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Abstract: We propose a geometric approach to distance-based formation control modeled on a
minimum-norm lifting of Riemannian gradient descent in edge-space to node-space. This yields
a unified family of controllers, including the classical gradient controller and its directed variant.
For the directed case, we give a simple numerical test for local convergence that applies to any
directed graph and target. We show that persistence is neither necessary nor sufficient for local
convergence of our directed controller and propose an alternative that is necessary and more

easily checked.
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1. INTRODUCTION

The distance-constrained formation control problem has
emerged as one of the canonical problems for multi-agent
coordination. The objective is to steer a group of agents
to a prescribed geometric shape, specified by inter-agent
distances, using only local sensing and distributed control
actions. The classical solution, by Krick et al. (2009), is a
gradient-based controller that uses the squared edge length
error as a potential in node space and follows the negative
gradient. When the sensing graph is generically d-rigid,
the gradient controller is generically locally exponentially
stable, as shown by Sun et al. (2016), using tools from
rigidity theory. In a notable work, Dorfler and Francis
(2010) introduced a differential-geometric perspective to
the problem that indicates the squared edge lengths evolve
on a manifold of feasible distances in edge space.

A more realistic model of the problem is the directed
variant, in which each distance constraint is assigned
to one agent. The resulting interactions become non-
reciprocal and lose their potential-gradient structure. As
a result, directed formation control is significantly less
well-understood. Much of the existing literature focuses
on specific graph families derived from persistence, which
is a property of a directed graph that attempts to adapt
rigidity theory to the directed setting motivated by the
role of d-rigidity in the solution to the undirected problem
(Krick et al. (2009) and Theorem 2); see also Hendrickx
et al. (2007); Anderson et al. (2007); Yu et al. (2009);
Babazadeh and Selmic (2020). A complementary line of
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work by Zhang et al. (2018) introduces gain design to
recover stability with directed sensing; they are able to
do this for the highly restricted class of persistent graphs
in leader / first-follower form.

In this work, we take a different perspective on the directed
problem. Instead of working with a property of oriented
graphs, we work with d-rigid graphs and impose a condi-
tion on the quadratic form derived from a modification of
the rigidity matrix that incorporates the data of the graph
orientation (Theorem 3). This connects the information
from the directed graph to the manifold of feasible distance
measurements, a core object of study in rigidity theory. It
also allows us to identify open, semialgebraic regions of the
target space on which the dynamics are local exponentially
stable, and to provide combinatorial certificates when no
such region exists (Theorem 4). Summarizing, we initiate
a new, structural theory of robust directed formation con-
trol.

The approach to the directed formation control problem
described above rests on taking a differential-geometric
viewpoint of the distance-based formation control focused
on the dynamics of an artificial edge-space system evolving
on the manifold of feasible measurements. Riemmannian
gradient descent on the edge manifold, followed by a min-
imum norm lift to node dynamics gives a geometrically
canonical “model” solution to formation control (Section
2). While not practically useful in a distributed setting,
the model controller serves as a template for a family of
controllers that includes the model, gradient, and directed
controllers (Section 3). We derive a simple condition, that
can be checked with linear algebra, for local exponential
stability in this family (Theorem 1) that implies generic
exponential convergence of the model and gradient con-
trollers (Theorem 2). Then we specialize to the directed
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controller, giving a simple, numerical condition sufficient
for local exponential convergence that applies to any graph
and target formation (Theorem 3). Simulations in Section
5 validate our theory and illustrate that local exponential
stability is not a generic property of the directed controller,
showing that persistence is neither necessary nor sufficient
in the directed setting. This leads us to introduce the
notions of dynamic and algebraic admissibility, which are
generic properties of a directed graph that can be easily
checked, and which we prove to be necessary for local
exponential stability of the directed controller (Theorem
4) in Section 6.

Notations: We write R for the set of real numbers and
Q for the set of rational numbers. For a matrix A, we
write AT for its transpose and AT for its Moore-Penrose
pseudoinverse. We use A > 0 (A = 0) to indicate that A
is symmetric positive definite (semidefinite). The image,
kernel, and rank of A are written Im A, Ker A, and rk A.
For a subspace W, its orthogonal complement is . For
a smooth map F, the differential at x is denoted dF,. All
inner products are Euclidean unless stated otherwise, and
| - || denotes the associated norm for vectors, and induced
norm for operators. For a manifold M, T, M denotes its
tangent space at x and grad,,V denotes the Riemannian
gradient of a smooth function V': M — R. The quadratic
form of an operator T is denoted ¢r(z) := (x,T(x)), and
the restriction of T' to a subspace V is denoted Ty .

2. THE FORMATION CONTROL PROBLEM

In this section, we briefly review the standard formulation
of the formation control problem and then introduce a
closely related, artificial problem that exposes its underly-
ing geometric structure.

The starting point for this work is with an ensemble of n
agents, modeled by integrator dynamics,

gji(t):ui(t), i=1,...,n, (1)
where p;(t) € R is the state (position) of agent i,
and u;(t) € R? is the control. The aggregate position

(control) vector is denoted as p(t) = [p1(t)" -+ pu(t)"] !
(similarly for u(t)). We assume the agents interact by an

information exchange network described by the undirected
graph G = (V,€).

The target configuration p* has an associated set of desired
inter-agent square distances, m;, for each ij € & m* €
RI€l is the aggregate target distance vector. We define the
distance map F : R — RI€l by

Fp)= [ o —pil® -+ ]" ()
so that F'(p*) = m*. From now on, the squared edge length
measurement of a target formation p* will be denoted m*.
The distance-based formation control problem is to drive
an initial configuration p® to a point ¢ congruent and
close to p* (such that F(q) = m*), using, at each time
t, the information m* and m(t) = F(p(t)). We introduce
two assumptions that we will use at various points in this
paper.

Assumption 1. The graph G is generically d-rigid and
the target configuration p* is a regular point of the rigidity
map F.

Assumption 2. The graph G is generically d-rigid and
the target configuration p* is generic.

Here generic means that p* holds over the open, dense
complement of an unspecified exceptional set that is
defined by polynomials with rational coefficients. Every
generic configuration is regular, and if p* is generic, then
F(p*) is generic in the image of F'. A graph G is d-rigid
if, for every configuration p* so that F(p*) is smooth in
the image of F, the framework (G,p*) is locally rigid; in
particular, when G is d-rigid, the frameworks (G, p*) for
regular p* will be rigid (Gortler et al. (2010)).

2.1 The Standard Control Law

In the standard formulation of the formation control
problem, a common approach is to use a negative-gradient
flow of the potential function V(p) = %||[F(p) — m*|]?,

yielding the control
u(t) = — 25 = —R(p(t)) " (R(p())p(t) — m*).  (3)

Here, we note that R(p(¢))p(t) = F(p(t)), where R(p(t)) €
R™XI€l is known as the rigidity matriz. This control
ensures local exponential convergence to a configuration
g near p* such that F(q) = m*, which, if G is d-rigid
will imply that ¢ is congruent to p* (see, e.g., Krick et al.
(2009); Sun et al. (2016); Dorfler and Francis (2010) and
Theorem 2).

2.2 The Edge System

The work of Dérfler and Francis (2010) analyzed (3) from a
geometric perspective. The starting point of that analysis
was to consider the dynamics of distances, i.e., %F(p(t)).
In this work we take a similar approach, although our
starting point will not be the agent level dynamics defined
by (3). Rather, we will assume the existence of an artificial
system of edges with state m(t) € RI€l that evolve
according to the integrator dynamics

m(t) = v(t), (4)
for some control v(t). In the “edge space” we now seek a

control to drive the edge states to the desired set of square
distances m*.

We emphasize that, unless n < d + 1, there must be
algbraic constraints on wv(t) to ensure that m(t) evolves
in a way that is consistent with a physical system; i.e.,
that there is a p(t) such that F(p(t)) = m(¢t) for all .
Since the constraint is that m(¢) lies in the image of F', we
denote by Q the regular values of the map F'. Because F
is a polynomial mapping defined over Q, the semialgebraic
Sard theorem (Bochnak et al., 1998, p. 234) implies that
Q is a smooth semialgebraic set that is open and dense
in the image of F. (The image of F itself is not smooth.
We will see presently why we use Q instead of the smooth
locus of Im F.) We also note that C := F~1(Q) C R, the
set of regular points of F', is a smooth semi-algebraic set
of dimension dn. At any point m = F(p) in Q, the tangent
space T), Q is the vector space of differential changes to the
squared edge lengths that can arise from the infinitesimal
motions of the agents, i.e.,

T, Q = Im R(p).



Accordingly, the edge dynamics (4) are to be interpreted as
evolving on Q, meaning that the velocity v(¢) must satisfy
’U(t) S Tm(t)Q for all ¢.

The manifold Q inherits the Euclidean inner product from
RI€l, defining a Riemannian metric,

QM(€17£2) = girg% 51752 S TmQ

Let II(m) : RI€l — 70, Q denote the orthogonal projector
onto T,,9. If m is a regular value of F, for any p €
F~1(m), we have

I(m) = R(p)R' (p). ()
(Note that if m is smooth but not regular, then the formula

for II(m) will be valid for some p in the fiber over m but
not others.)

Define the edge potential function,
Ve(m) = 3llm —m*|1%,

which measures the squared deviation of the current edge
vector m from the desired one m*. As we are interested in
feasible motions that must remain on Q, the appropriate
notion of the gradient is the Riemannian gradient on
(Q,g), obtained by projecting VV,(m) = m — m* onto
the tangent space of Q at m,

VoVe(m) =I(m) VV (m) = II(m) (m —m™).

The Riemannian gradient flow associated with V, is de-
fined by

1 = —VoVe(m) = —II(m) (m —m"). (6)
A solution to (6) describes a trajectory m(t) € Q whose
velocity m(t) is the projection of the negative Euclidean
gradient of V. onto the tangent space T}, ;)Q. Hence, the
motion remains on @ for all time and follows the steepest
descent of V, with respect to the Riemannian metric g.

2.3 Connecting Edge Flows to Node Flows

To connect the squared edge length flow defined by the
Riemmanian gradient flow in (6) to node dynamics, we
make use of the fact that @ = F(C). At any configuration
p € C, the differential of the edge map F' is the map

de : TpC — TF(p) Q,

where we recall that dF,, = 2R(p). This linear map relates
infinitesimal changes of the node positions p = u to
infinitesimal changes of the squared edge lengths via

m = dF, u = 2R(p) u.
Hence, to produce a prescribed edge-space velocity v* €
Trp)Q, we seek a node-space velocity u satisfying

dF,u=v*.

Among the infinitely many w that satisfy this relation, a

natural choice is the one with minimum FEuclidean norm:
min |ul|? st. dF,u=v*. (7)
ueRdn

The unique minimizer of (7) is obtained via the Moore-

Penrose pseudoinverse,

u* = (dF,)'v* = 2 R(p)Tv*.
This solution corresponds to the minimum-norm configu-

ration velocity that generates the desired edge-space mo-
tion v*.

The mapping ng provides the least-energy lift of an
admissible edge velocity to a consistent motion of the
agent configuration. Consequently, the combined edge—
node system can be viewed as a two-level geometric control
construction:

(1) In edge space, compute the Riemannian gradient flow
v* = —VgVe(m), which defines the optimal tangent
velocity on Q.

(2) In node space, realize this motion through the
minimum-norm lift u* = ngU*.

Substituting v* = —II(m) (m —m*) yields the node-space
dynamics

p=u*=—3R(p) I(m) (m —m"). (8)
This expression represents the minimum-energy configura-
tion flow that is consistent with the Riemannian steepest-
descent dynamics on the edge manifold.

We refer to (8) together with (6) as the model controller.
This control, while not distributed as in (3), provides a
clear geometric picture of what should be done to drive
agents to a desired formation.

3. FROM THE MODEL CONTROLLER TO
DISTRIBUTED SOLUTIONS

While the model controller (6) and (8) represents a ge-
ometrically canonical approach to solving the formation
control problem, it is not intended as an algorithm for
practical implementation. Instead, we use it as a template
for a new design space of controllers with the same essen-
tial characteristics: edge dynamics evolving on Q and lifted
node dynamics. The larger class is big enough to include
distributed architectures such as (3) and controlled enough
to be amenable to combinatorial analysis.

3.1 Edge-driven controller family

Now we introduce the control family we study in this
section. The state space for the controllers is

S={(p,m) €eCxQ: F(p) =m},
which is a smooth, irreducible, semi-algebraic set equipped

with the natural projections m; and ms. At any point
(p,m) € S, its tangent space is
Tipm)S = {(p,m) : v = 2R(p)p},
which is the same coupling of node and edge velocities that
we have seen in the derivation of the model law (8) and (6).
We will study control laws determined by state-dependent
linear transformations
V(p,m) :ngl — (Rd)n N(p,m) :R‘g‘ — ngl,

such that (v(p,m)Z, Np,m)T) € T(pm)S for all states in S

and

and vectors = € RI¢l. Given a target formation (G, p*) with
edge measurements m* and a starting formation (G, p°),
the controller is the initial value problem (IVP)
p = V(p,m) (m* - ’ITL)
m = N(p,m) (m* - m)
with initial conditions
{p(o) = V(po r(p0)) (M" — F(pz))
m(0) = npo,rEoy(m™ — F(p°)).
For technical reasons, we will also allow controllers to be
defined only on an open neighborhood in § of (p*,m*).



Controllers in this family yield solutions (p(t),m(t)) €
S. When we discuss the edge dynamics of one of these
controllers, we mean the flow m(p(t),m(t)) € Q, and
the node dynamics are, similarly, w1 (p(¢),m(t)) € C.
The edge and node dynamics have the same smoothness
as the full solution. For notational ease, we use the
shorthand 7 := 9@, and 7* = 1@ ) (similarly
for v). In the following examples we illustrate how the
model and gradient controllers fit into this setup. With
an eye to applying algebraic geometry, we show that the
transformations 7, ,,) and v, ) are rational functions of
the state.

Example 1. (Model controller, revisited). The model con-
troller (6) and (8) arises from setting

v= %RT(p) and n=1II(m)=2R(p)v.

The formulas for 7 and v contain the pseudo-inverse of
R(p), which is analytic in the state, but not rational.
However, in a neighborhood of p*, we can define the
projectors as rational functions if we fix the indices of the
columns of a basis for the column space of R(p). Thus,
there is a neighborhood of (p*,m*) on which the model
law is defined by rational functions. O

Example 2. (Gradient controller, revisited). The classi-
cal gradient law arises from setting

v=R'(p) and n = 2R(p)R" (p).
These are polynomial functions of the state (p,m), which
are rational over all of S. The column space of 7 is
contained in the column space of R(p), and, hence, in T}, Q.

By construction, we have 2R(p)r = 7, so the controller is
well-defined. O

We note that the matrix 7 in Example 2 is not a projection,
since it does not fix its image pointwise.

3.2 Local exponential stability

We now provide a sufficient condition for the local expo-
nential stability of (9) to a generic target.

Theorem 1. (Local exponential stability). Let Assump-
tion 1 hold. Suppose that for some neighborhood V C §
of (p*, m*), the linear transformations v and n are rational
functions of (p, m) € V. If the quadratic form g,,- restricted
to Ty, Q, is positive definite, then there is a neighborhood
U > (p*,m*) such that the control law determined by
(9a)—(9b) with initial condition (p°, F(p®)) € U converges
to a state (¢, m*) with ¢ congruent to p*. Moreover, the
edge dynamics on Q and the node dynamics on C are
locally exponentially stable. A

We remark that, in the proof of Theorem 1, given in
Sec. 3.3, the assumption that the controller is rational can
be substantially relaxed, to, e.g., C?. With rationality, we
get, additionally, the algebro-geometric notion of gener-
icity, which corresponds to structural robustness of the
control law. The local exponential convergence certificate
given by the positivity of ¢,- will, if it holds at one point,
hold on an open semialgebraic subset of target configura-
tions. Hence, non-robust stability is non-generic, and the
sufficient condition provided in Theorem 1 is robust to
perturbation in the target geometry. For the model and
gradient controllers, the situation is even better, and local

convergence is a generic property. Although the sufficient
stability condition in Theorem 1 is strictly stronger than
the linearized dynamics being Hurwitz, for these two con-
trollers, it is also necessary, yielding an extremely clean,
combinatorial theory.

Theorem 2. (Generic undirected exponential stability).
Let Assumption 1 hold. Then there exists a neighborhood
U of p* such that the node dynamics on C of the model
controller (8), (6), and the gradient controller (3) onto C
converge exponentially to a configuration congruent to p*
for any initial condition p € U if and only if G is d-rigid.
AN

Proof. The case where G is not d-rigid is easier, so
we do it first. If G is not d-rigid, because p* generic,
every neighborhood of p* contains a configuration ¢ not
congruent to p* such that F(p*) = F(q). At this ¢, both
the model and gradient controllers will immediately stop
(i.e., p = 0). Hence, they do not locally converge to a
configuration congruent to p*.

Now suppose that G is d-rigid. The semialgebraic Sard
Theorem (Bochnak et al., 1998, p. 234) implies that p* is
a regular point of F, so (p*,m*) € S, putting us in the
general setting of Theorem 1, which we use to show local
exponential convergence. Examples 1 and 2 show that the
model and gradient controllers are rationally defined and
satisfy the other hypotheses of Theorem 1. What remains
is to check that g,- is positive definite. In both laws, the
N(p,m) Matrix is PSD with columns spanning 7;,Q. Since
the restriction of a PSD matrix to its column space is
positive definite, the result follows. The verification of PSD
in the model controller is because II(m) is a projector
and in the gradient controller because n = 2R(p)R(p)"
is presented as factoring. |

The conclusion for the gradient controller is due to Krick
et al. (2009) and has been reproved many times in the
literature.

3.8 Proof of Theorem 1

Let us fix a target (p*,m*) € S. The goal is to find a
neighborhood U C § of (p*, m*) so that there are:

(I) Constants C,c¢ > 0 such that, for all initial condi-
tions (p°,m%) € U, and all t > 0, ||m* — m(t)] <
Cefct;

(IT) Constants K,k > 0 such that, for all initial con-
ditions (p°,m") € U, there is a configuration ¢
congruent to p*, such that ||qg — p(t)|| < Ke™*.

The proof is geometric and illustrates many of the ideas
leading to the derivation of the model controller and larger
family. Along the way, we mention connections to standard
techniques in control theory and rigidity.

Node stability from edge stability ~ We first assume that
(I) holds and derive (II). The essence of the argument is
that smoothness of v implies that the edge-to-node dynam-
ics are input-to-state stable (ISS). Rigidity enters here be-
cause, locally, the fiber F~1(m*) consists of configurations
congruent to p*. Now we give the formal argument.



Assume (I), i.e., there are constants C,c > 0 and a neigh-
borhood V' C Q of m™* so that, for all initial conditions
(P°,m°) € F=1 (V) x V, ||[m* —m(t)|| < Ce™.

Because G is d-rigid and p* is a regular value of F', we can
find a neighborhood Uy of p* so that if ¢ € U and F(q) =
m*, then ¢ is congruent to p. Let us now consider the full
dynamics in the neighborhood U = (Uy N F~Y(V)) x V
of the target (p*,m*). Shrinking U, if necessary, we can
find an N > 0 so that ||v|| < N, because v is rational
in the state, and so its eigenvalues remain bounded on a
neighborhood of (p*, m*). Using our estimate on ||v||, we
obtain

5(¢)|| = *_ < Nlm* — < NCe .
[p@) = lv(m™ —=m)[| < N[jm™ —m| < NCe
Cl
Consider a sequence t; — co, and let 7 > i. We have
/

K R O
Iotes) sl < [ lptolde < [ creet < e
ti ti
Hence, the sequence p(t;) is Cauchy, and has a limit ¢. A
similar estimate give us

o
llg =p()ll < —e °

so the convergence is exponential. Since the whole state
converges to (¢,m*) € S, we have F(qg) = m* and
q € Uy, so q is congruent to p*. This completes the
proof of (II) assuming (I). We remark that, had we not
assumed exponential convergence, some additional effort
would be required to show the node dynamics do not
become trapped in the space of rigid motions.

Ezxponential stability in edge space  This is the core tech-
nical argument, and it proceeds parallel to a standard line
in Lyapunov stability theory. The key novelty is that, us-
ing the geometric perspective, we identify a geometrically
canonical quadratic energy, namely g, on T,«Q, that
certifies local exponential convergence in a way that can
be verified computationallyfi.

The proof of (I) will follow once we have a neighborhood
V C Q of m* so that, for m € V we have the coercive
inequality

gy (m* —m) > aflm* —m|]?, (10)
for some a > 0. Using (10), we get
d * * *
Zllm = mOI* = =2gy(m* —m) < —2aljm" —m|P?,

from which a standard application of Gronwall’s inequality
(Khalil, 2002, Lemma A.1) yields exponential convergence
of any solution of the edge dynamics with initial condition
in V. The same estimate shows that (p,m) — (v,n) is a
smooth vector field on F~1(V) x V, so the solution exists,
and the statement for edge convergence holds. Hence, we
have (I), up to the construction of V.

By compactness and the hypothesis that n* induces a
positive definite quadratic form on T~ Q, there isa 8 > 0
so that g,~(z) > f§ for all unit vectors  in T}, Q.

For each m # m*, we write e = ﬁ and then e = v+
w, where v € T,,-Q and w € (T),«Q)*. Because Q is an
embedded smooth manifold, for all € > 0 there is an r» > 0
so that, when ||m* —m| < r, [Jv]] > 1—¢ and |Jw|| < e.
After repeated applications of this fact and smoothness of

1 in the state, we find a neighborhood V' of m* on which
for all m € V and (p,m) € F~Y(V) x V,

[of| >1/2
lwll <B/(32[ln*[1)
lwl* <B/(16]1n7())

ln™ —nll <B/16.

This is possible because the constants on the right are
independent of m and smoothness of 7 in the state. We
claim this V' works. We first lower bound, for m € V,

Gy (m* —m) = [m* —ml|*q,-(e).

(
(
(
(

From the decomposition of e, we have
qn> (e) = Qgn* (U) + an*” + an*w + @~ (w)
From the (11),
G (v) > B/4.
From (12) and ||v]| < |le]| = 1, we get
w T n*o| + ot w| < 2[fv]|[[w]|[7*]| < 8/16
and, using (13)
- (w) < [Jwl*|l*|| < B/16.
Combining these bounds yields
qn-(e) > B/4—25/16 = /8.
Hence, for m € V,
@y (m” —m) = (B/8)|lm* — m]||*.
Finally, by (14),
ay(e) = (8/8 = |ln* —nl)llel* = 8/16m* —m|?,
which proves (10) with o = /16. This completes the proof
of (II). m]

4. DIRECTED CONTROL LAWS

An appealing feature of the gradient control (3) is that it
admits a distributed implementation. At the agent level,
(3) is equivalent to

Ui = Z(Hpi —ij2 —m")(p; — pi)-

ijeE

(15)

Each agent therefore only requires information from its
neighboring agents defined by the graph G. The model
controller (8), however, leads to a centralized architecture,
since the pseudo-inverse of the rigidity matrix will gener-
ally be dense.

While distributed architectures are advantageous, even the
control (15) has shortcomings. Indeed, the control assumes
bidirectional information exchange. In many real-world
applications, it is more realistic (especially with on-board
sensing) that the information exchange should be directed,
i.e., agent ¢ sensing agent j does not imply agent j is
sensing agent ¢. We model this asymmetry by orientin
the edges of the sensing graph G. Given an orientation §
on the edges of G, we may simply modify (15), as in Zhang
et al. (2018), to

wi =Y (Ilpi = pslI> = m*)(ps — ps);

o
ijee

(16)

%
where 4j is the directed edge from node ¢ to j. This leads
to the aggregate dynamics, which is no longer a gradient
flow, of

p=—Rp®) T (RpE)p(t) —m"), (17)



() Ws,p*)  (b) (Ws,p")

Fig. 1. (a) and (b) have the same target configuration;
(b) and (c) have the same orientation, but p* satisfies
Theorem 3 while ¢* does not.

where ﬁ(p) is obtained from R(p) by zeroing out, in the
row corresponding to ij, the entries corresponding to the

node j for the orientation iy and the entries corresponding

to ¢ for the orientation 5. We now describe a numerical
test that is sufficient for (17) to converge to a given
configuration (G, p*). Since it is based on Theorem 1, this
result inherits the same structural stability properties.

Theorem 3. (Exponential stability of (17)). Let Assump-
tion 1 hold, and (p*,m*) € S be the target state. Let

be an orientation of G. Let P be a matrix with linearly

independent columns spanning the column space of R(p*)

and Z = 2R(p) E(p)". If 3P"(Z + Z")P is positive

definite, then then trajectories of (17) starting sufficiently

close to p* converge exponentially to a configuration ¢ with
F(q) =m*. A

Proof. The edge dynamics for the directed law (17) are
given by

= 2R(p) [~ R(p) " (m —m")] .

So, in the setting of Theorem 1, the directed control law
corresponds to setting

vi= ﬁ(p)—r, and 7 := 2R(p) ﬁ(p)—r =Z.

The stated convergence result is an application of Theorem
1, so we check the hypotheses. That G is generically d-rigid
has been assumed, as has (p*,m*) € S. The symmetric
matrix 1 PT(Z+ZT)P corresponds to the quadratic form
of n* restricted to T,,+Q, so, when it is positive definite
Theorem 1 applies, and we conclude the convergence
result. |

Even though the directed controller does not have a
gradient-potential structure, the stability certificate in
Theorem 3 is a natural geometric counterpart to the
gradient potential for the directed setting.

5. NUMERICAL STUDIES

We illustrate the behavior of the model controller (8), the
gradient controller (3), and the directed controller (17) on
representative examples.

Node trajectories and fi-

(a) Squared edge trajectories un- (b)
der the model (blue) and gradient nal configurations for both con-

controllers (red). trollers.

Fig. 2. We compare the model controller (8) and gradient
controller (3) for (W5, p*).

Fig. 3. Cumulative control energy for the model controller
(blue) and gradient controller (red) for (W5, p*).

Comparison of the model and gradient controllers We
begin with the wheel graph W35 with node 5 as hub
(Figure 1(a)). Figure 2 compares the model controller (8)
with the gradient controller (3). Both achieve the desired
distances (Figure 2a), but the model controller requires
significantly less control energy (Figure 3), as predicted
by (7). The resulting trajectories differ, but in both cases
the formation converges to a configuration congruent to p*
(Figure 2b).

Target dependence of directed control We next consider

the directed wheel W5 (Figure 1(b)). For target p*, the
directed controller satisfies the sufficient condition in The-
orem 3, and the trajectories in Figure 4 show exponential

convergence.

(a) Squared edge trajectories un- (b) Node trajectories and final
der the directed controller. configuration.

T

J

Fig. 4. Trajectories of the directed controller (17) for
(W_/g, p*), which satisfies Theorem 3.

In contrast, with the same orientation but different target
q* (Figure 1(c)), the numerical test fails and the system



exhibits qualitatively different behavior: the edge lengths
converge, but the node trajectories approach a stable limit
cycle (Figure 5). Thus, stability depends essentially on
target geometry and not merely on graph orientation.

! /
K )

(a) Squared edge trajectories un- (b) Node trajectories converge to
der the directed controller. a limit cycle.

Fig. 5. Trajectories of the directed controller (17) for
(V75>, q*), which does not satisfy Theorem 3.

Fig. 6. A directed graph that is not persistent.

Persistence is not necessary Our final example uses the

non-persistent directed graph G in Figure 6. Although the
directed graph fails the persistence criterion (Hendrickx
et al., 2007, Theorem 3), the underlying undericted graph
is 2-rigid and the sufficient condition in Theorem 3 is
satisfied. As shown in Figure 7, the directed controller
again converges.

(a) Squared edge trajectories un- (b) Node trajectories and the final
der the directed controller. configuration.

Fig. 7. Trajectories of the directed controller (17) for
(?,p*), for a non-persistent graph g.

6. AFTER PERSISTENCE: ADMISSIBILITY

We have shown that persistence does not describe the
behavior of the directed controller (17). Indeed, Figure 5
shows that it is not sufficient (not sensitive to the target
geometry), while Figure 7 shows that persistence is not
necessary (not linked to the geometry and dynamics).
We now describe an alternative inspired by the algebraic
shadow of the dynamics in the family (9).

We begin with the linearized edge dynamics of a controller
in the family (9) at a target configuration (p*,m*) € S.
Considering a perturbation (dp, dm) € T(;+ 1,,+)S and using
the notation e = m* — m for the edge vector, we get
de = —dm, so de = —ndm. Hence, the linearized edge
dynamics on T}, Q are described by the linear ODE

e = 717*|Tm* oe€. (18)
From the linear dynamics at the target we define two
generic properties of such a controller.

Definition 1. A controller (9) defined by rational func-
tions is called dynamically admissible if, for every generic
target configuration (p*,m*) € S, n*|r,.. o is hyperbolic.
It is called algebraically admissible if n*|r, . o is invertible
for generic targets.

Dynamic admissibility (all eigenvalues have non-zero real
parts) implies algebraic admissibility (no eigenvalue is
zero). Admissibility is our proposed replacement for per-
sistence when studying the directed controller (17). Both
types of admissibility are easy to check with a randomized
algorithm: pick a random configuration p* and then check
the eigenvalues of 7(,+ p(,+)). Admissibility can be checked
independently of the target because it concerns generic
eigenstructure, as opposed to the certificates in Theorems
1 and 3, which are about Lyapunov geometry near the
target. We also note that the test for both types of admis-
sibility is polynomial time, while the test for persistence
described by Hendrickx et al. (2007) is exponential in the
number of redundant edges, and, when d > 3, also uses
linear algebra.

We finish by connecting admissibility to the convergence
properties of our controllers.

Theorem 4. (Admissibility is necessary). Let

Assumption 2 hold. If a controller defined by (9a)—(9b)
defined by rational functions is locally exponentially stable
for some target formation (p*,m*) € S, then it is dynam-
ically admissible. A

Proof. By Corollary 4.3 in Khalil (2002) (used in an
appropriate chart on Q), if a non-linear IVP converges
exponentially, the linearization of the dynamics at the
equilibrium must be Hurwitz, and, hence hyperbolic. From
(18), this implies that 7*|7, .o is hyperbolic. Because
dynamic admissbility is a generic property, one example
where it is satisfied implies the result. O

In particular, dynamic and algebraic admissibility are
necessary for local exponential convergence of any control
law in our family. This is in parallel to the one direction of
the role of generic d-rigidity for the model and undirected
controllers: a combinatorial constraint that any locally
stable design must satisfy.

7. FURTHER DIRECTIONS

Our work suggests some immediate open problems. A
combinatorial classification of the dynamically and alge-
braically admissible orientations of a graph is a natural
next step, and it would be interesting to identify special
families of d-rigid graphs and orientations for which the
sufficient condition in Theorem 3 holds generically. It
would also be of interest to know whether the sufficient



stability condition in Theorem 3 is also necessary, as it is
in Theorem 2.
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