the network
output, the proof proceeds in three steps: We first revisit (10),
then we analyze the algebraic structure of its drift vector
field, before drawing upon the graph properties to show the
assertion.

First write (9) as in (10): & = F(x)+ G(z)ug with output
h(z) = xpm,1. Assign to each state x; j, the level v(i, k) :=
g dist(i,m) + k — 1. By (6) and (8), the components of the
drift vector field F(z) in (10) are

Fi,k:xi,k+17 kzl,...,q—l,
Fi,q = a(xl) + b((El) Z wij (xj,l — xiyl).
JEN;

Intuitively, the level v(i,k) counts how often the output
yg has to be differentiated with respect to time until x; j
appears.

For pn > —1, let C,, denote the set of smooth functions that
depend only on states of level at most p (so C_1 consists of
the constant functions). Since |dist(j, m) — dist(i,m)| < 1
for neighbors i, j, the component F; j belongs to C,(; k)41
and is affine in its states of level exactly v (i, k) + 1. The
reason is that the coupling between agents is linear, as seen
in the term F; , above. For k < ¢ these are x; 41, with
coefficient 1, and, if ¥ = ¢, the states x;; of the neigh-
bors j with dist(j, m) = dist(i,m) + 1, with coefficients
w;; b(w;) € Cyi,q)- In particular, Lemma 6 in the Appendix
shows that Ly maps C, into C,,11, ie., LFC, C Cpi1.

For a node ¢, let II;,, be the set of shortest paths from ¢

to m and
ki(z) = Z H Wy H b(z;).
jem\{i}

m€llim {u,v}en
The function x; depends only on agents v with dist(v, m) <
dist(i,m), whose states have level at most ¢ dist(i, m) — 1;

hence x; € Cs_1 whenever v (i, k) = s for some k. We show
by induction that, for all s > 0,

Lih= >

(i,k):v(i,k)=s

i Ti g + R, R,eC,_q. (13)

For s = 0, this holds with k,, = 1 and Ry = 0. Suppose
that (13) holds for some s. Then

Lih= " ((Lrri) @ik + ki Fik) + LpRs.
v(i,k)=s

Since k;, Rs € Cs_1, the terms (Lpk;)z;, and LpR;
belong to Cs. By the structure of F', the states of level



s + 1 enter only through x;F;j, namely as k; ;41 if
k < g, and as k; w;; b(x;) z;1 for the neighbors j of i
with dist(j, m) = dist(i,m) + 1 if k = ¢. Collecting terms,
the coefficient of x; is D, w;; b(x;) K;, summed over the
neighbors i of j with dist(z,m) = dist(j, m)—1. This equals
k;, because every shortest path from j to m consists of an
edge to such a neighbor followed by a shortest path from
that neighbor to m. All remaining terms belong to Cs, which
proves (13) for s + 1.

Finally, observe that G(z) has only one non-zero entry
and thus Lge = b(xy) ag—fq for any smooth function ¢, and
v(t,q) = q(d+1) —1 = p — 1. Since L3.h € C, by (13),
we obtain LoL%h = b(xy) %ﬁf? =0foral s <p-1
and all z, while LoL% "h = b(x) ke(z), which is (12).
This expression is positive on RV, since I, # ( by
Assumption 2, w;; > 0, and b > 0 by Assumption 1. O

For g =1, a =0, b =1 and unit weights, Proposition 2
recovers [20]: the relative degree is dist(¢,m) + 1, and the
high-frequency gain is the number of shortest ¢—m paths.

Lemma 5 (Flat task outputs). Let Assumptions 1 and 2 hold.
Then yg = ym is a flat output of Xg if and only if G is the
path graph Py and ¢ and m are its two end nodes. In this
case the flatness maps ®, ¥ are defined globally on R4,

Proof. By Lemma 3(b) and Proposition 2, which yields a
uniform relative degree on all of R™9, the output yg is
a flat output if and only if ¢(dist(¢,m) + 1) = Ng, i.e.,
dist(¢,m) = N — 1. In this case, a shortest path { =
9,01, ...,VUN—1 = m visits all N nodes, and any further
edge {v;,v;} with j > ¢ + 1 would yield the shorter path
Vo, ..., Vi, Vj,...,UN—1. Hence G = Px with end nodes ¢
and m; the converse is immediate.

On such a path, every node has a different distance to m,
so the levels v(i, k) from the proof of Proposition 2 take
each value 0,..., Ng — 1 exactly once. By (13), the s-th
component of ®(x) := (h,ﬁph,...,ﬁgqflh) thus equals
Ki Zi )k + Rg, where x; , is the unique state of level s, the
functions x; and R4 depend only on states of lower level, and
ki > 0 on RNY. These equations can be solved successively
for the states, so ® is a global diffeomorphism of RN, Since
y) = £3.h for s < Ng, this gives ¢ = &~ and ug =
(v — LNR(2)) /L LN h(z) with = = (g8 ),
which defines ¥ globally because the denominator is positive
by Proposition 2. O

Remark 4 (Flat inputs). Problem 2 also has a dual reading:
given the measured node m, how should the input be
designed so that y,,, becomes a flat output? Since Lemma 5
is symmetric in ¢ and m, a single-node input achieves this
only on a path measured at an end node. If the input may act
on several agents, however, the existence of such a flat input
is characterized by an observability rank condition alone,
without any involutivity requirement [26]. This suggests that,
around synchronized equilibria, a flat input for y,, exists
whenever (L,e,,) is controllable, for linear and nonlinear
agents alike, at the price of an input that acts on many

(a) Flat task output: p = Ng,
the measured y¢ is the flat output
_— (Lemma 5).

(b) Network flatness only: Xg is
flat with flat output ys, but the
measured yg has p = 3¢ < Ng.
(c) Linear agents (¢ = 1):
network flatness only, flat output
z = y1 — y3 — ya (weights in
green; Ex. 2). Nonlinear agents:
not flat (Ex. 1).

(d) Neither: an automorphism P
fixes ¢, so (L, ey) is uncontrol-
lable and X is not flat (Cor. 1).

Fig. 2. Flatness properties of networks; input node ¢ (blue), measured
node m (red), flat-output node (green). Each hop from ¢ towards m adds
q to the relative degree of yg (Prop. 2).

agents simultaneously. We leave a detailed analysis to future
work. A

Note that the results of Section IV-A do not involve the
output node m, whereas Lemma 5 shows that the task output
is flat only in the very special case of a path measured at the
end opposite the input. When network flatness holds but the
task output is not flat, the flat output of the network need
not be related to any particular agent, even for linear agents,
as the following example shows.

Example 2 (A hidden flat output). Letg=1,a=0,b=1,
and let G = P, with unit weights and input node ¢ = 2. The
pair (L,ez) is controllable, so g is flat by Lemma 4. By
Lemma 2, its flat output is, up to scaling,

2 =1Y1 — Y3 — Y4,

whose first three derivatives are independent of ug, while
2(*) depends on ug with coefficient —1. In contrast, the
node outputs yi,...,ys have relative degrees 2,1,2,3 < 4
(Proposition 2), so no node output is a flat output, whichever
node is measured. Nevertheless, trajectories of the whole
network can be planned through z, even though z is not
available from any single measurement. o

Remark 5 (Hierarchy of flatness properties). The results of
this section combine into

yq flat output = Xg flat = (L, e,) controllable,
—_— ——

Definition 3 Definition 2

where the second implication holds at synchronized equilib-
ria (Proposition 1) and is an equivalence for linear agents
(Lemma 4) but not for nonlinear agents (Example 1). The
first implication is strict, see Fig. 2: on a path driven from
an end node, the network is flat, but an interior task output
is not (Fig. 2(b)), and for linear agents the flat output need
not be the output of any agent (Example 2, Fig. 2(c)). In
particular, collocated input and output (¢ = m) never yields
a flat output for N > 2. AN



|
|
|
Y Ya 4
Yo Ys
[ Yret
| L
. T T
|
|
S 0.2¢ | |
|
|
|
0 L L .
0 5 10 15 20 25 30
t
Fig. 3. Transition on P5 with input at node 1: outputs y;, reference for

ya = ys (dotted), and ug.

V. NUMERICAL EXAMPLES

We illustrate how network flatness enables trajectory plan-
ning through a single input. We consider second-order agents
(g = 2) with

b(z;))=1+¢ (3%,1)27

(14
m = 0.5, no = 0.2, € = 0.5, coupled over Py with unit
weights, £ = 1 and yo = yn, which is a flat output by
Lemma 5; here S = R. On a path graph, the flat parametriza-
tions ® and ¥ follow from a backward recursion: yy and
its derivatives determine xp, the dynamics of agent N can
be solved for yn—1, and so on towards the input node, each
agent consuming ¢ further derivatives of y. We evaluate this
recursion numerically by propagating the derivatives of the
reference with Leibniz’s rule. To transfer the network from
zg to x7 in time 7', we plan

Yret (t) = o (t/T),

where I, is the regularized incomplete beta function, ex-
tended by 0 for 7 < 0 and by 1 for 7 > 1. All derivatives
of Yt Up to order Ng vanish at ¢t = 0 and t = T,
SO ug = \I/(gﬂ‘”) vanishes outside (0,7") and brings the
network to rest at x7.

Fig. 3 shows the open-loop transition for N =5 (N¢g =
10) and T' = 20. The input acts on agent 1, which moves
first and slightly overshoots, while agent 5 follows ¥..¢. The
network comes to rest at 7 at ¢t = T, and the simulated state
deviates from the planned trajectory by less than 5- 10710,
which confirms the flatness maps numerically.

Fig. 4 shows the peak input versus 7. For linear agents
(N2 = € = 0), ug is dominated by yr(é\f[q) ox T~N4_ and the
fitted slopes —4.07,...,—12.19 agree with —Ngq for N =
2,...,6. For nonlinear agents, the required input grows much
faster below a critical transition time that increases with IV,
since each step of the recursion feeds the cubic drag of one
agent into the next. Steering long nonlinear chains through
one node is thus practical only over long horizons.

a(l“i) = —Mx;2 — 772(931‘,2)37

o(r)=L;(Ng+1,Nqg+1), (15)

N < T
\
N \ N =2 N=6
S N\ N =3 nonlinear
i \\ \\ N =4 — — — — linear
5
= 10°F SO N=5 1
= \
= N
3 N A
T o A
\
5 S s\
g N N
\
100 | N i
10 10?
transition time 7'
Fig. 4. Peak input for the transition x§ — 7 on Py versus T'. Solid:

nonlinear agents (14); dashed: linear agents (n2 = € = 0).

Y1 Y2 Y =—————U

10 15
t

Fig. 5. Transition through the hidden flat output z of Example 2 (linear
agents, Py, £ = 2).

Finally, Fig. 5 shows a transition through the hidden flat
output of Example 2. Since z = —c at x}, we plan 2y =
—o(t/T) with Ng = 4 and T' = 10, and compute ug via
Lemma 2. All agents reach consensus at 1 at ¢ = 7' (error
4-10719), although no agent’s output could have been used

to plan the transition.

VI. CONCLUSIONS

We have shown that flatness of a consensus network driven
from a single node requires controllability of the Laplacian
leader—follower pair, which is also sufficient for linear agents
but not for nonlinear ones, whereas the task output is a
flat output only if the network is a path with the input
and the task output at its two ends. An open problem is
a graph-theoretic characterization of network flatness for
nonlinear agents. Symbolic computations on small graphs
suggest that, for generic nonlinear agents, the gap between
network flatness and flat task outputs closes, i.e., that only
paths driven from an end node are flat; for scalar agents,
however, P3 driven from its center is flat whenever wio #
wag. Further directions are trajectory planning under input
constraints [11], multiple input and output nodes, directed
graphs, nonlinear diffusive couplings, and the relation of
Problem 2 to flat inputs [26].



APPENDIX

Lemma 6 (EFCM - C,u,Jrl)-
Consider (10) and

Tik+1 for k <gq
T(Fix) = Z wij b(x;) i1 + i) fork=gq ,
jeg;t

with index set
Tt = {j € N; | dist(j,m) = dist(i,m) + 1},
and r; € Cy; ) reads

Tl(,%) = a(ati) — b(xl) [L]iixi,l + b(.’lﬁl) Z Wij 41,

jeg
[Lli =Y wi

JEN;
T ={j € N; | dist(j,m) < dist(i,m)}.

Then the following statements hold:
(i) For all p > —1, the element-wise application of Lr to
C, gives LrC, C Cpyi.
(ii) For ¢ € C,, we have

Lrgp— T(Fyy) + (@), 7 €Cy.
(i,k): v

(16)

(iii) In particular, L is affine in the states of level exactly

w1+ 1, with coefficients in C,,.

Proof. Part (i): Let ¢ € C,. By the chain rule and since
O0¢/0x; ,;, = 0 whenever v(i,k) > p,

>

(i,k): v(ik)<p

Lrp= 887@ Fi k.
Each factor 0p/0x; ) depends only on states of level at
most 4 and therefore lies in C, € C,41. Moreover, F; . €
Cu(ik)+1 € Cuq1 because v(i, k) < p. Since C, 41 is closed
under products and finite sums, Lrp € Cpyq1.

Parts (ii) + (iii): For the refinement (16), split the sum into
the terms with v(i, k) < p and those with v(i,k) = p. In
the first group Fi . € Cpipy+1 € Cu and Op/0x; ) € Cp,
so the whole group lies in C,. In the second group, Fj ), =
T(F;x) with r; € Cp(;,4) by the structure of (10), which is
affine in level-(p + 1) states with coefficients in C,,, plus a
remainder in C,,. Multiplying by 0¢/0z; i € C,, preserves
both properties. Collecting all remainders in 7 € C,, gives
(16). O
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