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Transversal Passivity and Equilibrium Forces in Formation Control

Feng-Yu Yue and Daniel Zelazo

Abstract— We consider controller synthesis for distance-
constrained formations, aiming to stabilize the target formation
manifold while sustaining admissible equilibrium edge forces.
Using the newly introduced notion of transversal passivity,
we encode the target formation shape, the prescribed edge
lengths, and a subspace of internally balanced edge forces
as the port target manifolds of the agents and the edge
controller. The synthesis task is thereby reformulated as the
joint design of a transversally passive edge controller and its
output-target subspace. We then propose a general constructive
realization of output-strictly transversally passive systems and
specialize it to derive a dynamic edge controller that sustains
admissible equilibrium edge forces. Through a compatibility
analysis across the interconnection, we establish a closed-loop
dissipation margin in terms of the controller parameters and
prove local convergence of all agent and controller ports to their
target manifolds. Numerical simulations validate the results.

I. INTRODUCTION

Distance-constrained formation control has received sus-
tained attention in cooperative control, motivated by broad
applications in mobile-robot teams and multi-vehicle coor-
dination [1], [2]. For a group of agents, the objective is
to design feedback controllers using relative measurements
to achieve prescribed inter-agent distances [2], [3]. Under
infinitesimal rigidity, these distance constraints determine the
formation shape up to translations and proper rotations, so
the admissible target configurations locally form a smooth
manifold [4], [5]. Consequently, the control task is naturally
formulated as the stabilization of a target formation manifold.

Controller synthesis for this problem must jointly account
for the network topology, the agent and controller dynamics,
and the nonlinearities induced by the geometric distance con-
straints. Passivity provides a powerful modular framework
for this task by decoupling the component dynamics from
the network interconnection, thereby enabling constructive
edge-controller synthesis [6], [7]. Existing passivity-based
approaches accommodate formation geometry by steering
relative edge outputs to prescribed compact target sets [6] or
by shaping distance-error potentials [8]. Beyond passivity,
edge-space formulations reduce local stability to spectral
properties of a linearized edge operator and enable synthesis
of stabilizing edge gains via semidefinite programming [9].

However, in all of these error-driven constructions, the
equilibrium edge forces are not treated as a design free-
dom: the edge dynamics require every edge force to vanish
once the distance errors reach zero. In fact, edge forces

This work was supported by the Israel Science Foundation grant
no.453/24. Feng-Yu Yue and Daniel Zelazo are with the Stephen B. Klein
Faculty of Aerospace Engineering, Technion — Israel Institute of Tech-
nology, Haifa 3200003, Israel. Emails: fengyu.yue@campus.technion.ac.il,
dzelazo @technion.ac.il.

need not vanish individually at equilibrium, since internally
balanced edge forces (corresponding to self-stresses) can
remain nonzero without disturbing the agents. Sustaining
such internal forces plays a key role in enhancing structural
stiffness [10] and maintaining internal tension [11]. This mo-
tivates developing a passivity-based edge-controller synthesis
where the admissible space of equilibrium edge forces can
be explicitly prescribed.

To address this synthesis problem, our recently introduced
notion of transversal passivity [12] provides a natural frame-
work. It formulates dissipation relative to prescribed input
and output target manifolds while retaining the modularity
of classical passivity in decoupling network topology from
system dynamics. In the formation-control interconnection,
this allows us to encode the rigid-motion orbit of the target
shape as the agent output manifold and the prescribed edge
lengths as the controller input manifold, while specifying a
subspace of internally balanced edge forces as the controller
output target. Consequently, the control task is reformulated
as the joint design of a transversally passive edge controller
and its output-target subspace to achieve shape convergence
while sustaining desired equilibrium edge forces.

In this paper, we study the distance-constrained forma-
tion controller synthesis problem while sustaining admis-
sible equilibrium edge forces. Our main contributions are
as follows. First, we reformulate the considered formation
control task as the joint design of a transversally passive
edge controller and its output-target subspace. Second, for
a smooth input target manifold and a linear output target
subspace, we propose a constructive realization of output-
strictly transversally passive systems, which specializes to a
dynamic edge controller parameterized by the output-target
subspace to sustain the corresponding equilibrium forces.
Third, through a compatibility analysis under transversal
passivity, we establish a closed-loop dissipation margin in
terms of the controller parameters and prove local con-
vergence of all agent and controller ports to their target
manifolds, thereby achieving the desired formation with
equilibrium forces in the prescribed subspace. Although
sustaining nonzero equilibrium forces generally leads to a
centralized implementation, our numerical simulations vali-
date the theoretical results and demonstrate how a localized
subspace choice can preserve these forces with sparser
subgraph-confined coupling.

The remainder of this paper is organized as follows. Sec-
tion II reviews transversal passivity and distance-constrained
formation control. Section III reformulates the formation
control problem within the transversal passivity framework,
followed by the constructive controller synthesis and local
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convergence analysis in Section IV. Numerical simulations
and concluding remarks are given in Sections V and VI,
respectively.

Notations: All inner products (-,-) and norms || - || are
Euclidean. We denote by I,, the n x n identity matrix, by
1,, € R" the all-ones vector, by ® the Kronecker product,
and by SO(2) the group of 2 x 2 proper rotation matrices.

For a set S, |S| denotes its cardinality, and dist(x,S) :=
infyes ||z — y|| denotes the Euclidean distance from z € R"
to a nonempty & C R™. For a linear subspace £L C R”,
P, and P,. = I, — P, denote the orthogonal projectors
onto £ and its orthogonal complement £, respectively. For
a smooth manifold M C R", T, M and N, M denote its
tangent and normal spaces at p € M, respectively.

An undirected graph G = (V, £) consists of a finite vertex
set V and an edge set £ C V x V. Assigning an arbitrary
orientation to each edge e; € &, the incidence matrix F €
RIVIXI€l is defined entrywise by [E]; := 1 if vertex i is the
head of ey, [F]ix := —1 if ¢ is the tail of e, and [E];; := 0
otherwise.

II. PRELIMINARIES

This section introduces necessary background on transver-
sal passivity and the distance-constrained formation control.

A. Transversal Passivity

Consider two nonlinear systems
27; : i?i = fi(x,-,u,-),

with state z; € A; C R™, input u; € U; C R™¢, and output
y; € Vi € R™i, where X;,U;,Y; are open, f; is locally
Lipschitz, and h; is C'. The two systems are interconnected
via the power-conserving linear feedback law

uQZFyla (1)

where I' € R™2%™1 ig the forward channel and —T'T is the
reverse channel.

Equip each 3; with embedded target submanifolds M,,, C
U; and My, C Y;. On tubular neighborhoods Ny, CU; and
N,, C Y; where the Euclidean nearest-point projections r,, :
Ny, = My, and ry, : N, — M, are uniquely defined and
smooth, the transverse port error maps are defined as

ylzhz(x“uz), ’L':LQ,

Uy = _FT?J%

Cu; (ul) = U Ty, (u2)7 Cy; (yl) =Y Ty, (yl)’ (2)

These error maps represent the normal displacements from
the targets and satisfy |ey,(u;)|| = dist(u;, M,,) and
ley, (y:)]| = dist(y;, M,,). Define the tubular domain D; :=
{(iE“UZ) € Xz X ./\/ul : hz(:rz,uz) S Nyl}

Definition 1 (Transversal passivity [12]): The system X;
is called (M, , M,,)-passive on D; # () if there exist a
continuously differentiable storage function V; : X; — Rxg
and constants €;,7; > 0 such that, for all (x;,u;) € D;,

Vi@, ui) < {ew, (ua), ey, (i) —eilley, (i) 1P —illew, (ui) 1.

Y, is output-strictly (M.,,,, M,,)-passive if &; > 0.

Transversal passivity penalizes only deviations normal to
(My,, M,,) while leaving motions along the target mani-
folds unpenalized.

Suppose now that both subsystems X; in (1) are
(My,, My, )-passive  with storage functions Vj(z;) and
constants ¢;,7v; > 0. Although (1) is power-conserving
({u1,91) + (u2,y2) = 0), this cancellation generally fails
under transversal passivity because the supply rates are
evaluated at the transverse port errors rather than the port
signals. To quantify this mismatch for the forward channel
T', we define the compatibility defect [12, Definitions 2-3]

Otc(y1) 7= eus (Ty1) = Tey, (1) = Ty, (91) = 7, (Py),

which measures the failure of I' to commute with the nearest-
point projections. The forward channel T" is called exactly
compatible on a set S if ds.(y1) = 0 for all y; € S, and
first-order compatible along S if d¢.(y1) = 0 and d, d5c = 0
for all y; € S. The defect d,.(y2) and compatibility notions
for the reverse channel —I' T are defined analogously.

For the feedback interconnection (1) with composite stor-
age Va(z) := Vi(z1)+ Va(xe) and x = (21, x2), the closed-
loop dissipation satisfies [12, Theorem 1] Vcl(at) < ss(x) —
Wo(x), where Wo(z) collects the subsystem dissipation and

55(2) := (Orc(y2(2)); €y, (1(2))) + (Fre(1(2)); ey, (y2(2)))

is the residual transverse supply. Since ey, 0z, and dyc
vanish when all ports lie on their target manifolds, s;s is
locally at least quadratic, yielding three regimes: (i) vanish-
ing residual (ss = 0), ensured if both channels are exactly
compatible; (ii) quadratic cancellation (ss is locally cubic),
ensured if both channels are first-order compatible; and (iii)
nonzero quadratic residual, where W must dominate ss at
second order for net dissipation. Combined with compact
confinement, port convergence guarantees across these three
regimes are established in [12, Corollary 2, Theorems 2
and 3].

B. Graph Rigidity and Distance-Constrained Formations

Consider n > 3 single-integrator agents in R? with
dynamics p; = w;, where p;,u; € R? denote the position
and control input of agent ¢ € V. The inter-agent interaction
topology is modeled by a connected undirected graph G =
(V, &) with |E] = m edges. The formation is represented
by a framework (G,p), where p = (p{,...,p} )T € R*" is
the configuration of the agents, yielding p = u. Let E :=
E® Iy € R??™ 5o that the k-th block (Ep)x = p; — p;
gives the relative position of edge e = (4,5) € £.

The shape of (G, p) is described by the rigidity function

1 _ _
19(p) = 5(ETPMI, - I(ETp)m])T €R™,
with
0 . - -
Rg(p) =75 7 (p) =blidiag((ETp)] ... (BTp) 1) BT

being the rigidity matrix. For a framework (G,p), a stress
is a vector of scalars w = (wy,...,w,)" € R™ assigned to
the edges. A stress is called a self-stress if the induced edge
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Fig. 1: Feedback interconnection of the agents X; and the

edge controller 35 through the forward channel ET and

the reverse channel —E. Each port signal is annotated with

its target manifold (blue); the channel annotations relate the
targets across the interconnection.
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forces (w1 (Ep){,... ,wm(ETp);L)T € R?™ are balanced

at every node, i.e.,

E_(wl(ETp)lT, . ,wm(ETp);l)T = Rg(p)Tw =0. (3

Thus, ker(Rg(p)') is the space of self-stresses of
(G.p) [13], [14].

Let p* € R?" be a target configuration with desired edge
lengths d = (di,...,dy)", where dy = ||(ETp*)x|| > 0
for all e, € &. Throughout this paper, we assume that
the target framework (G, p*) is infinitesimally rigid, mean-
ing that rank(Rg(p*)) = 2n — 3 [4], [15]. In this case,
dimker(Rg(p*) ") = m—(2n—3), and the only infinitesimal
motions at p* that preserve the edge lengths are planar
translations and rotations. The control objective is to design
the control input » such that the agents locally converge to
the target formation matching p* up to planar translations
and proper rotations, while sustaining desired edge forces at
equilibrium.

III. PROBLEM REFORMULATION VIA TRANSVERSAL
PASSIVITY

This section reformulates the distance-constrained forma-
tion control problem within the transversal passivity frame-
work [12]. Whereas classical passivity measures the supply
(u,y) relative to the origin to certify convergence to a
point equilibrium, the agent positions here must converge to
the noncompact manifold of configurations with the desired
shape. Transversal passivity accommodates this objective
by evaluating the supply (e,,e,) via the transverse port
errors (2) relative to prescribed target manifolds. The design
thus begins by encoding the control objective as agent target
manifolds, from which consistent controller targets follow
through the interconnection channels.

A. Feedback Interconnection with Edge Ports

Consider the feedback interconnection in Fig. 1, where the
plant X, represents the stacked agent dynamics with input
u1 = u and output y; := p,

Y11 p=uy, Y1 =p, 4

and X is the edge controller to be designed. Choosing the
forward channel £ T and reverse channel —F yields the edge
relative positions uy = ETp and plant input u; = —Eys.

B. Agent Target Manifolds

The targets of ¥, are dictated by the control objective
rather than chosen. First, at steady state the agents should be
at rest, so the input target is

M, ={0}. (&)

Second, the agent positions should form the desired shape.
Since the edge lengths determine p* only up to planar
translations and rotations, the output target cannot be a single
point. Instead, we take the orbit of p* under planar rigid
motions,

My, ={(1,®Q)p* +1,®7n:Q € SO(2), n € R*}. (6)

Since d > 0, the only planar rigid motion fixing p* is
the identity, and SFE(2) acts properly on R?". Therefore,
M, is a connected, closed, embedded three-dimensional
submanifold of R?" diffeomorphic to SE(2) [16]. Moreover,
by infinitesimal rigidity, M,, coincides near p* with the set
of configurations satisfying all distance constraints, while
excluding reflections and other incongruent realizations of
the same distances.

Since M, is a closed embedded submanifold, it admits a
tubular neighborhood ./\/'y1 C R2" on which the nearest-point
projection 7, is well defined and smooth, with transverse
error ey, (p) = p — ry, (p). On the input side, we take
Nu, = R, 7., = 0, and e,,(u1) = uj. Choosing the
output-distance storage function

1

1
Vilp) = 5 dist(p, My,)* = S lew ] Q)

and differentiating V; along ¥, yields Vi = (e, (p),u1) =
(€u, (u1), ey, (y1)). Thus, X, is ({0}, M,,)-passive on
Ny, x R*™ [12, Proposition 2]. Note that 7, is an analysis
tool and is not computed by the agents.

C. Controller Target Manifolds

In contrast to the agent targets, the controller targets are
design choices, constrained only by consistency with the
agent targets through the interconnection channels. At the
input port, each edge attains its desired length dj if and
only if ug € d.S' := {x € R? : ||z|| = dj}. At the output
port, since u; = —FEys, the constraint M,, = {0} requires
the target outputs to lie in ker £, which by (3) also contains
the edge forces induced by any self-stress w € ker(Rg(p)").
Accordingly, we choose the controller target manifolds as

m
My, =C =[] dS",

k=1

M,, =ZCkerE. (8)

We choose C rather than the realizable image E' M, =
{(I,®Q)ETp* : Q € SO(2)} as the controller input target
because its nearest-point projection is edgewise: projecting
onto C only rescales each us j, to length dj, (Fig. 2), whereas
projecting onto ETMyl requires fitting a common rotation
to all edges simultaneously. This relaxation introduces no
spurious targets: since infinitesimal rigidity implies local
rigidity [13], CNrange BT = ETMyl in a neighborhood
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Fig. 2: Edgewise projection onto C for edge k. The nearest
point 7y, x = dilUs) on the target circle dS' (blue) is
obtained by rescaling us j, and the transverse error e, , =
{ Uz i, (orange) is normal to the circle. The hollow point
is the k-th edge of the nearest target formation ry, (p); the
dotted chord to it is the forward compatibility defect analyzed
in Section IV.

of ETMyl. Meanwhile, the linear subspace Z C ker E is
selected to prescribe the admissible balanced edge forces at
equilibrium.

For Y, the edgewise projection onto C is smooth on
Ny = {us € R s gy, #0, Vk € {1,...,m}}, while for
the linear subspace Z C ker E the nearest-point projection
is the orthogonal projector Pz, which is defined globally,
ie, Ny, = R*". On N,,, define the edge-length error
U := ||ua k|| — di and unit direction s g = ug i /||uz k|,
and stack them as £ := ({1,...,¢,,)", and

U(UQ) = blkdiag(ﬂm, Ce ,ﬂgm), (9)

which satisfies U(uz)"U(us) = I,,,. The port projections
and transverse errors of Yo are then given by

Tuy (u2) = U(ug)d, ey, (uz) = U(usz),
Tyo (Y2) = Pzya, €y, (y2) = Pz1 v,
with [[ew, (u2)[| = [|€]].

(10)

D. Problem Formulation

At this point, the agent side of the interconnection is fully
specified: 3 is ({0}, M,, )-passive, and the controller input
target is fixed as M,, = C. What remains is the edge
controller s together with its output target Z, which must
be chosen jointly. The formation control task thus reduces to
the following synthesis problem.

Problem 1: Select a linear output-target subspace M,, =
Z C ker E and synthesize a dynamic edge controller %y
such that:

i) ¥o is output-strictly (C, Z)-passive;

ii) at any target configuration p € M, , the closed-

loop equilibria sustain the balanced edge forces y, €
Z induced by the corresponding self-stresses in
ker(Rg(p)"); and

iii) the closed-loop system achieves local convergence,

with all realized port signals (uy,y1, us,y2) converg-
ing to (M,,, M,,,C, 2).

Two features distinguish Problem 1 from a stan-
dard passivity-based interconnection. First, since C relaxes
ETMyl, projecting onto the targets does not commute
with the forward channel, i.e., the interconnection carries a
nonzero compatibility defect, so the general interconnection

results of [12] do not apply directly. Second, the choice of Z
governs both the equilibrium edge forces sustained and the
inter-edge coupling of the controller, with the two extremes
Z = {0} and Z = ker E trading one against the other.

Section IV addresses Problem 1: for a given Z, it con-
structs an output-strictly transversally passive edge controller
(Proposition 1), shows that the compatibility defect enters
the closed-loop energy balance only at second order (Propo-
sition 2 and Lemma 1), establishes local convergence (Theo-
rem 1), and examines how the choice of Z trades off retained
equilibrium forces against inter-edge coupling. Section V
then compares decoupled, centralized, and localized choices
of Z numerically.

IV. CONSTRUCTIVE CONTROLLER SYNTHESIS AND
LocAL CONVERGENCE

In this section, we address Problem 1 for a given subspace
Z C ker E. We synthesize an output-strictly (M,,, M,,)-
passive dynamical controller ¥ and establish local closed-
loop port convergence. For brevity, the arguments of e, (uz),
ey, (y2) and U(us) are omitted when they are clear from the
context.

A. Construction from the Transverse Supply

We first present a general construction of output-strictly
transversally passive systems for an arbitrary smooth input
target manifold M, (with transverse error e, on A,) and a
linear output target subspace M, (with e, =P M Y).

Starting from the transverse supply (e,, e, ), we seek state
dynamics and an output map satisfying the output-strict
dissipation inequality

V < eusey) —elleyll?,

with ¢ > 0. For a state-only storage function V (&), we
have V = (VV(€),€), whereas the linearity of M, gives
(eu,€y) = (PMéeu,y) This suggests the classical port-
Hamiltonian structure [17], [18]: taking V' as the Hamilto-
nian, we introduce a matrix-valued design map L(u) from
the state space to the output space, drive £ by the projected
transverse input error through L(u) ", and take the collocated
output L(u)VV (), complemented by damping and a direct
feedthrough of e,,. This leads to the following result.

Proposition 1 (Constructive transversal passivity realiza-
tion): Let V : X — R be C? on an open state domain
X C R, and let L(u) be a C' matrix-valued map of
compatible dimensions on N,. For any gains a,b,g > 0
and any linear subspace M, the system

{g‘ = L(u) TP (bew — a Lw)VV(8)),

y=0bL(u)VV(E) + geu, (an

is output-strictly (M,,, M, )-passive on X x NV, with storage
function V' (§), satisfying

V = (eure,) — allPris LYV = glP ags call

< (eusey) — (2

a 2
ol



Moreover, at any held target input v € M,, a state £ € X
is an equilibrium of (11) if and only if L(u)VV (§) € M,,.

Proof: By (11), ey = Pyry = bPpLLVV —|—
gP Mi€u Differentiating V' along (11) and substltutmg
bPMLLvV = ey — gPMLe,, into V = VV ¢ yields the
equahty in (12). Applying ‘the Cauchy—Schwarz inequality
gives

b2
2
e < — +

which, together with the triangle inequality |le,| <
b”PMLLVVH + gHPML eu||, establishes the inequality
in (12) Finally, when v € M,, we have e, = 0 and
= —al™P M LVV. Taking the inner product with VV'
gives (VV,€) = —a||Py LVV|. Hence, £ = 0 if and
only if Py LVV =0. ]

The projéctor P M in the state dynamics of (11) is
essential: state directions with L(u)VV (§) € M,, are neither
driven by e, nor damped, so the system can hold a nonzero
state at equilibrium while its output remains on the target
M. In the formation control setting, these directions sustain
the nonzero equilibrium edge forces in Z.

) (@IPA LYVI? + gl sz )

B. Edge Controller and Target Equilibria

To address Problem 1, we specialize Proposition 1 to the
edge controller ¥y with port targets (M,,, M,,) = (C, Z).
To generate radial edge forces, we assign one scalar state
& € R to each edge e € &, stacked as £ € R™, with
quadratic storage V»(§) = 5 , and choose L(ug) =
U(uz) to align each & with the unit edge direction Uz f.
With ey, (u2) = U(uz)f from (10), the realization (11) yields
the output-strictly (C, Z)-passive edge controller

5 € =U(u2)"Pz.U(ug) (bl —af),
92
y2 = Ulug) (b€ +g¥).

Componentwise, edge e; outputs the radial force y2 ), =
U2k (b&L + g {k), and its state evolves as

13)

& = ?7;,;.3 Z[Pzi]kg‘ Uaj (b (14)

j=1
where [Pz.]x; € R**? denotes the (k,j) block of Pz..
Hence, edge ej requires ﬂzj, ¢;, and &; only from the
edges e; with [Pz.]x; # 0, so the block sparsity of Pz
determines the inter-edge coupling pattern. For Z = Z,®@R?
with Zy C R™, we have Pz, = PzL ® I, and (14) reduces
to &, = > ;P2 (U 1 U2,5)(bl; — a&;), which involves
only the relative orientations of the edges.

Interconnecting 3y and X, via Fig. 1 (with U, £, and e,,,
evaluated at up = E"p € N,,,) and defining the normalized
rigidity matrix and controller Gram matrix

R(p)=U(E"p)'ET, Gz(p) :=U(E"p) Pz UE p),

e] _afj)v

we obtain the closed-loop dynamics

{p: ~R(p)T (b€ +g0),

= Ga(p)(bl — at). ()

Since Rg(p) = diag([(ETphl,....[(E
infinitesimal rigidity implies ker R(p) =
rank R(p) = 2n — 3 for all p € M,,.

We next characterize the closed-loop equilibria on M,
and the sustained equilibrium edge forces. For any p with

"P)ml) R(p).
T,M,, and

ETpeN,,,since Z Cker E and R(p)" = EU(E"p), we
have
ker Gz(p) = {€ €eR™: U(ETp)¢ € Z} Cker R(p)". (16)

At any p € M, (so ETp € C and ¢ = 0), Proposition 1
implies that §& = 0 if and only if ¢ € ker Gz(p), which
by (16) also yields p = —bR(p) "¢ = 0, with equilibrium
edge forces yo» = bU(ETp)¢ € Z. Since ker R(p)" =
diag(d) ker(Rg(p) ") on My, is the normalized self-stress
space, the controller equilibria ker Gz(p) at p € M,, are
precisely the normalized self-stresses whose induced edge
forces lie in Z, with ker G, z(p) = ker R(p) .

Moreover, for a held p € M,,, 32 in (13) reduces to
£ = —aGz(p)€ with e,, = bPz.U(E T p)E. This shows
the selective role of output-strict (C, Z)-passivity: it leaves
the equilibrium modes in ker G z(p) unpenalized while ex-
ponentially damping the orthogonal modes in (ker G'z(p))*
and the off-target output error e,,.

In general, Gz(p) depends on p through the edge direc-
tions. Rotating a configuration by Q € SO(2) maps U(ETp)
o (Im, ® QU (7 D), so Gz changes to U(ETp) ' (I, ®
Q) Pz (I, ® QU(ETp), which coincides with Gz(p)
only if Z is rotation-invariant. Moreover, the convergence
analysis requires the damped modes, i.e., the positive spec-
trum of Gz (p), to remain uniformly damped near M, . We
therefore impose the following assumption.

Assumption 1: The subspace Z C ker F satisfies:

i) Rotation invariance: (I, ® Q)Z = Z for all Q €
SO(2);
ii) Uniform spectral gap: there exist p > 0 and pz €

(0, 1] such that on
T, = {p € R¥ : dist(p, M, ) < p} C N,

we have ETp € NV, and every positive eigenvalue of

Gz(p) lies in [puz,1].
Assumption 1(i) holds for any Z = Z; ® R? with Z, C
ker E (e.g., Z = {0} or ker E = ker E ® R?). Under
Assumption 1(i), P z1 commutes with I,,, ® @, so Gz(p) is
invariant under planar rigid motions; in particular, Gz (p) =
Gz(p*) on M,,, and the closed-loop equilibrium set on
My, is

X, = My, xkerGz(p¥). (17)
Since ETMyl C C and Z C kerE, X, also coincides
with the closed-loop feasible state set in the sense of [12],
on which all four realized ports lie in (M,,, M,,,C, Z).
Moreover, by this invariance, Assumption 1(ii) holds (for p

sufficiently small) whenever Gz(p) has constant rank near
*

p.



C. Available Dissipation and the Realized Margin

Along the closed-loop trajectories, the controller dissipa-
tion equality in (12) reads Va = (ey,, €y,) — Wo(p, &), with

Wo(p, &) :=a&  Gz(p)¢+ gl Gz(p)L.

Following [12], we retain this exact available dissipa-
tion Woy(p,&) rather than the more conservative bound
ﬁ”emw in (12). We next characterize the channel
compatibility of the interconnection in Fig. 1.

Proposition 2 (Channel compatibility): Consider the in-
terconnection Fig. 1 with port targets (5), (6), and (8).

(18)

i) The reverse channel —E’ is exactly compatible on R?™.
ii) The forward channel ET has the defect

6fc(p) = Cuyy (ETP) - ETGZ& (p)
= ETry, (p) — 10, (E'p),

which vanishes on M,,. However, for n > 3, the
forward channel is not first-order compatible along
any nonempty subset of M, , and hence not exactly
compatible on any neighborhood of a point of M, .
iii) For every p € ./\/y1 with E'Tp € MN,,, the radial
component of the forward defect is of second order:

[UCETP) "ore(@)]| < Clley, )],

with C := 2||E||?/ miny, dy.

Proof: 1) Since M,,, = {0}, we have r,, = 0, and
Z C ker E gives 8,c(y2) = —EPzys — 1y, (—Eyz) = 0 for
all yo € R?™,

ii) For p € M,,, we have r,,(p) = p and E'p € C,
s0 74, (ETp) = ETp and &.(p) = 0. At such p, the
differentials of the nearest-point projections are the tangent-
space projectors, so dp0 = ETPTpMy1 — PTET;,C ET. Let
J denote the rotation by 7/2. Since T, M,, is spanned by
the translations, which lie in ker £, and the infinitesimal
rotation (I,, ® J)p, with ET (I, @ J)p = (I, @ J)ETp # 0,
the first term has rank one. For the second term, PTETpC =
Inym —UUT with U = U(ETp), so v € ker(PTETchT)
if and only if each relative velocity (ETv)y is parallel to
(ETp)y,ie., Rg(p)(I,®J) v = 0. By infinitesimal rigidity,
this kernel is three-dimensional, so the second term has rank
2n — 3 > 3. Hence, d,ds. # 0 for every p € M,,, and dx.
cannot vanish identically near any such p.

iii) Fix an edge ey, and let @y, := (E "1y, (p))x denote the
corresponding edge of the nearest target formation. Since
Ty, (p) € My, both Uy and 7y, , = diUs & lie on the circle
diSt, and Ofc,; = Uy, — di Uz . Expanding the squared norm
with ||| = dj gives

19)

(20)

1¢e,1 I = llukll* — 2diiiy g iy + di

= 2d}, (dk — '/Lt\;:kﬂk) = —2d;, ﬂ;k(sk’k,

so the radial component of each chord is quadratic in its
length,
[95c. 1

|ty 1 0tci| = 2,

Next, since E'r,,(p) € ETM,, C C, the nearest-point
property of 7, gives

lew, (B Tp)|| = ||| = dist(E " p,C)
< ETey, )l < IE] lley, (D),
and hence, by (19),

186l < llews Il + 112 ey, || < 2M1E] ey, |1

Combining these bounds yields

o " e
1076l < S ne] = 3 Al
k=1 =1 Qdk

< ||6fC||2 < C||e ”2
~ 2ming dp — vall
|

By Proposition 2ii), the interconnection results of [12]
for exactly or first-order compatible channels do not apply.
Intuitively, the edgewise target C allows each edge to ro-
tate independently on its own circle, whereas on ETM,,
all edges can only rotate together. Therefore, off M, ,
the two projections in (19) differ to first order, but only
along the edge-rotation (tangential) directions. Item iii) is
the structural property that nevertheless yields a dissipation
margin: although ¢ is of first order in general, the controller
output (13) is radial, so d¢. enters the energy balance only
through its second-order radial component (cf. Fig. 2).

Since d,. = 0 by Proposition 2 i), the composite storage
Va(p,€) = Vi(p) + Va(€) = Llley, 02 + L[] satisfies
the closed-loop dissipation identity

Ve = (0t(p), ey — Wo(p, €) =: s5(p, &) — Wo(p,€). (21)

Comparing ss with W yields the following margin.
Lemma 1 (Dissipation margin): Under Assumption 1
with spectral bound iz, if the controller gains satisfy

dagpz > b*(1 - pz)?, (22)

then there exist » € (0,p] and a > 0 such that, for every
p €T, and £ € R™,

Va < —a(lley, 0)II” + €T Gz(p)€). (23)
Proof: For brevity, write U = U(ETp), G = Gz(p),
R = R(p), e = ey, (p), and 6 = d¢.(p), and define

X :=VETGE, Y := || Rel|.

Step 1 (energy balance). Since e,, = U{, we have § =
Ul—ETe,and U'U =1, with R=UTET gives

{=Re+U'0.
Moreover, e, = Pz U(b¢ + gf) and EPz = 0 give
(UL, ey,) = LT G(bE + g)
(ETe,ey,) = (Re) " (b€ + go).
Substituting these relations into (21) yields
Va = —a&"GE — g|Rel|” = b(Re) " (In — G)¢

—(UT8)" (g Re — bG¥). -



Step 2 (quadratic terms). By (16), every ¢ € ker G satisfies
UC € ZCkerE,so("Re= (EU()Te =0, ie, Re L
ker G. Since the positive eigenvalues of G lie in [uz, 1] by
Assumption 1(ii), it follows that

1-— Hnz
Re)" (I, — G)¢| < —= XY
(BT (1~ G)e| < 22
Hence, the first three terms in (24) are bounded by the
quadratic form —aX? —gY? er%X Y, which is negative
definite under (22). Thus, there exists ag > 0 such that

—aX? — gY? —b(Re)" (I, — G)€ < —2a0(X? +Y?).

Step 3 (lower bound on Y). Since e € ]\fy,yl(p)/\/ly1 =
(ker R(ry, (p)))*, infinitesimal rigidity and the invariance of
M, under planar rigid motions give a constant o, > 0 such
that || R(ry, (p))el| = owlle]|. Since R(p)e = R(ry,(p))e +
O(|le]?), there exist r € (0, p] and ¢; > 0 such that

Y > cqle| for all p € 7;.

Step 4 (remainder). By Proposition 2iii), |UTS| <
C|le||?>. Together with ||G¢|| < X, which follows from
0 <G = I,,,, and Step 3, the last term in (24) satisfies

|(UT6)T (g Re —bG&)| < Clle||? (gY + bX)
< C'lle| (X*+Y?),

with C' := C(2g + b)/(2c1). Shrinking r so that C'r < «y
and combining Steps 1-4 yields Vy < —ap(X2 + Y?2) on
7T, By Step 3, this implies (23) with o := g min{1,c}}. m
Remark 1 (Role of the gain condition): For Z # {0}, the
residual supply ss in (21) retains a nonzero quadratic part
near X,. Indeed, at any (5,0) with p € M,,,, writing R:=
R(p) and G := Gz(p), a state perturbation (v,7) yields

ss(p + tv, tn) = —t>(Rv) " (I,, — G)(bn + gRv) + O(t3),

whose quadratic part is nonzero whenever R ' (I,,, —G) # 0.
The closed loop thus falls into the nonzero quadratic residual
case of the compatibility hierarchy in [12], so part of the
available dissipation W, must be spent to dominate ss; this
is the origin of the gain condition (22). For Z = {0}, we
have G = 1I,, and the quadratic part cancels (quadratic
cancellation), consistent with Corollary 1 holding for all
gains a,b, g > 0.

D. Compact Confinement and Convergence

Fixing r € (0, p] from Lemma 1, we define the closed-loop
analysis domain D := T, x R™, on which (23) holds. How-
ever, Lemma 1 alone does not guarantee convergence: (23)
holds only locally and leaves planar translations along M,
and modes in ker Gz (p) unpenalized, rendering the sublevel
sets of V. noncompact. We next combine these sublevel
sets with the conserved formation centroid to obtain compact
confinement and closed-loop convergence.

Theorem 1 (Local state-set and port convergence):
Consider the closed loop of 31 and 3 interconnected via
Fig. 1. Suppose Assumption 1 and the gain condition (22)
hold. Then, there exists g > 0 such that every solution

with (p(0),£(0)) € D and Va(p(0),£(0)) < &o is forward
complete, remains in a compact subset of D, and satisfies

Jim dist((p(t),£(1), X.) = 0. (25)

Moreover, the port signals w1, y1, u2, and y» converge to
My,, My, C, and Z, respectively.

Proof: ~ Choose gy € (0,7%/2) and let ¢ :=
Va(p(0),£(0)) < go. Since (1] ® I;)E = 0, the centroid
x(p) = (1} ® L)p, with x = 0, is conserved. On
{Va < ¢}, we have dist(p, M,,) = |le,, (0)|| < V2c < r
and ||| < v/2c. Since M,, is translation-invariant, 7, (p)
preserves X, so fixing x(p) = x(p(0)) restricts r,, (p) to a
compact SO(2)-orbit. Thus, Q. := {(p,&) € D : Va(p,§) <
¢, x(p) = x(p(0))} is a compact subset of D. Moreover, {2,
is forward invariant: as long as p(t) € T, (23) gives Vo <0,
so dist(p(t), M,,) < v2¢ < r and the trajectory cannot
reach the boundary of 7. This ensures forward completeness
and compact confinement by [12, Proposition 6]. Next, since
lew(ET)l = 10 < [Ellley, (p)]| from the proof of
Proposition 2 iii), it follows from (13) that

lley. (2)ll < by/ETGz(P)E + gllll, lluall < 1B lley, (y2)lI,

(26)
and, since the squared distance to a product set is the sum
of the squared distances to its factors, dist((p, y2), My, x
2)7 = ey P+ llegs (22 < (14262 | EJ) ey, (0)]12+
20%¢ T Gz (p)¢. Hence, (23) satisfies the port-distance margin
of [12, Theorem 2], yielding (p,y2) — M,, x Z and,
by (26), (u1,u2) — M,, x C. Finally, { — 0 and e,, =
Pz U(bE + gl) — 0 imply £TGz(p)€ = [Pz UE|]> — 0.
Hence, every accumulation point (p, £) € €. of the trajectory
satisfies p € My, and £ € kerGz(p) = ker Gz(p*), i.e.,
lies in X, by (17), and compactness of €2, yields (25). H

We next specialize Theorem 1 to Z = {0}. In this case,
Pz. = Iy, so that the controller (13) decouples across
edges into &, = bl — a&y, and Yok = Uz k(b€ + gly) for
k € {1,...,m}, and the target equilibrium set reduces to
X, =M, x{0}.

Corollary 1 (Independent edge controllers): Consider the
closed loop of ¥; and ¥ interconnected via Fig. 1 with Z =
{0} and any a,b, g > 0. Then there exists €9 > 0 such that
every solution with (p(0),£(0)) € D and V¢ (p(0),£(0)) <
g¢ converges exponentially to M, x{0}, and p(t) converges
to a single configuration in M,, .

Proof: When Z = {0}, we have Gz(p) = I,
and puz = 1, so Assumption 1 and (22) hold for all
a,b,g > 0. By Theorem 1, for g9 € (0,7%/2), every
solution with V;(0) < ¢&o remains in D for all ¢t >
0, where (23) reduces to Vcl < —2aV. Consequently,
Va(t) < Vaa(0)e~20" and dist ((p(t),£(1)), My, x {0}) —
\/2VC1(t) < \/2VC1(O) e~ !, establishing exponential con-
vergence to M,, x {0}. Moreover, by (26), ||p(t)]] =
lur ()] < C\/2Va(t) < C/2Va(0) e~ for some C' > 0,
which is integrable on [0,00). Thus, p(t) converges to a
single configuration in M, . [ ]

While Z = {0} in Corollary 1 eliminates inter-edge
coupling with pygy = 1, it sustains no nonzero equilibrium




forces. At the other extreme, Z = ker F retains the full
self-stress space ker R(p*) T, but its projector Pker By 18
generally dense and couples nonadjacent edges. Whenever
a smaller subspace Z C ker E' has the same intersection
with range U(E "p) as ker E near M,,,, we have Gz(p) =
Gher 5(p) With the same kernel ker R(p) ", which preserves
the admissible equilibrium forces and admits pz > py., 5. In
particular, when the desired equilibrium forces are supported
on a local subgraph, choosing Z as the subspace of balanced
forces supported on that subgraph confines the coupling of
Pz to the subgraph and decouples the remaining edges, as
illustrated in Section V.

V. NUMERICAL RESULTS

We illustrate three aspects of the results: how the output
target Z selects equilibrium edge forces sustained at steady
state, the second-order scaling of the forward compatibility
defect in Proposition 2, and the role of the spectral bound
1z in the convergence rate.

Consider n = 12 agents with target positions

p; = (090 — 1),9;), where (y1,...,y12) =
(0,1.2,-0.7,1.3,0,1.1,-0.2,1.2,0.2,1.9, -0.2,1.2).
The edges {i,i+ 1} and {7,742} form a chain of triangles,
to which we add the two long-range links {1,5} and
{8,12}, giving m = 23 edges (Fig. 3(a)). The framework
is infinitesimally rigid, and each long-range link creates
one independent self-stress: one is nonzero exactly on the
eight edges among agents 1-5, the other on the eight edges
among agents 8-12, and the seven edges in between carry
no self-stress.

We split the agents into a left group L = {1,...,6} and a
right group R = {7, ...,12} and compare five output targets:
o Z = {0}: no nonzero equilibrium force is retained;

o Zp: the balanced edge forces in ker £ that vanish on

every edge not joining two agents of L;

e Zp: defined analogously for R;

o Z1, D Zpr: the sum of the two;

o Z =ker E: all balanced edge forces.

Each target has the form Z; ® R? and thus satisfies As-
sumption 1(i), and dimker Gz(p(t)) stays constant along
all simulated trajectories, consistent with Assumption 1(ii).
We use a = b = 1 and g = 25, which satisfy (22) at
wz(p*) for every target. Each target is simulated from the
initial condition of Fig. 3(a) and from 20 random ones, in
which p(0) is a randomly rotated and translated copy of p*
perturbed by Gaussian noise with standard deviation 0.25,
and £(0) is random.

Sustained equilibrium forces. In all runs, the formation
converges to the target shape and £(¢) converges to a nor-
malized self-stress £, € ker Gz(p*), inducing edge forces
that balance at every agent. The output target determines
which edges carry these forces (Fig. 3(a)): under Zj, only
the eight edges among agents 1-5 remain stressed, whereas
under Z; @ Zx and ker E, both groups of eight edges are
stressed. Which edges are stressed is the same in every run
of a given design; only the magnitude of ., depends on
the initial condition. The stressed edges also have a simple

interpretation: an edge can carry a nonzero equilibrium force
exactly when it is redundant, i.e., when removing it preserves
infinitesimal rigidity [13], [14]. For example, the links {4, 6}
and {5, 6} remain unstressed under Zr,, and removing either
of them makes the formation flexible.

Forward compatibility defect. Fig. 4(b) checks Proposi-
tion 2 at configurations displaced from p* in 40 random di-
rections normal to M, , and along the closed-loop trajectory
for Z;. The full defect d¢. grows linearly with the distance
to the target (fitted slope 1.00), so the forward channel is not
first-order compatible. Its radial component U " ., which is
the only part that enters the closed-loop energy balance (24),
grows quadratically (fitted slope 2.00) and remains below the
bound (20) with C' = 9.94.

Spectral bound and convergence rate. Fig. 3(b) and
Fig. 4(a) show that convergence slows down as ;1 z decreases.
To test this relation beyond the five designs, Fig. 4(c) plots
the slowest decay rate of the closed loop, linearized at (p*, 0),
against pz for 50 output targets: the five above, and the
targets obtained in the same way as Zj from every group
of four or more consecutive agents. For g = 25, the rate
matches (a + b%/g) pz within 0.5% for every target except
Z = {0}: the agents settle quickly, and the controller states
then decay at a rate set by pz. For g = 2, the rate follows
pz until the agent dynamics become the bottleneck. The
output target thus trades the sustained equilibrium forces
against coupling and speed: Z; @ Zr and ker E sustain the
same equilibrium forces, but ker £ couples all 253 edge pairs
instead of 90, has a seven times smaller y z, and settles about
seven times more slowly.

VI. CONCLUDING REMARKS

We develop a passivity-based dynamical synthesis for
distance-constrained formations using transversal passivity.
By encoding the desired formation geometry and balanced
edge forces as port target manifolds, the control task is
reformulated as the joint design of a transversally passive
edge controller and its output-target subspace. We propose
a constructive realization of an output-strictly transversally
passive edge controller that sustains the corresponding equi-
librium edge forces, and establish a closed-loop dissipation
margin and local convergence to the target manifolds. While
sustaining nonzero equilibrium forces generally leads to a
centralized implementation, numerical simulations illustrate
how a localized output-target subspace can preserve these
forces with sparser coupling. Future work will explore sparse
output-target designs for distributed controller implementa-
tion and develop a general synthesis framework for transver-
sal passivity.
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