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Pointing consensus for rooted out-branching graphs

Minh Hoang Trinh*, Daniel Zelazo!, Quoc Van Tran*, and Hyo-Sung Ahn*

Abstract— Given a network of multiple agents, the pointing
consensus problem asks all agents to point toward a common
target. This paper proposes a simple method to solve the
pointing consensus problem in the plane. In our formulation,
each agent does not know its own position, but has information
about its own heading vector expressed in a common coordinate
frame and some desired relative angles to the neighbors. By
exchanging the heading vectors via a communication network
described by a rooted out-branching graph and controlling the
angle between the heading vectors, we show that all agents’
heading vectors asymptotically point towards the same target
for almost all initial conditions. Simulations are provided to
validate the effectiveness of the proposed method.

I. INTRODUCTION

Recently, there has been a large amount of research
on the consensus algorithm and its applications. Given n
agents having different initial state values, by exchanging and
updating the states based on the weighted sum of differences,
all agents’ states eventually reach a same value [6]. The states
of the agents could be auxiliarry variables used for decision
and control tasks, or physical variables such as positions or
velocities in the rendezvous and formation control problems
[8].

Unlike the usual consensus algorithm in the literature,
the pointing consensus problem requires all agents in a
network to direct their heading vectors to a common point
in the space. This problem is motivated from applications
in camera networks, satellite formations, and antenna arrays.
For example, pointing consensus is important in coordinating
multiple collectors and combiner spacecrafts in synthetic
aperture radars (SAR)' for space missions such as earth
observation and studying evolution of black holes or other
planets [4], [7].

In the literature, there are not many works studying control
strategies to solve the pointing consensus problem. The au-
thors in [14] proposed a distributed concurrent targeting con-
trol strategy for linear arrays of point sources. The proposed
control strategy in [14] relies on two main assumptions: (i)
the agents’ positions are collinearly located on a line in a
two-dimensional space, and (ii) at the beginning, two agents
at two ends of the line already pointed toward the target.
However, these assumptions are quite strict when applied
to satellite formations since satellites usually do not line-up
perfectly.
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In this paper, we firstly formulate a different framework
to study the pointing consensus problem. In our setup, each
agent can be positioned freely in the plane and can control
its heading direction around its position. The position of
each agent and the target are not given, but all agents’
local reference frames are aligned. The agent has infor-
mation about its heading vector and some desired relative
angles with its neighbors. Further, each agent can receive
the heading vectors from its neighboring agents. The inter-
agent communication is described by a fixed and rooted
out-branching graph. The information of the common target
point is given to each agent in the form of a desired
heading direction and some subtended angles between the
heading vectors. More specifically, the agent at the root
of the communication graph knows the direction to the
target. The other agents know some relative angles that
their heading needs to achieve with regard to its neighbors’
heading vectors such that if all these angles are satisfied,
their heading vectors will target a common point. Secondly,
we propose a decentralized control strategy for all agents
to target a desired common point. Since the graph is rooted
out-branching, the dynamics of the n-agent system has a
cascade structure. Using notions of almost-global input-to-
state stability, we show that all agents’ headings will point
towards the same target point for almost all initial conditions
under the proposed control strategy. Thus, comparing with
[14], the control strategy in this paper relaxes the assumption
on collinearity of all agents and further does not require
two agents to specify the target from beginning. Finally,
we provide a numerical simulation of a six-agent system
to illustrate the control strategy. Since the heading direction
of each camera can be modeled as a unit vector, there is
an interesting link between the pointing consensus problem
with the bearing-only navigation [5], [11] and bearing-based
formation control/network localization problems [3], [15],
[16] in the literature. It is also worth noting that performing
a consensus on the agents’ heading vectors leads to the
orientation alignment/attitude synchronization problem [9],
or more generally, consensus on nonlinear manifolds [10].
In order to solve the pointing consensus problem, beside the
local heading directions, we need some relative information
between the agents’ positions and a common pointing target.

The rest of this paper is organized as follows. In section II,
the pointing consensus problem is formulated. The control
strategy is proposed, analyzed, and discussed in section III.
Section IV provides a simulation result of a six-agent system.
Finally, we summarize the paper and discuss further research
directions in section V.
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Fig. 1: The rotational velocity w; of the camera 7’s heading
direction can be equivalently represented as the velocity u; =
Py, u; of the head point pj.

A. Notations and Preliminaries

In this paper, lower-case characters are used to denote
scalars, while bold-font lower-case (capital) letters and cal-
ligraphic letters denote vectors (matrices) and sets, respec-
tively. The rotation matrix

R(a) = {

rotates points in the plane counterclockwise through an angle
« about the origin of the coordinate system. Given a vector
v € R?, the result of rotating v by an angle a is R(a)v.
For 2 x 2 rotation matrix, we have the following properties:
R(a)! = R(a)". |[R(a)| = 1 and R(a1)R(as) =
R(OZQ)R(OC]), Vaq,as € R.

Let G = (V,€) denote a directed graph with the vertex
set V ={1,...,n} and the edge set £ C V x V. A directed
edge (j,1) in the graph describes that i receives information
from j and not vice verse. The in-neighbor set of a vertex @
is defined as V; = {j € V : (j,4) € £}. A directed path is
a sequence of vertices 4142 ...%, such that (i;,7;41) € £. A
directed cycle is a directed path having the same start and
end vertices, i.e, i1 = ). A directed acyclic graph is a graph
without any directed cycle. If there exists a vertex (called
the root) such that for any vertex ¢ in the graph, there exists
a directed path from the root to this vertex ¢, the graph is
called rooted out-branching.

COSs &

sin «v

—sin«
cosa |’

II. PROBLEM FORMULATION

Consider a network of n agents in a two-dimensional
ambient space, each agent ¢ (¢ = 1,...,n) is located at
a fixed position p; € R? (ie., p; = 0). The agent i
has a heading direction described by a unit vector b, €
R2. Suppose that each agent can control its own heading
direction by rotating its heading direction around the point
p; with an angular velocity w;, as illustrated in Fig. 1.
Define p;, = p; + b;. It can be seen from Fig. 1 that the
rotational motion of the heading direction is equivalent to
the motion of the point pj, which is perpendicular to the
heading direction b,;. Let Py, = I — biblT denote the
orthogonal projection matrix corresponding to b;. Note that
Py, = PIT)Z = P2bi. Further, Py,, is positive semidefinite,
and N(Pyp,) = span(b;) [15]. The control effort to change
b; can be given as

(b)

Fig. 2: A six-agent system. (a) The agents want to consent
their heading direction into a common point p*. (b) The
information graph G is a connected directed acyclic graph
(rooted at vertex 1).

where u; € R? will be designed later. Then, we have

Note that a relationship between w; and u; is given as follows
[Po,usl| = |wsl[[bs]| = |wil.

A. The pointing consensus problem

In order to focus the headings on a common point, each
agent needs to exchange its heading information with its
neighbors through a directed graph G = (V,&). In this
paper, we assume that G is a rooted out-branching. Without
loss of generality, we can label the vertices of G such that
vertex 1 is the root of the graph. Suppose that we want all
agents to point to a given target in the plane. To guide all
headings, we assume that agent 1 knows the direction to the
target. Each agent 7 (i > 2) is given a set of desired angles
aj; € (=m, 7] (Vj € N;). Here, o is the angle between b;
and b; when ¢ and j are pointing at the target. For example,
a six-agent system is depicted in Fig. 2.

Obviously, if agent 4 receives b; from agent j, it can
calculate the difference between the two vectors b; and
R(aj;)b;, i.e., i can calculate b; — R(a;j;)b;. Then, agent i
can control its heading correspondingly to reduce the angle
error ||b; — R(aj;)b;|. We list all assumptions as follows:

Assumption 2.1: The information graph G = (V,€&) is
rooted out-branching. Vertex 1 is the root of the graph.

Assumption 2.2: All agents’ local reference frames are
aligned. Agent 1 knows its desired heading vector bj, the
other agents know their desired angles «;; and receive b;
from all j € N;. The set of desired subtended angles
{a7;}i.j)ee is feasible. That is, there exists p* € R? s.t.

b = (p* —p1)/[lP" — p1l], 3)
In Assumption 2.2, it is remarked that the condition (4) is
equivalent to having p* € R? such that:

* *

P — P xy P —Pj
BB R BB
Ip* — pill Y p* = pyll
The assumption that agent 1 knows b] is important to guide

all agents’ heading vectors to point to a common target.
Miscontrolling the heading of the agent 1 will lead the other

V(i,j) e (S

3649

Authorized licensed use limited to: Technion Israel Institute of Technology. Downloaded on July 07,2024 at 05:10:23 UTC from IEEE Xplore. Restrictions apply.



(a) (b) (c)

Fig. 3: A three-agent system with the communication graph
(a) and the desired angles a3, = a3, = —aj; = 2?” In (b),
although all desired angles are satisfied, the agents do not
target a common point. In (c), by changing the direction of

b;, a pointing consensus is achieved.

agents to not point to a common target even though all
the subtended desired angles are satisfied. Consider Fig. 3,
a three-agent system located at the vertices of an acute
triangle p1, p2, p3. The desired subtended angles are selected
as aj = ofy = —aj = 2.2 When the heading by
does not point into the Torricelli point (Fig. 3(b)), there is
a configuration where all desired angles are satisfied, but
the heading vectors do not target a common point. This
ambiguity does not happen in Fig. 3(c), when b; points
toward the Torricelli point of the triangle.

Finally, we make an assumption for the later analysis.

Assumption 2.3: The initial heading vector of agent 1
satisfies by1(0) # —bj. Also, the desired angles are such
that a3, ¢ {0, —7 (mod 27)},

We can now state the main problem in this paper:

Problem 2.1: Given the n-agent system satisfying As-
sumption 2.1-2.3, design a decentralized control law such
that all agents’ heading target a common point as ¢ — oo.

III. MAIN RESULTS

A. The proposed control law

We propose the following control law for each agent
to solve the pointing consensus problem with rooted out-
branching graphs:

pll = Pbib?[7 (68.)

. X ,

P} =Py, > R(aj)b,, Vi=2,...,n.  (6b)
JEN;

It is easy to see that p; vanishes when b; aligns with
R(aj;)b;, or the desired subtended angle between two
agents ¢ and j is satisfied for all i € {2,...,n}. Intuitively,
when the agent j’s heading b,y is fixed, the control law
(6b) steers b; toward R(ajj)bj (see Figs. 4a—4b). We refer
readers to [12], [13], [15] for some related explanations of
the control law (6b).

From equation (2), we can also write the heading direction

2From elementary geometry, we know that at the Torricelli 2point of the
triangle, we have Z(b1,b2) = Z(b2,b3) = Z(bs,b1) = 5 (x). The
Torricelli point is also the only point in the plane that satisfies ().

()

Fig. 4: (a): The control law (6a) steers b; toward bj.
(b): Suppose that b; is invariant, the control law (6b) steers
b; toward R(a};)b;.

dynamics as follows:

b; = Py, b}, (7a)
b =Py, > R(aj)b;, i=2,...,n. (7b)
JEN;

We have the following remark on the control law (6b):

Remark 3.1: Suppose that instead of receiving the heading
direction from agent j, agent ¢ can measure the heading
direction b; of agent j in its local reference frame °5_,
which is identified by the rotation matrix R; with regard to
the global reference frame. The control law can be written
in the local reference frame of agent ¢ as follows:

b; = Py Y R(aj;)bl, )
JEN;
where b} = Rib;, b} = R]b;. Observe that Py; = I —
bi(b})T =1, — R]b;b/R; = R[Py,,R,, and R(a;‘j)R;r =
R]R(a;;). Substituting into (8), we get

b, =R[Py, > R(aj))b;, 9)
JEN;
Thus, the control law (9) written in the global reference
frame is b; = R;b! = Py, > jen, Rlaj;)bj, which is
exactly the same as (7b). Hence, if the agents can sense
the relative heading of its neighbors, (7b) does not require
the agents’ reference frames 2 >_,...," 3" to be aligned.

B. Analysis

In this subsection, we study the system (7). Firstly, we
examine the equilibrium set of (7a). We will prove that the
proposed control law solves the pointing consensus problem
for almost all initial conditions. It will be shown that the
n-agent system has the form of a cascade system. Then, we
adopt the notions of almost global input-to-state stability to
establish the convergence result.

Lemma 3.1: The equilibrium set of (7a) is:

& = {b; € R? b; = +b}}. (10)

The equilibrium b; = bj is almost globally exponentially
stable while the equilibrium b; = —b7 is unstable.

Proof: Any equilibrium point of (7a) must satisfy
Py, b = 0. Since N (Pyp,) = span(by) and ||bf|| = 1,
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it follows that b; =
the equilibrium by = —b7 by linearization. Since FHl =
8b1 (b* blbIb{) = —bIbiI, — by (b})T, it follows that
A= gEi lb,=——b; = I+ bj(b})" is positive definite. Thus,
the equilibrium b; = —bj] is (exponentially) unstable.

Next, consider the potential function V' = |by — bj|?,
which is continuously differentiable. Moreover, V' > 0 and
V =0 if and only if b; = bj. The derivative of V' along a
trajectory of (7a) is

+b]. We examine the stability of
Ob; __

V = (b; —b})"b; = (b; — b})"Py, b’
—(b}) Py, b} = —|Py,bi[> <0. (D
Obviously, V = 0 if and only if by = =£bj. Since the

equilibrium —b7 is unstable, for all by (0) # b, by — b}
due to LaSalle’s invariance principle. Further, let oy be the
angle between b; and bj. For by(0) # —bj, we have
a1 € [0,7), and [Py, (by — b})| = by — bi||cos (%) .
As a result, since o;(t) — 0 as by — bj and the cos()
function is decreasing in [0, 5 ), we have
cos? 1, i<

V< —

2 a1(0)
TV' (12)

Thus, b; = b] is almost globally exponentially stable. H
Lemma 3.2: Under Assumptions 2.1-2.3, the equilibrium
set of agent 2 is:

= {by € R?| by = +R(a};)b}}. (13)

The equilibrium by = R(a3; )b} is almost globally asymp-
totically stable while the equilibrium by = —R(a3;)b} is
unstable.

Proof: Consider the agent 2’s heading dynamics:
by = Py, R(a3, )by, (14)

Observe that the equilibria of (14) depends on the agent 1’s
equilibria. We therefore rewrite the dynamics of agents 1 and
2 in form of a cascade system as follows:

b; = Py, b} = fi(by),
b2 = PbQR(Oézl)bl = fg(bl, bg)

(15a)
(15b)

In (15), by is an input to the system (15b). Further, when
b; = b}, we may express (15b) as follows:

t.)2 = f2( >{7b2) = szR(O@)bf = Py, ; (16)

which has the same form as (15a). From Lemma 3.1, the
equilibria of (14) satisfies ba = +R(a3;)bj. Moreover, the
equilibrium by = bj of (16) is almost globally exponentially
stable while bp = —bj is isolated and unstable. Letting
b3 = R(a3, )b}, we consider the function V = /by —bj||?
which is continuously differentiable. Moreover, V' > 0 and
V =0 if and only if by = b3. The derivative of V' along a
trajectory of (14) is given as follows:

It follows from (12) that there exists 41,77 > 0 such that
|lby — bt|| < d1e~™t. Thus,

52
< [Py, b 2 + e [Py, b3] < et (1)
where the inequality holds if and only if ||Pp,bj||
%e_mt. Thus, there holds
o] 62 52
V(oo)—V(O)g/ LTt = (19)
0 4 2 1

which shows that V' is bounded. Therefore, the system (15b)
satisfies the ultimate boundedness property [2][Proposition
3], and thus (15b) is also almost globally Input-to-State-
Stable (ISS) with regard to the input b;.

It follows from |b; — bj|| — 0 (Lemma 3.1) and
[1][Theorem 2] that the equilibrium by = b3 of (15b) is
almost globally asymptotically stable. [ ]

We have the following remark on the uniqueness of the
common point from Lemma 3.2.

Remark 3.2: The headings b} and b3 of agents 1 and 2 at
their equilibrium states uniquely determine a point p* € R2.
Indeed, the equations

p* —p1

p* — P2
p* — p1l

Ip* = P2l
imply that Py, Hp p H = Pp:b] =0, and Py; ”p —P2H
Pb*b2 = 0. Thus (Pb* + Pb*) = Pb*pl + Pb*pg
and for a3, ¢ {0,7}, (or ie., b;-* # b7) we can uniquely
determine

p" = (Pp; + Pp;)"~

which is the common point for all agents’ heading direction.

Now, consider an arbitrary agent ¢ (¢ > 3) with the
heading dynamics as given in (7b). The system (7) can be
written in the following form:

B[l:i—l] = f[l:i—l] (b[l:i—l})
b; = fi(bp.i—1}, bi),

= by, and = R(a5,)b] := b3,

Y(Ppsp1 + Ppsp2),  (20)

(21a)
21b)

where byi.;_1) = [b],...,b]_;]" can be considered as an
input to the system (21b).

Lemma 3.3: Under Assumptions 2.1-2.3, given that all
agents 1,...,7— 1’s heading vectors are pointing toward p*
determined from (20) , i.e., b; = b;, Vi=1,...,2—1, the
heading b; of agent i (¢ > 2) converges asymptotically to
b, = b} := m satisfying b} = R(aj;)b},Vj € N if
initially b,(0) # —b}.

Proof: Assumption 2.2 guarantees the existence of the
point p* which is uniquely determined from (20). From
condition (5), for b} = H — f‘, we conclude that b}
satisfies by = R(aj;)bj, Vj € N Further, the dynamics

of b; when b; = b;‘,Vj =1,...,i— 1 can be rewritten as

follows:
V= (by — b3) Py, R(a; )by b, = Py, Z R(a};)b! = |j[Py,b;. (22)
= —b3" Py, (b5 + R(a3;) (b1 — b)) JEN;
< —[Po,b3[* + [Po,b3[[[b1 = bill. (A7) The cquilibria of (21b) is the solution of B; =
3651
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fi(bi,...,bl_1,b;) = 0. This implies b; = £b} are two
equilibria of (22). The system (22) has the same form as
(7a). Thus, we conclude that b; = b} is an almost globally
exponential stable equilibrium of (22), while the equilibrium
b; = —b; is unstable. |
We can now state the main result of this paper.

Theorem 1: Under the Assumptions 2.1-2.3, the headings
asymptotically target a common point, i.e., by — b} and
b, — R(afj)bj, V(Z,j) €& ast— o0.

Proof: We will show that for all ¢ = 1,...,n, the
agent ¢’s heading will point to p* determined by (20) by
mathematical induction. For ¢ = 1,2, we have proved in
Lemmas 3.1 and 3.2 that by — b}, bs — b3 asymptotically
if b1(0) # —bj.

Suppose that the claim holds until i — 1 (i > 3), i.e., the
heading of every agent j € {1,2,...,i — 1} asymptotically
points toward p*. We prove that b; = b} is an asymptotically
stable equilibrium of the system (21b). Consider the potential
function V = £ > jen Ibi—R(aj;)by||?, which is positive
definite, continuously differentiable. Further, V' = 0 if and
only if b; = b}. For any trajectory of (21) with by(0) #
—bi, we have

V =(b; —b})'Py, > R(a};)b,

JEN;
~b;"Py, ) R(aj;)b]
JEN;
—b;"Py, Y R(a3;)(b; - bj)
JEN;

—|Ni[b; TPy, b} — biTPy, Y R(az,)(b; —bj)
JEN;

< — I[Py, |2 + [Po, Y] D b = bj].

JEN;

(23)

Given any € > 0 such that [|Py,b}|| > €. Since b; — bj
asymptotically Vj = 1,...,72 — 1, for a small ¢ > 0 there
exists a time instance such that max;—; ;-1 [|b;—bj[| <e.
It follows that

V < |Gl [[P, b | + el NG| P, b} |
< = WNillPw, b7 [[ ([P, b || — €) <O.

Equation (24) shows that the system (21b) fulfills the ulti-
mate boundedness property [2][Proposition 3]. Together with
the result in Lemma 3.3, it follows that (15b) is almost
globally ISS with regard to the input by;.;_q). It follows
from the induction assumptions byy.;_1) — [bi", ... b ]
and [1][Theorem 2] that the equilibrium b; = b} of (15b)
is almost globally asymptotically stable.

Finally, since the claim holds for any ¢ > 2, it is true for
1 = n. Therefore, the heading vectors of n agents asymptot-
ically point toward the common point p* determined from
(20). [ |

yeeey

(24)

C. Discussions

In this subsection, we have two remarks on our proposed
approach to solve the pointing consensus problem.

The assumption on the communication graphs: In this
paper, we only study pointing consensus problem with rooted
out-branching graphs. The restriction is made because we do
not know how to solve the problem for general graphs. The
solution of pointing consensus in this case may give some
insight to address the problem in general. The assumption
on rooted out-branching graph allows us to define the set of
desired angles «;;. Further, the n-agent dynamics has form
of a cascade structure under this assumption. Without the
rooted out-branching assumption, the n-agent dynamics has
some equilibrium sets that are hard to analyze.

The choose of the set points: Suppose the set points,
which contain information on the target (heading directions
or angles), are sent to the n-agent system from a command
center located far from the system. For example, one can
consider a satellite formation orbiting the Earth and a cen-
tral ground control station on Earth sending the data. The
command center knows the exact positions of the agents as
well as the desired target point. From Lemma 3.1, if the
command center sends each agent ¢ the direction toward a
common target, i.e, b}, agent 4 can directly point to ward
the target under the control law (6a) without exchanging any
information with its neighbors.

In this paper, the set points are given as a desired heading

1 and some angles «;;. Thus, each agent (2, ..., n) blindly
follows the heading directions of its neighbors and controls
its heading under (6b) accordingly. Although our approach is
indirect, it is advantageous in terms of security as explained
by the following scenario. Suppose that there is an attacker
who knows the positions of all agents p;, Vi, and tries to
figure out the target’s position by decoding the set points
sent from the command center. Based on Remark 3.2, the
attacker can compute the target point if he can decode the
information of b} and a3; from equation (20). However,
if the attacker cannot decode both b} and «3; from the
sent information, he cannot find the target point from the
remaining set points.> Meanwhile, if the set points are given
as {bj }{i=1,....n}, the attacker can locate the target point if
any two desired heading vectors are decoded. For example,
given by, b’, the target point can be computed by p* =
(Pb: + Pb;)’l(Pb: pi + Pb; p;). Therefore, by giving the
set points with one desired heading vector and some desired
angles allows a higher privacy level on masking the target.

IV. SIMULATIONS

Consider a six-agent system with the interaction topology
as described by Figure 2.b. Six agents are positioned at
the vertices of a regular hexagon: p; = [2,0]", py =
LV3", ps = [-LV3]", p» = [-2,0], p5 =
[—1, —/3]", ps = [1,—/3]". We aim to control all agents
to point toward the origin [0,0]". To this end, the desired
heading of agent 1 is set to be bj = [~1, 0]". The desired
angles are given as follows: a3; = a3, = aj3 = ag; = 3,
af =g, =%, and afy = — 3.

3Note that in the example depicted in Fig. 3, the set of desired angles do
not give enough information to determine the target.
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— [[br = bi|

3 }[—nitial heading vecto
—= Final heading vector

x Time [s]

(a) The initial & final headings (b) Heading vector errors vs Time

Fig. 5: Under the control law (7), six agents asymptotically
point toward a common point (marked by ‘0’).

We simulate the six-agent system under the control law
(7). The initial heading vectors were randomly chosen. The
simulation results are provided in Fig. 5. It can be seen
from Fig. 5a that all agents’ heading vectors gradually point
toward the origin. Figure 5b shows that the heading vector
errors eventually vanish under the control law (7).

Next, we simulate the system with the same initial condi-
tion except that the desired heading of agent 1 was changed
to b} = [—%, %]T, i.e., b} does not point to the desired
target. Simulation results are shown in Fig. 6. Although all
desired angles o are satisfied (Fig. 6b), the agents’ headings
do not target a common point. Observe from Fig. 6a that the
intersections of the lines containing the heading directions
are vertices of a regular hexagon.

V. CONCLUSIONS

In this paper, a framework for studying the pointing
consensus problem was formulated. A control strategy was
proposed to solve the problem with rooted out-branching
graphs. The analysis in this paper was based on mathematical
induction and the notion of almost global input-to-state
stability theory.

When the graph is not restricted to directed acyclic graph,
there may exist some undesired equilibria that are nontrivial
to examine their stability. Studying the pointing consensus
with general graphs is a further research direction. It is
observed that some relative information on the positions
of the agents need to be available to solve this problem
completely.

ACKNOWLEDGMENT

The work of M. H. Trinh, Q. V. Tran, and H.-S. Ahn was
supported by the National Research Foundation (NRF) of
Korea under the grants NRF-2016M1B3A1A01937575 and
NRF-2017R1A2B3007034.

The work of D. Zelazo was supported in part at the
Technion by a fellowship of the Israel Council for Higher
Education and the Israel Science Foundation (grant No.
1490/1).

REFERENCES

[1] D. Angeli, “An almost global notion of input to state stability,” IEEE
Transactions on Automatic Control, vol. 6, no. 49, pp. 866—-874, 2004.

25

— b1 — by |

3 [—Initial heading vector
—> Final heading vector — 1> — R{a,)by]|
2 — 21

) . — b5 = R(az,)bu|
3 ~ 2 (15 — R(azz)bs |
SN % — ||bs — R(as)bs||
1 D (15 — R(asz)bs|
j \/ - - [1bs — R(az)b
4/ o /¥4 - = llbs — R(eg,)bu |
/
\ /

N
LY
5 6

- = llbs — B(ag,)bill
(16 — R{ags)bs |
3 2 0 1 2 3
X Time [s]

(a) The initial & final headings

(b) Heading vector errors vs Time

Fig. 6: When agent 1 does not point toward the desired
target, six agents do not target a same point.

[2] D. Angeli and L. Praly, “Stability robustness in the presence of
exponentially unstable isolated equilibria,” IEEE Transactions on
Automatic Control, vol. 7, no. 56, pp. 1582-1592, 2011.

[3]1 A. N. Bishop, M. Deghat, B. D. O. Anderson, and Y. Hong,
“Distributed formation control with relaxed motion requirements,”
International Journal of Robust and Nonlinear Control, vol. 25, no. 17,
pp. 3210-3230, 2015.

[4] G. Krieger, H. Fiedler, and A. Moreira, “Earth observation with
SAR satellite formations: new techniques and innovative products,”
in Proceedings of the IAA Symposium on Small Satellites for Earth
Observation, 2009.

[51 S. G. Loizou and V. Kumar, “Biologically inspired bearing-only
navigation and tracking,” in Proc. of the 46th IEEE Conference on
Decision and Control (CDC), LA, USA, 2007, pp. 1386-1391.

[6] M. Mesbahi and M. Egerstedt, Graph Theoretic Methods in Multiagent
Networks. Princeton NJ: Princeton University Press, 2010.

[71 A. Moreira, P. Prats-Iraola, M. Younis, G. Krieger, I. Hajnsek, and
K. P. Papathanassiou, “A tutorial on synthetic aperture radar,” IEEE
Geoscience and remote sensing magazine, vol. 1, no. 1, pp. 6-43,
2013.

[8] R. Olfati-Saber, J. A. Fax, and R. M. Murray, “Consensus and
cooperation in networked multi-agent systems,” Proceedings of the
IEEE, vol. 95, no. 1, pp. 215-233, 2007.

[91 W. Ren, “Distributed attitude alignment in spacecraft formation fly-
ing,” International journal of adaptive control and signal processing,
vol. 21, no. 2-3, pp. 95-113, 2007.

[10] A. Sarlette and R. Sepulchre, “Consensus optimization on manifolds,”
SIAM Journal on Control & Optimization, vol. 48, pp. 56-76, 2009.

[11] M. H. Trinh, G.-H. Ko, V. H. Pham, K.-K. Oh, and H.-S. Ahn,
“Guidance using bearing-only measurements with three beacons in
the plane,” Control Engineering Practice, vol. 51, pp. 81-91, 2016.

[12] M. H. Trinh, K.-K. Oh, K. Jeong, and H.-S. Ahn, “Bearing-only
control of leader first follower formations,” in Proc. of the I4th
IFAC Symposium on Large Scale Complex Systems: Theory and
Applications, 2016, pp. 7-12.

[13] M. H. Trinh, S. Zhao, Z. Sun, D. Zelazo, B. D. O. Anderson, and H.-
S. Ahn, “Bearing based formation control of a group of agents with
leader-first follower structure,” Transactions on Automatic Control,
under review.

[14] F. Zhang, P. Ramazi, and M. Cao, “Distributed concurrent targeting
for linear arrays of point sources,” IFAC Proceedings Volumes, vol. 47,
no. 3, pp. 8323-8328, 2014, 19th IFAC World Congress.

[15] S. Zhao and D. Zelazo, “Bearing rigidity and almost global bearing-
only formation stabilization,” IEEE Transactions on Automatic Con-
trol, vol. 61, no. 5, pp. 1255-1268, 2016.

[16] S. Zhao and D. Zelazo, “Localizability and distributed protocols for
bearing-based network localization in arbitrary dimensions,” Automat-
ica, vol. 69, pp. 334-341, 2016.

3653

Authorized licensed use limited to: Technion Israel Institute of Technology. Downloaded on July 07,2024 at 05:10:23 UTC from IEEE Xplore. Restrictions apply.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


