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Abstract

This article investigates the bearing-based formation control problem for
second-order multiagent systems (SMS) in the presence of the bounded
disturbances in their models. The main contributions of this article are listed
as follows: (1) We extend the bearing formation control to SMS. (2) We pro-
pose two novel robust distributed bearing formation control laws. In the first
control law, the bearing measurement in the global inertial frame is required.
This control law guarantees that the inter-agent bearings converge to the desired
bearings. The second control law requires obtaining the local bearing measure-
ments and relative orientation measurements. This control law guarantees that
the inter-agent bearings converge to the desired bearings and the orientation
of each agent converges to a common orientation. Some simulations are con-
ducted, and simulation results verify the effectiveness of the proposed control
laws.
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1 | INTRODUCTION

Formation control for multiagent systems has attracted much attention in recent years since it can be widely applied
in many fields, such as robot formations,'* unmanned aerial vehicles,>® and spacecraft formation keeping.”® Many
approaches have been proposed for the formation control problem in the recent years. According to the measurements
available to the systems, these approaches can be classified into three categories:>!° relative-position-based formation
control approach (RPFCA),!%11-14 distance-based formation control approach (DFCA),'%!517 and relative-bearing-based
formation control approach (RBFCA).18-24

RPFCA and DFCA require measuring the relative position and distances between agents, respectively. However, it is
not always easy to meet these requirements, especially for the agents that cannot access an external localization system.?>
Furthermore, in DFCA, the global stability cannot be guaranteed.?®2® This is in part due to the presence of so-called flip
ambiguities found in construction of rigid graphs, a tool commonly used in DFCA.%!6-2%30 RBFCA requires measuring
the relative bearings between agents. Compared with the relative position or distance measurements, the relative bearing
measurements are often more accessible and cheaper,! and can be obtained by on-board camera? or sensor arrays.>3

In RBFCA, the bearing rigidity theory (BRT) has proven to be an important tool.'3-2* Bearing rigidity provides a math-
ematically rigorous way to determine, for example, the uniqueness of a formation shape as parameterized by the set of
bearing measurements available in a multiagent system. In References 18,19,21, the results on the BRT focused on the
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frameworks in 2-D space. In References 22 and 23, the BRT was extended to arbitrary dimensions. Based on the BRT,** pro-
posed a prescribed-time bearing-only formation control law for single-integrator multiagent systems. It should be pointed
out that most of the bearing-based results only focus on single-integrator, double-integrator or mobile robot systems.!3-24
The existing results often do not take disturbances in the dynamics into consideration. In fact, in many real-world appli-
cations, the agents in the formation are often characterized by dynamics with bounded disturbances. It is necessary,
therefore, to study the bearing-based formation control problem for such systems. In Reference 9, an adaptive formation
control law for multiple robot systems with a global frame was considered. However, the results in Reference 9 requires
knowing the position of each agent and regression matrix of the system and cannot be applied straightforwardly to the
system without a global frame.

In practice, it is not easy for a multiagent system to obtain a global frame. Compared with the methods that require
to access a global frame, the methods without a global frame will have wider applications. In References 22 and 35, a
rotation-matrix-based bearing rigidity approach and a quaternion-based bearing rigidity approach are respectively pro-
posed for a single-integrator system without a global frame. However, the study on the bearing-based formation control
for second-order system without a global frame is still an open issue.

This article investigates the problem of bearing-based formation control for second-order multiagent systems in the
presence of bounded disturbances in their models. Two novel robust distributed bearing formation control laws are pro-
posed for SMS with and without a global frame. In the control law with a global frame, a virtual velocity is firstly designed
by using the relative bearing measurement in the global frame. When the velocities of agents track the virtual velocities,
the inter-agent bearings can converge to the desired bearings. Then, a fixed-time velocity-tracking control law is pro-
posed to track the virtual velocity. Under this control law, the inter-agent bearings converge to the desired bearings, and
the virtual velocity converges to zero. In the control law without a global frame, a virtual velocity and a virtual angular
velocity are designed by using the relative bearing measurement and relative orientation measurement in the local frame,
respectively. Then, a fixed-time velocity-tracking control law and a fixed-time angular-velocity-tracking control law are
proposed to track the virtual velocity and angular velocity, respectively. Under the control law without a global frame, the
inter-agent bearings converge to the desired bearings, and the orientation of each agent converges to a common orien-
tation. The system stability under the proposed two control laws are proven, and the simulation results also validate the
effectiveness of the proposed control laws. The contributions of this article can be summarized as follows:

(i) We extend the bearing formation control to the SMS in the presence of the bounded disturbances. Different from
the results in References 18,19,21-23,34, the proposed control schemes can deal with the problem of bearing-based
formation control for SMS in the presence of the bounded disturbances.

(i) Two novel distributed bearing formation control laws are proposed for SMS with and without a global frame, respec-
tively. Compared with the methods in References 9,18-21,23,24 that require to access a global frame, the methods
without a global frame will have wider applications.

This article is organized as follows. Some basic preliminaries from multiagent dynamical systems and bearing rigidity
theory are provided in Section 2. The bearing formation control problems with and without a global inertial frame are
given in Sections 3 and 4, respectively, and some simulation examples are provided in Section 5. Finally, the conclusion
is discussed in Section 6.

Notations

The maximum and minimum eigenvalues of a matrix A are denoted by A,ax(A) and Apin(A), respectively. The 2-norm of a
matrix A is denoted ||A||. The vector 1, is defined as 1,, = [1, ... ,1]" € R™. An identity matrix is denoted by I,, € R™".
The Kronecker product is denoted by ®. For two quaternions Q = [qo; q7] € R* and P = [py; p’] € R*, the quaternion
composition is defined as Q ® P = [qopo — 47 P; qop” + poq” + (@ X p)T] € R*. The matrix P(x) = I, — xx' /||x||> € R™"
is the orthogonal projector operator of the nonzero vector x € R". The null space and range space of a matrix A are
denoted by Null(A) and Range(A), respectively. For avectorx = [x;, X;, ... , X,]7 € R"andv € R, sig"(x) = [sign (x;)|x1|",
... ,sign(x,)|x,|"17, where sign (x;) is the sign function.

A directed graph (digraph) ¢ = (V, £) contains a set of vertices V = {1, ... ,n} and a set of edges £ € V x V with
m = |E|.Theset N; 2 {j € V : (i,j) € £} denotes the set of neighbors of the vertex i. A digraph is called strongly connected
if every vertex is reachable from every other vertex by a directed path. Let H = HQ I. The incidence matrix H € R™*"
is a {0,+1}-matrix with [H],; = 1 if the vertex i is the head of edge k, [H];; = —1 if the vertex i is the tail of edge k,
and [H];; = 0 otherwise.
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2 | PRELIMINARIES

We provide here some basic preliminaries from multiagent dynamical systems and BRT that will be needed for this work.

2.1 | Dynamics of multiagent systems

In this article, we consider multiagent systems containing n agents, where each agent has 6 degree of freedom and the
state of an agent consists of its position and attitude. The motion dynamics of agent i is given as3®

x;(t) = vi(t) )
Vi) = £(6) + Apu()’

where x;(t) € R is the position of agent i, v;(t) € R is the velocity of agent i, f;(t) € R is the control input, and A ,;(f) € R?
is a bounded disturbance. The signals x;(t), v;(t), and f;(¢) are expressed in a global inertial frame.
The attitude dynamics and kinematics of agent i is modeled as®’
Qi) = sMQi(V)w; (1) @
Jioi() = =@ (O Jia(t) + w(0) + Au(t)

where J; € R>3 denotes the inertia matrix of the agent i, w;(t) € R represents the angular velocity of agent

i expressed in the body-fixed frame Fy;, wlff(t) = [0, a)l.T(t)]T € R*, u;(t) € R? denotes the control torque of agent

i expressed in the body-fixed frame Fp;, Ay(f) € R® is the disturbance torques, the unit-quaternion Q(t) =
2

(w.r.t.) the global inertial frame 7, 6;(t) € R and e;(t) € R are the rotation angle and Euler axis of agent i, respectively,

and the matrix M(Q;(¢)) is given by

T
[qo.(®), ql.T(t)]T = [cos @,e?(t) sin 9,.(0] € R* represents the orientation of the body-fixed frame Fj; with respect to

Mo = PO a0 ©)
| 4,()  qoi(DL: + q (1)
For x = [x1, %2, x3]7, x* € R¥3 is defined as
[ 0 —X3 X
= x; 0 x| 4)
-0 X 0

For the sake of simplicity, the time (¢) is omitted in the following parts of this article, that is, x;(t) = x;, vi(t) = v;,
S = [, Api(t) = Api, Qi) = Qy, @i(8) = @i, wi(t) = Wy, and Ay (f) = Ay
For two unit-quaternions Q; and Q;, the error quaternion Q;; is defined as®

Q;=Q'0Q=M(Q")Q =N(Q)Q ", (5)
where Q' = [qo: —¢],and
e -qf
N(Q) = ME (6)
9 qoilz—gq;

2.2 | Bearing rigidity

A framework G(x) with x = [xlT , ... »x}]T is an embedding of a graph into a metric space. The relative bearing of the agent
i, w.r.t., the agent j expressed in the global inertial frame 77 is defined as

b= LMo T g ™

b =]l sl
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FIGURE 1 Anillustration of infinitesimally bearing rigid. The frameworks in (A,B) are infinitesimally bearing rigid. The frameworks
in (C,D) are not infinitesimally bearing rigid. The red/solid arrows denote nontrivial IBMs that can preserve all the inter-neighbor bearings.

A bearing function is defined to map the configuration x to bearings between agents connected by edges in the
framework G(x),

bex) = [bT, ... ,bL]" € R*™, (8)

where b, (k = 1,2, ... ,m) is the bearing vector of the kth directed edge of G(x) and m = |€| is the number of edges in the
framework G(x). Then, the bearing rigidity matrix T'(x) is defined as??

I'x) £

9bg(x) _ diag(P (by)

) (HQ I;) € R¥™3n, 9
ax ||xlj| (iJ)EE

Definition 1 (infinitesimal bearing motion (IBM)??). Define 6x as a variation of the configuration x. Then,
avariation 6x is called an infinitesimal bearing motion (IBM) of the framework G(x) if ['(x)6x = 0. An IBM is
called trivial if it corresponds to a translation and a scaling of the entire framework.

Definition 2 (infinitesimal bearing rigidity (IBR),?? Definition 5). A framework G(x) is infinitesimally
bearing rigid if all the IBMs are trivial.

To illustrate these definitions, some examples are given in Figure 1. The frameworks in Figure 1A,B are infinitesimally
bearing rigid because all the IBMs are trivial. The frameworks in Figure 1C,D are not infinitesimally bearing rigid because
there exist some nontrivial IBMs that can preserve all the inter-neighbor bearings.

2.3 | Definition of fixed-time stability and some lemmas

The definition of fixed-time stability and some lemmas are introduced to facilitate the stability analysis of the system in
this section. Consider the following system

x(t) = f(x(1)), x(t) € RY, (10)

where f(x(t)) : R? — R s a continuous function with f(0) = 0.

Definition 3. The origin of system (10) is called fixed-time stable ifit is globally asymptotically stable and any
solution x(t) of (10) reaches the origin in a fixed time, that is, lim,_ 7 x(t) = 0, Vx(0) € R%, where the settling
time T is a positive constant.

Lemma 1l (38, Lemma 1). If there is a continuous function V(x(t)) : R* - R, U {0} satisfying (i)
V(x(t)) = 0 © x = 0and (ii) w < —(aV(x(t))p + ﬂV(x(t))q)v, where a, f, p, q andv are positive constants,
pv < 1, qu > 1, then the origin of the system (10) is globally fixed-time stable with a settling time
< 1 + 1 .
a’(l—pv)  p(qv—-1)
Lemma 2 (39, Lemmas 3.3 and 3.4). Letx1,x, ... ,X, > 0.If0<v <1,

ixf > <ixi> . (12)

amn
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Ifv>1,

(13)

M =
3
\Y
S
L
VR
M =
=
\/<:

3 | BEARING FORMATION CONTROL WITH A GLOBAL INERTIAL FRAME

This section studies the formation control problem where a global inertial frame is available to each agent, and each agent
can measure their own velocities and relative bearings w.r.t. their neighboring agents in a global inertial frame.

3.1 | Bearing formation control law and stability analysis

Denote {b;f }ijee as the set of desired bearings between the agents. The following assumptions are now required.

Assumption 1. There exists a feasible configuration x* that satisfies the fixed desired bearings {b;f Yajees
and the framework G(x*) is infinitesimal bearing rigid.

According to Theorem 6 in References 22, any IBR frameworks are unique. Thus, Assumption 1 guarantees that the
desired framework G (x*) is unique. If the desired framework G (x*) is not unique, no control approaches can guarantee
to achieve the desired framework Q(x* ) 24

Assumption 2. No agent collides with its neighbors, that is, ||x;|| > dmin, Vi,j € N With dpmin > 0 being a
constant.

Assumption 3. The disturbance A,,; and disturbance torque A,; of each agent are bounded by known upper
bounds €; and ¢,, respectively, that is, ||A,;|| < €1 and ||Ag|| < €.

The control problem we aim to solve in this section is stated as follows:

Problem 1. Design control inputs f; for the agents described by (1) using the inter-agent bearing measure-
ments b; such that the inter-agent bearing b;; converges to the desired bearing bl.’;., that is, lim;. by = bl.’;.,
V(i j) € €.

The formation control law is designed as

Ji = —ou8ui — ap8ig” (1) — assig (sy:) — assign(sy;)
Vyi = —as Z P(bu)b; ’

JEN;

(14)

where s,; = v; — v, v; € R? is a virtual velocity, ax(k = 1,2,3,4,5), r, < 1and r, > 1 are some positive constants, and bl?;.
is the desired bearing of the agent i, w.r.t., the agent j expressed in the global inertial frame.

As is shown in Figure 2, the formation control is divided into two steps in this section. In the first step, the velocity v;
converges to the designed virtual velocity v,; in a fixed time under the control law (14). In the second step, the inter-agent
bearings converge to the desired bearings when the velocities v; track the virtual velocities v,;. Thus, the stability analysis
of the system is also divided into two steps. The first step proves that the velocity v; converges to the designed virtual
velocity v,; in a fixed time under the control law (14). The second step proves that the inter-agent bearings converge to
the desired bearings when the velocities v; track the virtual velocities v,;.

Note that the controller (14) is discontinuous at s,; = 0. To address this problem, a Filippov solution is introduced.

Definition 4 (Filippov solution*’). An absolutely continuous function ¢(t) defined on the interval [0, T]is
called a Filippov solution of X = g(x) if for almost all t € [0, T1,

$(0) € Kgx) 2 () [ colgBx.e) - N)}, $(0) = xo, (15)

>0 u(N)=0
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V; > vy ast - T, v, =v, ift=>T

0 Ty
: vy 20ast —» oo

FIGURE 2 The control process under the formation control law (14).

where B(x, ) = {y : |ly — x|| < €}, co{-} denotes the convex closure, y is n dimensional Lebesgue measure,
and N is an arbitrary set in R”".

Theorem 1. Consider a multiagent system described by (1). If Assumptions 1-3 hold, a4 >
qlax {IN:]} 40;5VM‘ + €1, and the initial velocities satisfy ||[vi(0)|| < Van with Vy, > 0 being a large constant, the
=1,...,n ‘min

errors s,; converges to the origin in a fixed time with a settling time T, under the control law in (14), where T, is

defined as

=mfwo+m;—w =
with g, = a22 = and n = a321+zr nl_zyz.
Proof. See Appendix A. u

Remark 1. In Theorem 1, it is required that the control parameter a, should satisfy the inequality ay >
max { [N} 40;5VM1 + ¢;. If the disturbance A; is very large or even unbounded, it is difficult to guarantee this

‘min

1nequa11ty holds, since the parameter a4 should not be very large to avoid violent chattering of the control
input. Therefore, it is necessary to assume that the disturbance A; is bounded by a constant ¢;.

In Theorem 1, we have proven that v; = vy; after the time T; under the control law (14). Then, the motion dynamics in

(1) becomes x; = v,; after the time T, under the control law (14). Next, we need to prove that lim,_o, b;(t) = u ,

V(L)) € E

under the control law (14). The basic idea of the proof is to prove that the formation G(x) converges to a desired formation

G(x*) defined in Definition 5.

Definition 5 (desired formation). Denote G(x*) as a desired formation such that it has the same bearings
with the desired bearings {b;f}(ij)eg, that is, (xj* —xl.*)/||3\cj* - x| = U,V(l j)EE.

The scale [ and centroid X of the formation are defined as

1w 1w
—ani —X|?, and X = —in.
ni=1 ni:l

Theorem 2. Given the multiagent systems described by (1), the errors x, = x — xX* converge asymptotically to
X, = 0 under the control law (14).

Proof. Choose the Lyapunov function as

1
Vy, = SlIx|”. (18)
2
The time derivative of V, is
V., =(x- x*)Tx

T
xX—x*) (v, +5) (19)
= —(x*)Tvv +x!s,,
1T T

where v, = [V v s =[sh, ... st " and the property v,Lspan{x} Reference 22(Lemma 5) is

1 e s
applied.

an
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The proof is divided into two phases: t € [0, T;) and ¢t € [T, o0), where T is defined in (16). In the
phase t € [0, T1), we prove that x, is bounded. In the phase ¢ € [T}, o), we prove that the errors x, converge
asymptotically to the origin.

Phase t € [0, Ty): Substituting v,; in (14) into Vxe yields

Vy =—as (x*)TI_{Tdiag(P(bk))b* +xls,
= —as(e*) diag(P(by)b* +xTs,
m
= —%Z(e,’{*)TP(bk)b: +xls,
k=1
“ T
= —as )’ llef 1l (b ) P(boby + x5, (20)
k=1
I * *\T T * *\ T *\T T * * *
where H=H®L, b* = | (b])", .. (63)"] . e* = [(ef)", o . (en)"] e =xF —xr, vk e (1, ... .m),
e* = Hx*.
According to Theorem 1, it follows that ||s,(?)|| < ||s,(0)||. Then,
lill = lIsvi + vuill < llswill + [[vill < llswi (O] + nas, (21)
t T,
[Ix: (O[] = ||%:(0) +/ vdz|| < [l +/ llvilldz
0 0
< %0 + T1(llsw (O] + nas), (22)
llexll = llx: — x51| < [l + |l < V2[XO)I| + V2T: [I5,(0) ]| + 2T nas. (23)

According to References 22(Lemma 8), it follows that (b,’:)TP(bk)b,’: = b/ P(b; ) b. Then, (20) becomes

“ < llegll
. T k
Vi, =—as ). llef b P(b} )b +x!'s, = —as ) ” Hze,{P(b;)ek +x!s,
k=1 k=1 ll€k
m

os Ming—1, . m ||e;||

< e,P(b;)ec+x,s
= k k e SV
(V2[10)]| + V2T: [Is,(0)]| + 2Tynas)? it

~
H

= —me'diag(P(b;))e+x; s, = —yleITITdiag(P(b:) )Hx +x['s,

= —MlxeTITITdiag(P(b;))ITIxe +x!s, (due to diag(P(b,:))ITIx* =0)

—T _. . —_
= —mx, H diag(P(b;)) diag(P(b}))Hx. + X, s,, (24)
T %) Tt
where e = [elT, ,e,Tn]T, e =X —Xj, e= Hx. The matrix l_“(x*) has the same null space and rank with

the bearing rigidity matrix I'(x*) defined in (9). According to References 22(Theorem 4), it follows that
Null(I'(x*)) = span(1 ® I,x*) and rank(I'(x*) ) = 3n — 4 under Assumption 1. Thus, the smallest 4 eigen-

values of the matrix T (x* )l_“(x*) are 0. Then, it follows from (24) that

Vxe < _zﬂlﬂSVxe +x£sv

Hils 2
X ||° +
> (||l s
1

lIsul12, (25)

llsll?

S —2[41/15Vxe +

=—misVy +
H145Vx, 2
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_T _
where As is the minimum positive eigenvalue of I' (x*)I'(x*). It follows from Theorem 1 that ||s,(f)|| <
|$,(0)]]. Then, (25) yields

. 1
Vi < —mdsVy + ——|Isu(0)]1. (26)
2u1ds

If Vy, > o )lesv(O)llz that is, ||x.|| > ||sv(0)|| £ (Sx, it follows from (26) that V, <0 holds and x,

converges to the region {xe|||xe|| < & } If Vs, |Is,(0)]|?, it is obvious that x, stays in the region

= 2( 4 2
{xe| [Ixe]| < 6y, } Thus, x, is bounded during t € [0, Ty).
Phase t € [T}, ): According to Theorem 1, s,; = 0 after the time T;. Then, following the similar proof of

the phase t € [0, T}), it follows
Vi, < —2mAsVy. (27)

Therefore, the errors x, converge asymptotically to the origin when ¢ € [T}, o). n

3.2 | Collision avoidance

Theorem 1 is dependent on the assumption that no agent collides with its neighbors (Assumption 2). If two agents col-
lide, the stability result may be invalid. However, the control law (14) cannot guarantee that no agent collides with its
neighbors along trajectories. In this section, a sufficient condition is provided to guarantee that each agent maintains
a minimum distance with its neighbors. That is, agents satisfying these conditions will satisfy Assumption 2 along the
system trajectories.

Theorem 3. Under Assumption 1 and the formation control law (14), if the initial states x,(0) and s,(0) satisfy

1 .
[lx(0)]| < 7 <11’,/nel{71”x7 _x}*” - dmin>’ (28)
n
and
A .
”\1/_5 <g51€1{71 ey — % - dmin>’ (29)
n

_T — —
where p is defined in (24), As is the minimum positive eigenvalue of T (x*)I'(x*), T'(x*), and T, are defined
in (24) and (16), respectively, then it can be guaranteed that

[Ix:(£) — x;(D)]| > dmin > 0, Vi,j € V, Vt > 0.

Proof. Foranyi,je Vandt > 0, we have

llx:() = %O = [1Ix:(6) — X1 = [x%(0) = X1 + [ — %]}

> |k = X1l = It) — %7 1| = [l — %7 |
n

> [lxp =1 = o) — x|
i=1

> |} = x7 1l = v/nllx@ - x|
e EAREAERVAPIGTE (30)

Denote o, = ||sv(0)|| The proof is divided into two cases: ||X|| > &, and [|x.|| < dy,. If [|X.(0)|| > by, it
follows from the proof of Theorem 2 that ||x.(0)|| > ||x.(¢)||. Then, (30) yields

Ixi(0) = %01l 2 1% =% = V/nllxO) | > dimin. (31)
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Then, we have

1 .
oy, < [lx(0)[| < <m1n”x? _xj*” - dmin>~ (32)
\/ﬁ ijev

If ||x.(0)|| < by, it follows from the proof of Theorem 2 that ||x,(t)|| < éx,. Then, (30) yields

lIx:(t) = %01l > 1% = x| = v/nés, > dinin. (33)
Then, we have
1 ]
IO < 6x, < —= <m1n||xl?* _x]*“ - dmin)~ (34)
\/ﬁ ijev

Therefore, it can be obtained from the above analysis that if

1 .
lIx.0)]| < 7 <¥?61]r)1||xi* —x7| - dmin>, (35)
n
and
A .
lls,(0)]| < ”\1/_5 <¥?€1{71|le - x|l - dmin)- (36)
n
||

The formation control law (14) solves the formation control problem where a global inertial frame is available to each
agent. However, it is not easy for a multiagent system to obtain a global frame. Thus, it is necessary to study the formation
control problem without a global inertial frame.

4 | BEARING FORMATION CONTROL WITHOUT A GLOBAL INERTIAL
FRAME

This section studies the formation control problem where the agents cannot access the global inertial frame, that is, the
relative bearings and orientations can be measured only in the body-fixed frames of the agents.

41 | Bearing formation control law

Denote vi? = R(Q))v;, ﬁb = R(Q))f;, and Abml. = R(Q;)An; as the velocity, control input and the disturbance of the agent i

expressed in the body-fixed frame F;, where R(Q;) = (q(z)l. - ql.Tqi)Ig +2q,q9] —2q0,9 € R¥® is the rotation matrix from
the global inertial frame to the body-fixed frame Fy;. Then, the dynamics in (1) can be rewritten as

% = RT(Q)°
{ ; b (Ql)bl xpT b’ G7)
V= f + AL+ RQ)oRT(Q)v!
The relative bearing bg. expressed in the body-fixed frame F}; is defined as
b}, = R(Q)by. (38)

In this section, the control problem is stated as follows:

Problem 2. Design control inputs ﬁ’ and u; for the agents described by (2) and (37) using the inter-agent
bearing measurements bg. and the inter-agent orientation measurements Q; such that

(i) the inter-agent bearings bg. converge to the desired bearing bg.*, that is, lim;_, bfj = bg.*, V(i,j) € €.
(ii) the orientation of each agent converges to a common orientation, that is, lim,_, Q; =1[1,0,0, 017,

V(i,j) € €.
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In this section, it is required to align the orientations of all the agents. When the orientations of all the agents are
aligned, the aligned local frames can be viewed as a global frame. In this global frame, the formation control problem
without a global frame can be transformed into the formation control problem with a global frame.

The following auxiliary variables are defined as

sy =V, =V, (39)
and
Spi = @i — Dy, (40)

where vf)’l. € R3 is a virtual velocity and ®,; € R* denotes a virtual angular velocity.
Then, the formation control law is proposed as

= ~histy = pasig” (sfy) — Pasig™ (s};) — Pasign (s},

, (41a)
vh = —ps X P(b))[I; + R(Qy)| b
JEN;
U = @ Ji®; = 1180 = 12818" (Swi) — 7351g™ (Swi) — 74SigN (Si)
, (41b)

o =75 Y, [ET(Qyg; — R(QET(Q;)g;]

JeN;

where f, vk, Kk =1,2,3,4,5, r; <1, and r, > 1 are some positive constants, bg* is the desired bearing expressed in the
body-fixed frame Fy;, E(Qy) = qo 15 + qZ and Q; = [qo.j» quT.]T.

Figure 3 shows the control process under the formation control law (41). In this section, the formation control is
divided into three steps. In the first step, the velocity vf’ and the angular velocity @; converge respectively to the designed
virtual velocity vei and angular velocity ®,; in a fixed time under the control law (41). In the second step, the orientations
of all agents converge to a common orientation under the control law (41b). In the third step, the inter-agent bearings bg

converges to the desired bearings bg.* under the control law (41). Thus, the stability analysis of the system is also divided
into these three steps.

Theorem 4. Consider a multiagent system described by (2) and (37). If Assumptions 1 and 2 hold, f, >
Ps r{lax {|J\G|}<8V’V’2 + Vo + 7VM3> + VaaVis + €1, va > 10ysVs r{lax {INi|} + €2, and the initial values
=1,...,n =1,...,n

dmin
satisfy ||vf(0)|| < Ve and ||@;(0)|| £ Vs with Vyy, and Vi3 being positive constants, the errors s"ji and s,; con-
verge to the origin in a fixed time with a settling time T, under the control law in (41), where T, is defined

as 5 5
T, = + , (42)
(1 —r3)  na(ra—1)
with i3 and n4 being some positive constants.
Proof. See Appendix B. u

Theorem 5. If the interconnection graph is strongly connected and fixed, the attitude control law (41b) can
guarantee attitude consensus, that is, lim;_, o, q; = 0,Vi,j € N.

Proof. See Appendix C [

b
i

b

1% —>vfjiandwi—>w,,i ast—->T, . v; —vfﬁi and w; = w,; ift 2T,

0 T,

vh, 50 and w,; >0 as t > 4o

FIGURE 3 The control process under the formation control law (41).
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In Theorem 4, we have proven that vi? = v’v’i after the time T,. Then, the motion dynamics in (37) becomes
X = RT(Qi)vfi after the time T,. Next, we need to prove that lim,., ., b = bZ*, V(i,j) € £ under the formation control law
(41). The basic idea of the proof is to prove that the formation G(x(t)) converges to a desired formation G(x*).

From (41a), we have

RT(Q:, = -5 )" R"(Q)P(b})R(Q)[R"(Q) + R" (Q;) | b*

JEN;
= —ps ), P(b)[R"(Q) + R"(Q))|b}*
JEN;
= —2f5 Y P(by)RT(Q)b" + fs . P(by) [R(Q) — R(Q))] "B, (43)
JEN; JEN,

hi(® &

T
where the properties by =RT(Ql~)bZ and P(b;) = R"(Q)P(b; )R(Ql) are applied. Denote v° = [(vfjl)T, ,(ven)T] ,
h(t) = [] (@), ... ,h5(0)]", and g(t) = [g7(®), ... ,g7(®)]". Then, we have

diag (R"(Q))v2 = h(t) + (. (44)

Theorem 6. Given the multiagent systems described by (2) and (37), the errors x, = x — x* converge asymptot-
ically to x, = 0 under the control law (41).

Proof. Choose the Lyapunov function as
1
Vi, = 5||xe“2~ (45)

Substituting (44) into V. yields
= (x-x)'x
= (x—x*)"diag(R"(Q))v"
= (x- x*)leag(RT(Ql)) (V5 +s2)

= — (x*) " diag(R"(Q))v} + x! diag(R"(Q)))s}
(x*)Th(t)+xer1ag(RT(Ql))s —( *)Tg(t), (46)

z(0)

where V° = [(vll’)T o (vZ)T] T, sh = [(slv’l)T, e (sfjn)T] T, and the property R'(Qv}, Lspan{x;} Refer-
ence 22(Lemma 9) is applied.
The proof is divided into two phases: t € [0, T,) and t € [T,, o), where T} is defined in (42). In the phase
t € [0, T,), we prove that x, is bounded. In the phase t € [T,, o0), we prove that the equilibrium x, = 0is almost
globally asymptotically stable.
Phase ¢ € [0, T): Similar with the proof of Theorem 2, we have
lls3(0)]|2

() £ —u2AsVy, + ———, (47)
24345

Bsming, o llegll

(V21X 1+V/2T, st 0)|+2T, nay)2’
defined in (24). Then, Substituting (47) into (46) yields

where y; =

s is the minimum positive eigenvalue of T (x*)T(x*), and T(x*) is

. lisho)I?
Vs, S —madsVe + o= + I GO
| s
— M AsVy + —— +2n Nilllx* 48
wdsVe, + 5o ﬁ52| 1, (48)
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where the fact that ||g(t)|| < 2nfs max;cy{|N;|} is applied. Thus, x, is bounded during ¢ € [0, T).
Phase t € [T,, o): It follows from Theorem 4 that vi.’ = vsl. and w; = w,; after the time T,. Similar with the
proof of Theorem 2, we have
2(t) < 24z A5V, (49)

Then, Substituting (49) into (46) yields
Vy, < =2u25Vx, + Ix* | lIg®)l- (50)
It follows from Theorem 5 that Q; — Q;, Vi,j € V ast — oo, which implies that lim,., [|g(?)|| = 0. Thus, it can

be concluded from Reference 41(Proposition 2) that the system is almost globally input-to-state stability. The
equilibrium x, = 0 is almost globally asymptotically stable. [

4.2 | Collision avoidance

The control law (41) cannot guarantee that no agent collides with its neighbors. If two agents collide, the stability result
of Theorem 4 may be invalid. In this section, a sufficient condition is provided to guarantee that each agent maintains a
minimum distance with its neighbors under the formation control law (41).

Theorem 7. Under Assumption 1 and the formation control law (41), if the initial states x,(0) and s2(0) satisfy

1 .
IO < — <mm llxy =%l - dmin>, (51)
\/ﬁ ijev
and
2 n
IS5 < 4| [Asp2( min " =¥ = dmin ) | = 4nPsispa ). INil =], (52)
ijev J o

T — —
where As is the minimum positive eigenvalue of T (x*)I'(x*), and T'(x*) is defined in (24), then it can be
guaranteed that
[lx:(£) = x;(D)|| > dmin > 0,Vi,j € V,Vt > 0.

Proof. The proof is similar with the proof of Theorem 3 and is omitted. (]

Remark 2. 1t should be pointed out that the conditions in Theorem 3 and 7 are conservative. Extensive sim-
ulations verify that the collisions may be avoided under the formation control laws (14) and (41) even if the
proposed conditions do not hold.

Remark 3. The proposed control laws are distributed such that each agent just needs to obtain the relative
measurements with respect to its neighbors. Thus, the computation scales with the number of neighbors,
which is generally much smaller than the total number of agents.

5 | SIMULATION EXAMPLES

In this section, some simulation examples are provided to demonstrate the effectiveness of the control schemes in (14)
and (41).

5.1 | Simulation for bearing formation control with a global inertial frame

In this subsection, two simulation examples where the desired formations are shown respectively in Figure 4A,B are
provided to illustrate the control law (14). It can be observed that these desired frameworks in Figure 4A,B are IBR and
not IBR, respectively. The example without an IBR desired framework is to verify the necessity of Assumption 1. The

disturbances in the dynamics of agent i are assumed as A; = —5sin (ﬁ) 1, m/s?,Vi=1,2, ... ,8.
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(A) A ring with |€] = 26. (B) A ring with |€] =24. (C) A cube with || = 26. (D) A cube with |£| = 24.

FIGURE 4 Desired formations for simulation examples.

TABLE 1 Simulation parameters for the example under the control law (14).

Name Value
x1(0) = [148.1, 406.9, 400]7, x,(0) = [0, 433, 350]7,

The initial positions of agents (1) %3(0) =[~4069, 148.1, 3001", x,(0) = [-433, 0, 250T",
x5(0) = [—148.1, —406.9, 300]”, x4(0) = [0, —433, 350]7,
x,(0) = [406.9, —148.1, 40017, x5(0) = [433, 0, 450]".

The initial velocities of agents (m/s) v;(0) =10, 0, 0¥, i=1, ... ,8.
b}, = [-0.9239, 0.3827, 0]7, b}, = [-1, 0, 0],
b}, = [0, -1, 01", b}, =[0.3827, —0.9239, 0],
b}, = [-0.9239, —0.3827, 0]7, b}, = [-0.3827, —0.9239, 0]”,

The desired bearings
bj; = [0, -1, 0]", bj; =[0.3827, —0.9239, 0],
b}, =[0.9239, —0.3827, 01", b%, =1, 0, 0],
by, = [0.9239, 0.3827, 01", bJ, =[0.3827, 0.9239, 0].
The other bearings can be calculated by b; = —b;.
The control parameters a1 =02, ay =1, a3 =0.2, ag = 0.005, as = 0.3.

The simulation parameters of the two examples are chosen as the same and are given in Table 1. As shown in Figure 5,
the initial and final positions of agents are drawn in gray and red dots, respectively. The initial and final sensing graphs
are plotted in gray and red lines, respectively. The trajectories of agents are represented by the gray dash lines. Figure 6
shows the equivalent bearing errors Z(i Jee |Ib; — b; || and total bearing errors Z?:1ZJ’-1:1 |Ib; — b; || of the two examples
under the control law (14). It can be observed from Figure 5 and 6A that the agents are steered to the formations that have
the same bearings with the desired formations in two examples. However, it can be observed from Figure 6B that the final
framework in the example without IBR desired framework is not the desired framework since the desired framework is
not unique. This verifies the necessity of Assumption 1. Figure 7 shows the trajectory of the formation scale [ defined in
(17) in the example with IBR desired formation. The velocities and virtual velocities of agents in the example with IBR
desired formation are shown in Figures 8 and 9, respectively. The velocities of agents can track the virtual velocities in just
5 seconds under the control law (14). The control inputs of agents in the example with IBR desired formation are plotted
in Figure 10. It can be observed that the control forces do not reach zero due to the effect of disturbances. This yields that
the formation scale floats around a value. Due to space constraint, the trajectories of the formation scale [, the velocities,
virtual velocities, and control forces in the example without IBR desired formation are omitted.

5.2 | Simulation for bearing formation control without a global inertial frame

In this subsection, two examples where the desired formations are shown respectively in Figure 4C,D are provided to
illustrate the control law (41). Differing from the example in the previous subsection, the agents can only measure the
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(A) The example with IBR desired formation.
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trajectories of all agents are drawn in gray dash line.
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FIGURE 6 The equivalent bearing errors ¥, . Ilb; — bl?; Il and total bearing YL, ¥, I|b; — bl; || under the control law (14).
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FIGURE 8 The velocities v; = [v;1,V;,,V;3]7 in the example with IBR desired formation under the control law (14).
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FIGURE 9 The virtual velocities v,; = [Vy;1, V2, Wi3]? in the example with IBR desired formation under the control law (14).
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FIGURE 10 The control forces f; = [fi1,fi2, ﬁ,3]T in the example with IBR desired formation under the control law (14).

bearings in the body-fixed frame in this example, and the desired formation is a cube. The desired framework in Figure 4C
is IBR, and desired framework in Figure 4D is not IBR. The disturbance in the dynamics of agent i is also assumed as
A= —Ssin(ﬁ>13 m/2¥i=1,2, ... 8.

In this subsection, the initial positions and velocities of agents are chosen as the same with those in the previous sub-
section. The other parameters of agents are given in Table 2. As shown in Figure 11, the initial and final positions of agents
are drawn in gray and red dots, respectively. The initial and final sensing graphs are plotted in gray and red lines, respec-
tively. The trajectories of agents are represented by the gray dash lines. The short blue lines represent the orientations of
agents. Figure 12 shows the equivalent bearing errors ¥, . Ilb; — b; || and total bearing error Y., ;:1 llby — bl.’;. || of the
two examples under the control law (41). It can be observed that the final framework in the example with IBR desired
formation is the same with that in Figure 4C, but the final framework in the example without IBR desired formation is
different with that in Figure 4D. Figure 13 shows the attitude consensus error Z(i ee 10(Q;) — O(Q))|| in the example
with IBR desired formation under the control law (41). It can be observed from Figure 13 that the orientation of each
agent finally synchronizes. Figure 14 shows the trajectory of the formation scale [ defined in (41) in the example with IBR
desired formation. The velocities and virtual velocities of agents in the example with IBR desired formation are shown in
Figures 15 and 16, respectively. Figures 17 and 18 show the angular velocities and virtual angular velocity, respectively,
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TABLE 2 Simulation parameters for the example under the control law (41).
Name Value
Q,(0) =[0.926, 0.35, —0.1, —0.1]1%, Q,(0) = [0.9055, —0.1, 0.1, 0.4]7,
The initial orientations of agents Q0 =[09747. 0, ~0.2, ~0.1T", Qu(0) =[0.5172, ~0.1, 0, 085",
Qs5(0) =[0.8, 0, 0.6, 01T, Qx(0) =[0.6614, 0.75, 0, 0],
Q,(0) =[0.9887, 0, 0, —0.15]7, Q4(0) =[0.926, —0.1, —0.1, —0.35]".
The initial angular velocities of agents ®;(0) = [0, 0, 0]7 deg/s,i=1, ... ,8.
The inertia matrices of agents Ji(0) = [145, 7, 6; 6, 150, 8; 6, 8, 155]" kgm?,i=1, ...,8.
b}, =[-1, 0, 0", b}, =[0, -1, 017, b}s =0, 0, -1]7, b}, =[0, -1, 0],
by, =10, 0, —-117, b}, =[0.5774, —0.5774, —0.5774]",b}, = [1, 0, 0]7,
The desired bearings b}, =0, 0, 117, b}, = [0, 0, -117, b}, =[-1, 0, 017,
bk =[0, -1, 01", b}, =[0, -1, 0]", bl =[1, 0, 0]".
The other bearings can be calculated by bl?; = —bj’lf.
b =2, =02 p3=1, p4=0.001, fs =0.1,

The control parameters
y1 =100, y, =10, y3 =1, y, =0.01, ys =0.1.

1000 1000
800 800
600 - 600 -
g =
N 400 N 400
200 - 200 -
0 0
500 500
-500 -500
y.m X, m
(A) The example with IBR desired formation. (B) The example without IBR desired formation.

FIGURE 11 The example under the control law (41). The initial and final formations are marked in gray and red, respectively. The
orientations of agents are marked in blue. The trajectories of all agents are drawn in gray dash line.

in the example with IBR desired formation. It is found that the velocities and angular velocities of agents can converge
to the virtual velocities and angular velocity in just a few seconds, respectively. The control forces and control torques of
agents in the example with IBR desired formation are plotted in Figures 19 and 20, respectively. Due to space constraint,
the other trajectories in the example without IBR desired formation are omitted.

In this simulation, a comparison between the proposed bearing-based formation control law (41) and the
bearing-based formation control law in Reference 42 is conducted to verify the disturbance rejection ability of the pro-
posed control law. The formation control law in Reference 42 does not take the disturbances into consideration. The
initial states are chosen as the same with those in Table 2. Figure 21 shows the equivalent bearing errors Y. [1by —
bl.’;ll between the proposed bearing-based formation control law (41) and the bearing-based formation control law in
Reference 42. It can be observed from Figure 21 that the equivalent bearing error under the formation control law (41) is
smaller than those under the formation control law in Reference 42. This verifies the disturbance rejection ability of the
proposed control law.
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FIGURE 14 The formation scale ! in the example with IBR desired formation under the control law (41).
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The equivalent bearing errors Z(i e [Iby — bi’;. || and total bearing error Y, ;’=1 Ib; — b; || under the control law (41).

50

The attitude consensus error Z(i Jee 19(Q)) — ©(Q))|| in the example with IBR desired formation under the control law
(41). ©(Q) is the Euler angles converted by Q.
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FIGURE 15 The velocities v? = [v? ,v
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(C) The velocities v; 3.
1o Vias V?S]T in the example with IBR desired formation under the control law (41a).
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FIGURE 16 The virtual velocities v}, = [v? |, v v |

vi,1’

17 in the example with IBR desired formation under the control law (41a).
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FIGURE 17 The angular velocities ®; = [@;;, ®;, »;3]7 in the example with IBR desired formation under the control law (41b).
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FIGURE 18 The virtual angular velocities ®,; = [@,;1, @2, ®,;3]" in the example with IBR desired formation under the control law

(41b).
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FIGURE 20 The control torques u; = [1;1, Ui, u;3]" in the example with IBR desired formation under the control law (41b).
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FIGURE 21 The equivalent bearing errors Z(i ee [Iby — bl.’;. || between the proposed bearing-based formation control law (41) and the
bearing-based formation control law in Reference 42.

6 | CONCLUSION

In this article, the formation control problem for SMS is investigated by using the bearing measurement. Based on the BRT,
two distributed bearing formation control laws are designed for SMS. In the first control law, each agent requires obtaining
the global inertial frame. In the second control law, this requirement is removed, and each agent requires obtaining their
local bearing and relative orientation measurements. Under the second control law, the inter-agent bearings converge to
the desired bearing, and the orientation consensus of all agents is guaranteed. The system stability under the two control
laws has been rigorously proved. Furthermore, the simulation results are given to verify the analysis.
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APPENDIX A. PROOF OF THEOREM 1

Proof. The Filippov solution is considered in this proof, since the controller (14) is not continuous. Consider
the Lyapunov function

n
1
Ve = > Z sLsui. (A1)
i=1

The dynamics for s,; is
Sy =V — Dy
€ K(—arsyi — arsigh (sy) — a3sig" (sui) — assign (sy) + Api — V)
€ K(—a18v — azsigh (1) — azsig(syi) + Ami — Vi) — asK(sign (s,))
€ —a18y — @rSig" (811) — a3Sig (S) + Ami — Wi — aa K (sign (sy)), (A2)

where the following properties** are applied. (1) K(g(x)) = g(x) if g(x) : R" — R™ is continuous at x € R".
(2) K(g,(x) + g,(x)) C K(g,(x)) + £(g,(x)) if g,(x),8,(x) : R" — R™ are locally bounded at x € R".
Substituting (A2) into Vy, yields

n
. T
Vo= stisvi
i=1
n

€ Z(_alusvi”z — alsuill"" — asllsuill 2 + 8T A — STy — @K (8] sign (sw)) ). (A3)
i=1

where the property®: g, (x)K(g,(x)) = K(g;(x)g,(x)) if g;(x) : R" — R™ is continuous at x € R" and g,(x) :
R" — R™ is locally bounded at x € R", is applied.
Note that K(sTsign(s,i)) = K(l|syll1) = lIsill1 > [Isll, where || o ||, denotes 1-norm. Then, (A3) becomes

Vo <

M:

(—Ot1||svi||2 - (12||s\)l'||1-+—r1 - a3”svi“1-H2 - a4||svi” + sg;Ami - S‘E‘.}vi)

1

n

< =D (nllsull® + aallsll ™" + asllsull ™ + (aa = €1 = [DulDlIsull)- (A4)
i=1

The time derivative of v,; is

vy = as Z (bl]bg + byb5>b;, (AS)
JeN;
with
b; = Lp(bij)(vj - ). (A6)
(1511

In this proof, the forward-invariant set theory* is used to analyze the stability. First, the following set is
constructed.
I ={y ....v) | lWill £ Va1, i=1, ... ,n}. (A7)
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WILEY——
In the set I';, the velocities v; are bounded by ||v;|| < V. According to Assumption 2, the terms ﬂ are
y
bounded by . Then, in the setI';, bu is bounded by

Il ,,II - dmm

byl < ” T — [Pl (v; — vl
y
< IPDHICAw; 1+ vl
dmin
< 2 (A8)
dmin
where the property ||P(b;)|| = 1 is applied.
In view of (A5) and (A8), in the set I'}, »,; is bounded by
D]l < as Z <IIbUIIIIb I+ IIbUIIIIbuH)IIb |
JEN;
dasV,
=205 ) IIbyll < max {|NG]}—— (A9)

jGN m1n

Invoking Lemma 2, we have

1+r1

n
ay ) [lsull > az{Zs sw} : (A10)

i=1

and

1+r2

n
a32||s ||1+r2 >a3n 2 {ZS sw} . (A11)

i=1

Substituting (A9)—-(A11) into (A4) gives

n 1+r2
2

. 4 1+r2 1-rp
Vo < —a2™2 Z swsl)l —az2 2 Z S :Svi

1+r 14y

ansvz _’72ng2 > (Alz)

4 4ry  1-rp

where #; = 4,272 and #, = 13272 nz . According to Lemma 1, it follows from (A12) that the errors s,
converges to the origin in the time T4 in the set I';.

Since the virtual velocities v,; and the errors s,; are bounded, it follows that v; are bounded, which implies
that the set I'; is a forward-invariant set.** This means that v; € I'; always holds if v;(0) € I';. Thus, the errors
sy; converge to the origin in the time T; under the control law (14) if v;(0) € T';. [

APPENDIX B. PROOF OF THEOREM 4

Proof. The Filippov solution is considered in this proof, since the controller (41) is not continuous. Consider
the Lyapunov function

n n
1 1
VS = EZ(SSL) TS‘lji + 5; SLJismi. (B].)

i=1

Substituting (41) into V yields
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n n
’ b\ T(sb - b T . .
Ve= D (s5) T(00 —0%) + )sT Ti(doi — o)
i=1 i=1

n

€ = Y (AlIsEI? + Balls I + BallsE ™+ + pakc((s5) sign (s5,)) — —(s5)" (W, + Ap)

=1
n
D (rillsaill® + v2llsaill 7 + yallsuill 7 + yake (s]sign (su)) = s0(@u + Aai)), (B2)
=1

where the following properties*® are applied. (1) K(g(x)) = g(x) if g(x) : R* - R™ is continuous at x €
R". (2) K(g,(x) + g,(x)) C K(g,(x)) + K(g,(x)) if g,(x),8,(x) : R" — R™ are locally bounded at x € R". (3)
8 (WK (g,(x) = K(g,(x)g,(x)) if g,(x) : R® - R™ is continuous at x € R"” and g,(x) : R" — R™ is locally
bounded at x € R".

Note that K((sy)sign (s};)) = K(lls};ll1) = llsy Il > lls; |l and K (s sign(sei)) = K(lIsaill1) = lIsaills >
||Swill. Then, (B2) becomes

n
' b b b b b\T (b
Vs € =X (BISSIZ + Ballsh ™7 + Bslish 117+ Ballshl = ()" (4%, + Ao

S =

- (YI“swillz + J’lesa)i”H—r3 + 7/3“s(ul'”1-”4 + Y4||scul'” - sgi((bvi + Aai))

—_

n

b b b
<=2 (Al + Balls ™ + pslisE NI +)
i=1

= (s — €1 = IRQD@ R Q7| — 1V Il

1

s T

= D (rillsaill® + rallsaill 7 + rallswill 7 + (ra = €2 = Il lDlISeill)- (B3)
i=1

The time derivatives of v,; and ®,; are respectively

if, = ps Y, (B (6])" + b} (b)) (I + RQp)BY*

JEN;
— ps ), P(b})RQyab}* + fs )" P(b}) (I + R(Qy) &bl (B4)
JEN, JEN;
and
ou =75 Y, (E"(Qpa, + E"(QpEQyoy; - RQp@;E (Q;
JEN;

—R(QE"(Q;)q; — R(Q)E" (Q;)E(Qy)@y), (BS)

where

by = o+ R (o) [ @omi@) -
o = 0; — R(Q;)w;

In this proof, the forward-invariant set theory** is used to analyze the stability. First, consider the set

o= {{(v0, @), ..., (Vb @a) } IVl < Via, @il < Viagsai=1, ... ,n}. (B7)
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In the set Fz, b and w; are bounded by ||vb|| < Vump and ||@;|| < Vs, respectively. According to Assumption 2,
the terms — are bounded by T d . Then, it follows from (B4) and (B6) that in the set I, v is bounded
1]

[Ix; ,jll min
by

5,1 < 265 D IBGIIBEINIE: + RQIIBL | + 85 Y, IP(BE) IR@p Il @ 111D

JEN; JEN;
+ s Y IP(B) 11 + R@plllla 1B |
JEN;
i b
< Bs 3, (41Bil + Vi + 3V )
JEN;

8V,
< ﬂsiglg?n{lﬂfil}( -~

+ Vaa + 7VM3>» (B8)

min

where the property [|[R(Qy)|| = 1is applied in (BS).
In the set I',, one has

IRQ)&XRT Q| < llw;l[IVPIl < VarzVius (B9)
Note that

IE@yIl = llqo L5 + il
< Ngo g1l + 115
X
(o)
< 2Vis. (B10)

frd T ae
-3

It follows from (B5), (B6) and (B10) that in the set I', @,; is bounded by

lldowill <75 ) (IIE(QU)IIIIQUII + [IE(Q |1l | + IR e} 111 EQ;) 1l

JEN;
+”R(Qij)””E(jS)””qji” + ||R(Qij)||||E(jS)||||E(Qij)||||07ij||)
< 10V5VM3i=I{1§¥n{ INil} < ya— €2, (B11)

where the properties | R(Qy)l| = [R(Q)ll = 1, IEQyIl < 1 and [lg;| = [lg;ll <1 are applied in (B11).
Invoking Lemma 2, we have

1+r3
2

n n
kzzllsewzkz{zllssiuz} | o
i=1 i=1
n n P
1-ry
k}’32||s’3i||1“4zk}’3nz{ ||s’;i||2} : (B13)
i=1 i=1

1+r3 1+r3

2 2
1
Zuswn“’s>y2{2||sw,||2} 2}/2{ - } : (B14)
i=1

1+ryg 1+ry4

n n 2 n 2
1-ry 1-ry 1
73 Z lIaill ¥ > y3n ™2 Z Nl 1? =N EE N ngi"is“’i : (B15)
i_1 max(J) i—1

i=1

Wil

and
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Substituting (B8), (B9) and (B11)-(B15) into (B3) yields

1+ry

Vi< b { s, ”2} ~pns {Zns ||2}_

1‘”3 1474

n R
1 T = 1 T
4 s, JiSwi —y3n 2 s JiSwi
2{Amax(1)i=1 o } ’ {Amaxu); - }

1+r3

n n 2
: 72 by T b T
< —minq fo, — {Z(svi) b+ Z s, TiSoi

i=1 i=1

141y

1-r, " 2
—(2n)~ min /33, {Z sb) Tsb. +Zs szl}

(J) =

1+4r3 1+ry

S _’73Vs = ’74VS ? s (B16)

where Lemma 2 is applied to derive the second inequality, and

Amax(J) = max{ Amax(J1), ... , Amax(n) }}

n3 =272 min< B, =
{ Arln}: o } (B17)
Lory . b2
4 =2n"2 min<{ o3, 7=—
Anie D

According to Lemma 1, it follows from (B16) that the errors s’vjl. and s,,; converge to the origin in the time T,

in the set I',.

Since vfl., sf)’l., w,;, and s,; are bounded, one has that vi.’ and w; are both bounded, which yields that the

set I'; is a forward-invariant set. This means that (v’, ;) € T, always holds if (v°(0), @;(0)) € I';. Thus, the
errors and sfji and s,,; converge to the origin in T, under the control law in (41) if IIVf’(O)H < Vi and [|@;(0)]] <
VM3. ]

APPENDIX C. PROOF OF THEOREM 5

Proof. Consider the Lyapunov function

_ -Z Y dlq, (1)

i=1jeN;

Then, the time derivative V, is

n
= X 2. 954

=1jeN.

== Z gl q,;E(Qy)(@; - R(Q;)w))

l ljeN;

== Z > 4 E(Q)RQ)IR"(Q)w: — R"(Q))w;]

l ljeN;

= —qulag{E(Qu)R(Ql)}Hdlag{RT(Ql)}w (C2)
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WILEY
where qg =1... ‘15 LT eRmfor(i,j) € &, 0 =[0], ... 01", andH=HQIL.
Invoking (41b), one has
R'(Q)myi =75 )| [R"(Q)E"(Q)g; — R"(Q)E" (Q;)g;- (C3)
JEN;
Define oy = [@], ... ,®],]". Then, it follows from (C3) that
. =T .
diag{R"(Q))}@; = —ysH diag{R"(Q)E"(Qy)}q,. (C4)

According to Theorem 4, ; = ,; after the time T,. After the time T,, we can replace ® by w;. Then,
substituting (C4) into (C2) yields

Vy = 45 diag(E(Q,)R(Q) Hdiag [R"(Q))o,

1 T q: == .. T T
= —575q;diag{ E(QR(Q)}HH diag{R" (Q)E" (Qy)}qs

)4 o
1 T 2
= _EYSHC ‘1§||
< -rsligIPvg. (C3)
Therefore, it is obtained from (C5) that lim,_, q; =0. n

85U8017 SUOWILIOD BAIIERD 8|qed||dde 8Ly Aq peusenob aJe e YO ‘88N Jo se|nJ 1o} Ariq178UIIUO 43I UO (SUORIPUOD-PUR-SWIBI W00 A8 |IM A eIq U1 UO//SANY) SUORIPUOD PUe SWB | 38U} 88S *[5202/50/50] U0 Ariqiauljuo AB|1M *JO uonniisu| [gess|-uoiuyoe 1 Aq 99699U1/200T 0T/I0P/W00 A3 1M AReid 1 puluoy//:Sdny woly pepeojumod ‘T ‘%202 ‘6£2T660T



	Bearing-based formation control of second-order multiagent systems with bounded disturbances 
	1 INTRODUCTION
	2 PRELIMINARIES
	2.1 Dynamics of multiagent systems
	2.2 Bearing rigidity
	2.3 Definition of fixed-time stability and some lemmas

	3 BEARING FORMATION CONTROL WITH A GLOBAL INERTIAL FRAME
	3.1 Bearing formation control law and stability analysis
	3.2 Collision avoidance

	4 BEARING FORMATION CONTROL WITHOUT A GLOBAL INERTIAL FRAME
	4.1 Bearing formation control law
	4.2 Collision avoidance

	5 SIMULATION EXAMPLES
	5.1 Simulation for bearing formation control with a global inertial frame
	5.2 Simulation for bearing formation control without a global inertial frame

	6 CONCLUSION

	FUNDING INFORMATION
	CONFLICT OF INTEREST STATEMENT
	DATA AVAILABILITY STATEMENT
	ORCID
	REFERENCES
	APPENDIX A. PROOF OF THEOREM 1
	APPENDIX B. PROOF OF THEOREM 4
	APPENDIX C. PROOF OF THEOREM 5

