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Abstract: In this paper, we study bearing equivalence in directed graphs. We first give a
strengthened definition of bearing equivalence based on the kernel equivalence relationship
between bearing rigidity matrix and bearing Laplacian matrix. We then present several
conditions to characterize bearing equivalence for both directed acyclic and cyclic graphs. These
conditions involve the spectrum and null space of the associated bearing Laplacian matrix for a
directed bearing formation. For directed acyclic graphs, all eigenvalues of the associated bearing
Laplacian are real and nonnegative, while for directed graphs containing cycles, the bearing
Laplacian can have eigenvalues with negative real parts. Several examples of bearing equivalent
and bearing non-equivalent formations are given to illustrate these conditions.
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1. INTRODUCTION

Recent years have witnessed a growing interest in bearing-
based distributed control and estimation of networked
multi-agent systems, such as bearing-based formation con-
trol (Zhao and Zelazo (2015a); Tron et al. (2016); Karim-
ian and Tron (2021); Tang et al. (2022)) and network lo-
calization (Lin et al. (2016); Arrigoni and Fusiello (2018)).
The application of bearing measurements in networked
systems has been motivated by the advance of vision-based
sensors, which facilitate the sensing of relative directions
between spatially distributed agents. This is in contrast to
relative position or distance measurements, which tend to
be more costly or unreliable.

One of the key graph concepts underpinning these bearing-
based applications is the bearing rigidity theory, which has
been thoroughly discussed in Zhao and Zelazo (2015b)
with a focus on undirected graphs. The bearing rigid-
ity theory has provided a powerful framework for study-
ing bearing-based formation control of multi-agent sys-
tems, where the desired target shape is specified by con-
stant inter-agent bearings Zhao and Zelazo (2019); Tang
et al. (2021). Compared to displacement-based (Oh et al.
(2015)) or distance-based (Sun et al. (2017)) approaches,
bearing-based formation control provides a natural solu-
tion to the problem of formation scale control where the
shape of the formation is invariant but the inter-agent
distance changes. One fundamental problem of bearing-
based formation control that has not been completely
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solved is how to realize a desired bearing formation over
directed graphs. Most existing works on bearing-based
formation or localization assume that the underlying graph
is undirected (Zhao and Zelazo (2019)) or satisfies special
directed graph structures (Tang et al. (2021)). Further-
more, the existing bearing-based formation control laws
may also become unstable for directed graphs.

As a key step towards solving the general problem of
bearing-based formation control for directed graphs, the
paper Zhao and Zelazo (2015a) first studied bearing per-
sistence for bearing formations in directed graphs. The
notion of bearing persistence follows in spirit the work
of distance rigidity and persistence originally presented in
Hendrickx et al. (2007); Anderson et al. (2008). In Zhao
and Zelazo (2015a), however, the definition of bearing-
based persistence involves the kernel equivalence between
the bearing rigidity matrix (for undirected graphs) and
the bearing Laplacian matrix (for directed graphs). To
differentiate between these notions, in this work we term
the condition as bearing equivalence. However, different to
the full development of distance persistence and its ap-
plication in distance-based multi-agent control, conditions
for bearing equivalence are not well understood and its
characterization still remains open. In this paper, follow-
ing Zhao and Zelazo (2015a), we aim to provide several
conditions to characterize bearing equivalence in directed
graphs. These conditions involve the spectrum and null
space of the associated bearing Laplacian matrix, which
are separately presented for bearing-based directed graphs
with or without directed cycles.

The remaining parts of this paper are organized as follows.
In Section 2 we review key concepts and preliminaries on
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1. INTRODUCTION

Recent years have witnessed a growing interest in bearing-
based distributed control and estimation of networked
multi-agent systems, such as bearing-based formation con-
trol (Zhao and Zelazo (2015a); Tron et al. (2016); Karim-
ian and Tron (2021); Tang et al. (2022)) and network lo-
calization (Lin et al. (2016); Arrigoni and Fusiello (2018)).
The application of bearing measurements in networked
systems has been motivated by the advance of vision-based
sensors, which facilitate the sensing of relative directions
between spatially distributed agents. This is in contrast to
relative position or distance measurements, which tend to
be more costly or unreliable.

One of the key graph concepts underpinning these bearing-
based applications is the bearing rigidity theory, which has
been thoroughly discussed in Zhao and Zelazo (2015b)
with a focus on undirected graphs. The bearing rigid-
ity theory has provided a powerful framework for study-
ing bearing-based formation control of multi-agent sys-
tems, where the desired target shape is specified by con-
stant inter-agent bearings Zhao and Zelazo (2019); Tang
et al. (2021). Compared to displacement-based (Oh et al.
(2015)) or distance-based (Sun et al. (2017)) approaches,
bearing-based formation control provides a natural solu-
tion to the problem of formation scale control where the
shape of the formation is invariant but the inter-agent
distance changes. One fundamental problem of bearing-
based formation control that has not been completely

⋆ The work of Zhiyong Sun was partially supported by a start-
ing grant from Eindhoven Artificial Intelligence Systems Institute
(EAISI), Eindhoven, the Netherlands.

solved is how to realize a desired bearing formation over
directed graphs. Most existing works on bearing-based
formation or localization assume that the underlying graph
is undirected (Zhao and Zelazo (2019)) or satisfies special
directed graph structures (Tang et al. (2021)). Further-
more, the existing bearing-based formation control laws
may also become unstable for directed graphs.

As a key step towards solving the general problem of
bearing-based formation control for directed graphs, the
paper Zhao and Zelazo (2015a) first studied bearing per-
sistence for bearing formations in directed graphs. The
notion of bearing persistence follows in spirit the work
of distance rigidity and persistence originally presented in
Hendrickx et al. (2007); Anderson et al. (2008). In Zhao
and Zelazo (2015a), however, the definition of bearing-
based persistence involves the kernel equivalence between
the bearing rigidity matrix (for undirected graphs) and
the bearing Laplacian matrix (for directed graphs). To
differentiate between these notions, in this work we term
the condition as bearing equivalence. However, different to
the full development of distance persistence and its ap-
plication in distance-based multi-agent control, conditions
for bearing equivalence are not well understood and its
characterization still remains open. In this paper, follow-
ing Zhao and Zelazo (2015a), we aim to provide several
conditions to characterize bearing equivalence in directed
graphs. These conditions involve the spectrum and null
space of the associated bearing Laplacian matrix, which
are separately presented for bearing-based directed graphs
with or without directed cycles.

The remaining parts of this paper are organized as follows.
In Section 2 we review key concepts and preliminaries on

graph theory, bearing rigidity and useful matrix results.
Section 3 introduces the notion of bearing equivalence and
derives a useful formula for bearing Laplacian. Section 4
and Section 5 present several key conditions to characterize
bearing equivalence for directed graphs without cycles and
with cycles, respectively. Section 6 concludes this paper.

2. PRELIMINARIES

2.1 Notations

The notations in this paper are fairly standard. We use
diag(Ai) ≜ blkdiag{A1, . . . , An} ∈ Rnp×nq to denote block
diagonal matrix with given Ai ∈ Rp×q for i = 1, . . . , n. Let
Null(·) and Range(·) be the null space and range space of
a matrix, respectively, and dim(·) be the dimension of a
linear space. Denote Id ∈ Rd×d as the identity matrix, and
1n ≜ [1 · · · 1]T (when the subscript of 1 is omitted, the
vector dimension should be clear from the context). Let ∥·∥
be the Euclidean norm of a vector or the spectral norm of a
matrix, and ⊗ be the Kronecker product. For any nonzero
vector x ∈ Rd (d ≥ 2), we define the projection matrix
P : Rd → Rd×d as

P (x) ≜ Id −
x

∥x∥
xT

∥x∥
. (1)

For notational simplicity, we also denote Px = P (x).

2.2 Preliminaries on graph theory

Consider a directed graph with n vertices and m edges,
denoted by G = (V, E). The vertex set V = {1, 2, . . . , n}
represents the index of n agents in the group, and the edge
set E ⊂ V×V indicates the interconnection or neighboring
relationship of n agents. If (i, j) ∈ E , we say agent i can
“see” agent j, which means agent i can access the relative
information of agent j. For agent i, its neighbor set Ni is
defined as Ni := {j ∈ V : (i, j) ∈ E}. The incidence matrix
H = {hij} ∈ Rm×n for a directed graph G is defined by
hki = 1 if the kth edge sinks at node i, or hki = −1 if the
kth edge leaves node i, or hki = 0 otherwise. Furthermore,
its Laplacian matrix L(G) = {Lij} ∈ Rn×n is defined as
Lii = |Ni|, Lij = −1 if (i, j) ∈ E and Lij = 0 if (i, j) /∈ E .
It is well known that rank(L(G)) = n − 1 with 0 being a
simple eigenvalue of L(G) if and only if the directed graph
G contains a (directed) spanning tree (see e.g., Mesbahi
and Egerstedt (2010)).

2.3 Preliminaries on bearing rigidity

Bearing rigidity theory plays a key role in the analysis of
bearing-based distributed formation control and network
localization problems. In this section, we review key no-
tions and results in the bearing rigidity theory presented
in Zhao and Zelazo (2015b).

Given a finite collection of n points {pi}ni=1 in Rd (n ≥ 2,
d ≥ 2), denote p = [pT1 · · · pTn ]T ∈ Rdn. A formation in Rd,
denoted as G(p), is a directed graph G = (V, E) together
with p, where vertex i ∈ V in the graph is mapped to the
point pi. For a formation G(p), define the edge vector and
the bearing, respectively, as

eij ≜ pj − pi, gij ≜ eij/∥eij∥, ∀(i, j) ∈ E .
The bearing gij is a unit vector.

Definition 1 (Bearing Equivalent Formations). Two for-
mations G(p) and G(p′) are bearing equivalent if Pgijg

′
ij =

0 for all (i, j) ∈ E.
By Definition 1, bearing equivalent formations have paral-
lel inter-neighbor bearings. Suppose |E| = m and index all
the directed edges from 1 to m. Re-express the edge vector
and the bearing as ek and gk ≜ ek/∥ek∥, ∀k ∈ {1, . . . ,m}.
Let e = [eT1 · · · eTm]T and g = [gT1 · · · gTm]T. Note e satisfies
e = H̄p where H̄ = H⊗Id andH is the incidence matrix of
the graph G. Define the bearing function FB : Rdn → Rdm

as

FB(p) ≜ [gT1 , · · · , gTm]T.

The bearing function describes all the bearings in the
formation. The bearing rigidity matrix is defined as the
Jacobian of the bearing function,

RB(p) ≜
∂FB(p)

∂p
∈ Rdm×dn. (2)

Let δp be a variation of p. If RB(p)δp = 0, then δp is called
an infinitesimal bearing motion of G(p).
Definition 2 (Infinitesimal Bearing Rigidity). A forma-
tion is infinitesimally bearing rigid if all the infinitesimal
bearing motions of the formation are trivial (i.e., transla-
tion and scaling of the entire formation).
Lemma 1 (Zhao and Zelazo (2015b)). For any formation
G(p), the bearing rigidity matrix defined in (2) satisfies

(1) RB(p) = diag (Pgk/∥ek∥) H̄;
(2) rank(RB) ≤ dn − d − 1 and span{1 ⊗ Id, p} ⊆

Null(RB).
Theorem 1 (Zhao and Zelazo (2015b)). For any forma-
tion G(p), the following statements are equivalent:

(1) G(p) is infinitesimally bearing rigid;
(2) G(p) can be uniquely determined up to a translation

and a scaling factor by the inter-neighbor bearings;
(3) rank(RB) = dn− d− 1;
(4) Null(RB) = span{1⊗ Id, p}.

2.4 Useful matrix results

The following matrix results will be frequently used in
this paper to characterize bearing rigidity/equivalence and
stability of bearing-based formations.
Lemma 2. (Null space of matrix product, Sun et al.
(2017)) Consider two matrices A ∈ Rm×n and B ∈
Rn×k and the matrix product C = AB. Then there
holds dim(Null(C)) = dim(Null(B)) + dim((Null(A) ∩
Range(B)). In particular, it holds Null(C) = Null(B) if
and only if Null(A) ∩ Range(B) = {0}.
Lemma 3. (Block triangular matrix, Harville (2008))
Consider a real-valued block upper triangular square ma-
trix A, with the i-th diagonal square block denoted by
Aii. Then the eigenvalues of A are the union of the set
of eigenvalues of each diagonal block Aii; i.e., it holds
λ(A) =

⋃n
i=1 λ(Aii).

Lemma 4. (Properties of projection matrices, Bernstein
(2018)) For a projection matrix Px defined in (1), it holds
PT
x = Px, PxPx = Px, and Px is positive semi-definite.

Moreover, Null(Px) = span{x} and the eigenvalues of Px

are {0, 1(d−1)}. Any two nonzero vectors x, y ∈ Rd are
parallel if and only if Pxy = 0 (or equivalently Pyx = 0).
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graph theory, bearing rigidity and useful matrix results.
Section 3 introduces the notion of bearing equivalence and
derives a useful formula for bearing Laplacian. Section 4
and Section 5 present several key conditions to characterize
bearing equivalence for directed graphs without cycles and
with cycles, respectively. Section 6 concludes this paper.
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Lemma 5. (Sum of projection matrices) Consider a set
of projection matrix, Pi(xi) defined in (1) associated with
nonzero vector xi ∈ Rd (d ≥ 2). Then the following holds:

(1) For the matrix sum Pi(xi) + Pj(xj), if the vectors
xi and xj are parallel (i.e., linearly dependent), then
Null(Pi(xi)+Pj(xj)) = span{xi} and Pi(xi)+Pj(xj)
is positive semi-definite.

(2) Otherwise, if the vectors xi and xj are linearly in-
dependent, then Null(Pi(xi) + Pj(xj)) = {0} and the
matrix sum Pi(xi) + Pj(xj) is positive definite.

(3) For the matrix sum Pi(xi) +Pj(xj) + · · ·+Pk(xk), if
all vectors xi, xj , · · · , xk are parallel, then

Null(Pi(xi) + Pj(xj) + · · ·+ Pk(xk)) = span{xi}.
(4) The matrix sum Pi(xi) + Pj(xj) + · · · + Pk(xk) is

positive definite if there exist at least two vectors in
the list that are non-parallel.

The proofs of the above lemmas will be provided in the
journal version of this paper.

3. NOTION OF BEARING EQUIVALENCE

The development of bearing equivalence is motivated by
the bearing-based formation control in directed graphs.
The bearing-based formation control problem specifies a
set of desired inter-agent bearings, g∗ij , and the objective
is to design a distributed control using only relative
position measurements from neighboring agents to drive
the agents to the formation specified by the g∗ij ’s, i.e.,
limt→∞ gij(t) = g∗ij . Zhao and Zelazo (2015a) proposed
the following control scheme,

ṗi(t) = −

j∈Ni

Pg∗
ij
(pi(t)− pj(t)) , i ∈ V, (3)

where Pg∗
ij

= Id − (g∗ij)(g
∗
ij)

T. The stability and con-

vergence of the above distributed and linear formation
control system depends on the spectrum and null space of
the bearing Laplacian LB ∈ Rdn×dn, whose ijth block
submatrix is defined as below




[LB]ij = 0d×d, i ̸= j, (i, j) /∈ E ,
[LB]ij = −Pg∗

ij
, i ̸= j, (i, j) ∈ E ,

[LB]ii =

j∈Ni

Pg∗
ij
, i ∈ V.

In this way, the compact matrix expression of the control
law (3) is

ṗ(t) = −LBp(t). (4)

It becomes apparent that the matrix LB can also be
interpreted as a matrix-weighted graph Laplacian with or-
thogonal projection matrix weights. The bearing Laplacian
LB, together with its spectrum and null space, are jointly
determined by the topological structure of the underlying
graph and bearing information of the formation.

For an undirected graph, it is easy to show that

LB = H̄Tdiag(Pgk)H̄ (5)

which immediately leads to that, for an undirected forma-
tion G(p), the bearing Laplacian LB is symmetric positive
semi-definite and satisfies Null(LB) = Null(RB).

However, when the graph is directed, the bearing Lapla-
cian is not symmetric and the above kernel equivalence

relationship would not hold in general. The notion of bear-
ing equivalence is defined first in Zhao and Zelazo (2015a)
(where it was termed ‘bearing persistence’) based on the
kernel equivalence condition as Null(RB) = Null(LB). In
this paper, we shall introduce a strengthened definition of
bearing equivalence as below.
Definition 3 (Bearing Equivalence). A directed forma-
tion G(p) is bearing kernel equivalent (in short, bearing
equivalent) if Null(RB) = Null(LB) = span{1⊗ Id, p}.
The problem of characterizing favourable properties of
bearing Laplacian LB and bearing equivalence is motivated
by the bearing-based formation system (3) in directed
graphs. In particular,

• The spectrum of LB determines the stability prop-
erties of the formation system (3). Preferably, we
aim to find conditions to guarantee that LB has all
eigenvalues with non-negative real parts such that the
formation system (3) is stable.

• The null space of LB determines the converged for-
mation shape of the system (3). Preferably, we aim
to find conditions to guarantee Null(LB) = span{1⊗
Id, p} such that the converged formation shape is
bearing equivalent to the target formation.

Graph conditions to guarantee bearing equivalence for a
bearing formation still remain open, though some partial
solutions were presented in Zhao and Zelazo (2015a). In
this paper, we will revisit these conditions from Zhao
and Zelazo (2015a) and present more (necessary and/or
sufficient) conditions to characterize bearing equivalence.
In particular, we will give several graph topological condi-
tions to characterize the spectrum and null space of LB,
which underpin certain key requirements to ensure the
formation convergence by the bearing control law (3).

3.1 A useful formula for LB

As a counterpart of the matrix expression (5) of bearing
Laplacian for undirected graphs, we first derive the follow-
ing expression of bearing Laplacian for directed graphs.
For a bearing formation with a directed graph G, the
associated bearing Laplacian can be expressed by

LB = J̄Tdiag(Pgk)H̄ (6)

where J̄ = J⊗Id and the matrix J is obtained by replacing
the ‘−1’ entry of the incidence matrix H by ‘ 0’ from the
directed graph.

The bearing Laplacian formula of (6) follows from the
formula of the conventional Laplacian matrix L for a
directed graph: L = JTH. By augmenting the Kronecker
product and the matrix weight (in terms of the projection
matrix Pgk associated to each directed edge), one can
obtain (6).

The formula of (6) gives the following set inclusion of null
spaces (Theorem 4 of Zhao and Zelazo (2015a)).
Lemma 6. For a directed formation G(p), the bearing
Laplacian LB satisfies

span{1⊗ Id, p} ⊆ Null(RB) ⊆ Null(LB). (7)

Proof. This lemma is proved in Zhao and Zelazo (2015a),
and here we give a shorter proof based on the formula (6).

First we define R̃B = diag(∥ek∥)RB where RB is the bear-

ing rigidity matrix. Then it holds Null(R̃B) = Null(RB)

and therefore span{1 ⊗ Id, p} ⊆ Null(R̃B). Note that

LB = J̄TR̃B and one has Null(R̃B) ⊆ Null(LB), which
concludes the set inclusion of (7).

We remark that, by the property of projection matrix in
Lemma 4, an alternative formula for LB is given as below

LB = J̄Tdiag(Pgk)H̄ = J̄Tdiag(PT
gk
)︸ ︷︷ ︸

J̃T
B

diag(Pgk)H̄︸ ︷︷ ︸
R̃B

. (8)

Based on this formula (8), we give a necessary and suffi-
cient condition to guarantee bearing equivalence.
Theorem 2. For a directed formation G(p), the equality

Null(LB) = span{1⊗ Id, p}
holds if and only if the following two conditions are both
satisfied

(1) Null(RB) = span{1 ⊗ Id, p} (i.e., the formation is
infinitesimally bearing rigid), and

(2) Null(J̃T
B) ∩ Range(R̃B) = {0}.

Proof. This necessary and sufficient condition follows from
the condition of infinitesimally bearing rigidity in Theo-
rem 1 and the null space property of LB = J̃T

BR̃B as in (8)
by applying Lemma 2.

It is not clear at this stage how to use the second condition,
or what it means. In the following sections, we will derive
more concrete conditions to characterize the spectrum and
null space of LB.

4. BEARING EQUIVALENCE IN
DIRECTED ACYCLIC GRAPHS

In this section, we focus on directed acyclic graphs and
present several conditions on bearing equivalence.

4.1 Spectrum of bearing Laplacian

The first result characterizes the spectrum property of LB

for directed acyclic graphs.
Proposition 1. For directed acyclic graphs, the eigenval-
ues of the bearing Laplacian LB are real and nonnega-
tive.

Proof. For directed acyclic graphs, the bearing Laplacian
can always be reconstructed (with permutation of vertices
and edges) as a block triangular matrix, while the i-th
diagonal block consists of a projection matrix Pg∗

ij
(if the

associated vertex i has only one out-going edge (i, j)), or
a sum of projection matrix

∑
j∈Ni

Pg∗
ij

(if the associated

vertex i has multiple out-going edges (i, j)), or is a zero
block (if the associated vertex i has no out-going edge).

According to Lemma 3, the set of eigenvalues of a block
triangular matrix is the union of eigenvalues of each diag-
onal block. In this bearing Laplacian, each diagonal block
is either a zero block or a positive semi-definite matrix
(as a single projection or a sum of projection matrices).
Therefore, according to Lemma 5, the eigenvalues of the
bearing Laplacian for directed acyclic graphs are real and
nonnegative.

4.2 Conditions for bearing equivalence

The following conditions are presented to characterize the
null space property of LB for directed acyclic graphs. Note
that any directed acyclic graph contains a vertex with zero
out-going edge, which is often termed as the “leader agent”
in formation control.
Proposition 2. For a bearing formation modeled by a
directed acyclic graphs, any of the following conditions will
result in span{1⊗ Id, p} ⊂ Null(LB), leading to a bearing
non-equivalent formation.

(1) There are at least two vertices that have zero out-
going edge;

(2) There are at least two vertices with only one out-going
edge;

(3) There are at least two vertices with collinear out-going
edges.

Proof. Due to the block triangular structure of LB of
directed acyclic graphs, any of the above conditions will
introduce additional null spaces for LB in addition to
span{1 ⊗ Id, p}. The detailed proof is omitted here due
to space limit.

A special class of acyclic directed graphs is the leader-first-
follower (LFF) graph; see Trinh et al. (2018).
Definition 4 (Leader-first-follower graph). A leader-first-
follower (LFF) graph is a directed graph on n > 1 nodes
such that

i) One vertex (called the leader) has zero out-going edge.
ii) One vertex (called the first follower) has one out-

going edge and the corresponding edge is incident to
the leader.

iii) Every other vertex has at least two out-going edges
and their out-going edges are not collinear.

We now give a sufficient condition for bearing equivalence,
which characterizes the leader-first-follower (LFF) struc-
ture in directed graphs.
Theorem 3. Directed formations over leader-first-follower
graphs are bearing equivalent.

The proof of Theorem 3 again follows from the block
triangular structure of LB, and the detail is omitted here
due to space limit. We also remark that this theorem
can be seen as an extension of the distance persistence
(Hendrickx et al. (2007), Anderson et al. (2008)) to bearing
equivalence in directed LFF graphs.

5. BEARING EQUIVALENCE IN DIRECTED
GRAPHS CONTAINING CYCLES

In this section, we focus on directed graphs containing
cycles and derive several necessary and/or sufficient con-
ditions on bearing Laplacian and bearing equivalence.

5.1 Spectrum of bearing Laplacian

For directed graphs that contain cycles, the associated
bearing Laplacian (which is asymmetric) cannot be writ-
ten in a block triangular structure, and thus its eigenvalues
are often complex.
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First we define R̃B = diag(∥ek∥)RB where RB is the bear-

ing rigidity matrix. Then it holds Null(R̃B) = Null(RB)

and therefore span{1 ⊗ Id, p} ⊆ Null(R̃B). Note that

LB = J̄TR̃B and one has Null(R̃B) ⊆ Null(LB), which
concludes the set inclusion of (7).

We remark that, by the property of projection matrix in
Lemma 4, an alternative formula for LB is given as below

LB = J̄Tdiag(Pgk)H̄ = J̄Tdiag(PT
gk
)︸ ︷︷ ︸

J̃T
B

diag(Pgk)H̄︸ ︷︷ ︸
R̃B

. (8)

Based on this formula (8), we give a necessary and suffi-
cient condition to guarantee bearing equivalence.
Theorem 2. For a directed formation G(p), the equality

Null(LB) = span{1⊗ Id, p}
holds if and only if the following two conditions are both
satisfied

(1) Null(RB) = span{1 ⊗ Id, p} (i.e., the formation is
infinitesimally bearing rigid), and

(2) Null(J̃T
B) ∩ Range(R̃B) = {0}.

Proof. This necessary and sufficient condition follows from
the condition of infinitesimally bearing rigidity in Theo-
rem 1 and the null space property of LB = J̃T

BR̃B as in (8)
by applying Lemma 2.

It is not clear at this stage how to use the second condition,
or what it means. In the following sections, we will derive
more concrete conditions to characterize the spectrum and
null space of LB.

4. BEARING EQUIVALENCE IN
DIRECTED ACYCLIC GRAPHS

In this section, we focus on directed acyclic graphs and
present several conditions on bearing equivalence.

4.1 Spectrum of bearing Laplacian

The first result characterizes the spectrum property of LB

for directed acyclic graphs.
Proposition 1. For directed acyclic graphs, the eigenval-
ues of the bearing Laplacian LB are real and nonnega-
tive.

Proof. For directed acyclic graphs, the bearing Laplacian
can always be reconstructed (with permutation of vertices
and edges) as a block triangular matrix, while the i-th
diagonal block consists of a projection matrix Pg∗

ij
(if the

associated vertex i has only one out-going edge (i, j)), or
a sum of projection matrix

∑
j∈Ni

Pg∗
ij

(if the associated

vertex i has multiple out-going edges (i, j)), or is a zero
block (if the associated vertex i has no out-going edge).

According to Lemma 3, the set of eigenvalues of a block
triangular matrix is the union of eigenvalues of each diag-
onal block. In this bearing Laplacian, each diagonal block
is either a zero block or a positive semi-definite matrix
(as a single projection or a sum of projection matrices).
Therefore, according to Lemma 5, the eigenvalues of the
bearing Laplacian for directed acyclic graphs are real and
nonnegative.

4.2 Conditions for bearing equivalence

The following conditions are presented to characterize the
null space property of LB for directed acyclic graphs. Note
that any directed acyclic graph contains a vertex with zero
out-going edge, which is often termed as the “leader agent”
in formation control.
Proposition 2. For a bearing formation modeled by a
directed acyclic graphs, any of the following conditions will
result in span{1⊗ Id, p} ⊂ Null(LB), leading to a bearing
non-equivalent formation.

(1) There are at least two vertices that have zero out-
going edge;

(2) There are at least two vertices with only one out-going
edge;

(3) There are at least two vertices with collinear out-going
edges.

Proof. Due to the block triangular structure of LB of
directed acyclic graphs, any of the above conditions will
introduce additional null spaces for LB in addition to
span{1 ⊗ Id, p}. The detailed proof is omitted here due
to space limit.

A special class of acyclic directed graphs is the leader-first-
follower (LFF) graph; see Trinh et al. (2018).
Definition 4 (Leader-first-follower graph). A leader-first-
follower (LFF) graph is a directed graph on n > 1 nodes
such that

i) One vertex (called the leader) has zero out-going edge.
ii) One vertex (called the first follower) has one out-

going edge and the corresponding edge is incident to
the leader.

iii) Every other vertex has at least two out-going edges
and their out-going edges are not collinear.

We now give a sufficient condition for bearing equivalence,
which characterizes the leader-first-follower (LFF) struc-
ture in directed graphs.
Theorem 3. Directed formations over leader-first-follower
graphs are bearing equivalent.

The proof of Theorem 3 again follows from the block
triangular structure of LB, and the detail is omitted here
due to space limit. We also remark that this theorem
can be seen as an extension of the distance persistence
(Hendrickx et al. (2007), Anderson et al. (2008)) to bearing
equivalence in directed LFF graphs.

5. BEARING EQUIVALENCE IN DIRECTED
GRAPHS CONTAINING CYCLES

In this section, we focus on directed graphs containing
cycles and derive several necessary and/or sufficient con-
ditions on bearing Laplacian and bearing equivalence.

5.1 Spectrum of bearing Laplacian

For directed graphs that contain cycles, the associated
bearing Laplacian (which is asymmetric) cannot be writ-
ten in a block triangular structure, and thus its eigenvalues
are often complex.
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The following conjecture on the bearing Laplacian spec-
trum was proposed in (Zhao and Zelazo, 2015a).
Conjecture 1. The eigenvalues of the bearing Laplacian
LB of a directed formation have nonnegative real parts.

This conjecture is not true. For counterexamples, see the
formation graphs in Fig. 1 which will be discussed later.
Note that the entries of the bearing Laplacian (and thus its
eigenvalue locations) depend on the configurations (agents’
positions). For a given bearing Laplacian associated with
a cyclic directed graph and under some special positions,
eigenvalues with negative real parts can occur.

5.2 Conditions for bearing equivalence

We first generalize a sufficient condition for characterizing
Null(RB) = Null(LB) in R2 (from (Zhao and Zelazo,
2015a, Proposition 1) to bearing formations in general-
dimensional spaces.
Proposition 3. For a directed formation G(p) in Rd (d ≥
2), if each agent has at most two non-collinear out-going
edges, then the formation satisfies Null(RB) = Null(LB).

The proof follows from the proof of (Zhao and Zelazo,
2015a, Proposition 1) and is omitted here. We note that
this condition is not necessary. For a counterexample,
see the graph (c) in Fig. 1. In this example, agent 2
has three out-going edges while the bearing formation of
Fig. 1(c) satisfies Null(RB) = Null(LB) and still is bearing
equivalent.

Now we provide a necessary condition for bearing equiva-
lence in directed graphs.
Proposition 4. For a directed bearing formation G(p),
if the associated bearing Laplacian satisfies Null(LB) =
span{1⊗Id, p}, then the underlying directed graph contains
a directed spanning tree.

Proof. If the underlying directed graph does not contain
a spanning tree, then the Laplacian matrix L = JTH
will have additional null vector besides {1}, implying that
the augmented Laplacian matrix L̄ = L ⊗ Id = J̄T H̄
will have additional null space besides span{1 ⊗ Id}, i.e.,
span{1⊗ Id} ⊂ Null(L̄). According to Lemma 2, since the
block diagonal matrix diag(Pgk) is always singular that
leads to the null space span{p} of LB, there holds

Null(L̄) = Null(J̄TH̄) ⊂ Null(J̄Tdiag(Pgk)H̄) = Null(LB),

which implies span{1⊗Id, p} ⊂ Null(LB). Thus, to ensure
that Null(LB) = span{1 ⊗ Id, p}, the underlying directed
graph must contain a spanning tree.

Proposition 4 provides a necessary condition for bearing
equivalence that holds for both acyclic and cyclic directed
graphs. In particular, Condition (1) in Proposition 2
violates the spanning tree condition, and therefore any
bearing formation with two leader agents (i.e., two vertices
with zero out-degree) are not bearing equivalent.

5.3 Growing bearing equivalent formations

A full characterization of bearing equivalence in directed
graphs containing cycles still remains an open problem.
We now present an alternative characterization to grow

bearing equivalent formations, to more number of agents
or to a higher-dimensional space.
Proposition 5. Consider a bearing equivalent formation
G(p) in Rd with n agents modelled by a directed graph G.
Suppose an additional vertex (agent) p′ is added to G(p)
with at least two out-going non-collinear edges incident to
existing vertices in G(p). Then this augmented formation
G′(p, p′) is bearing equivalent. In particular, if span{1n ⊗
Id, p} = Null(LB(G)), then span{1n+1 ⊗ Id, (p, p

′)} =
Null(LB(G′)).

Proof. Without loss of generality we assign the index ‘n+
1’ to the new vertex p′ in the augmented graph G′. The
augmented bearing Laplacian LB(G′) with the augmented
graph G′ can be expressed by

LB(G′(p, p′)) =




0
...LB(G(p))
0

· · · −Pg(n+1)j
· · ·


j∈Nn+1

Pg(n+1)j




(9)

The condition that the new vertex p′ has at least
two out-going non-collinear edges connected with exist-
ing vertices guarantees that no additional null vector
is introduced in LB(G′) with the edge addition. There-
fore, if rank(RB(G)) = rank(LB(G)), then it holds that
rank(RB(G′)) = rank(LB(G′)). In particular, with the
matrix structure in (9), it is straightforward to show that
if span{1n ⊗ Id, p} = Null(LB(G)), then span{1n+1 ⊗
Id, (p, p

′)} = Null(LB(G′)).

This proposition holds for both acyclic and cyclic directed
formations, and therefore can be used to analyze complex
bearing formations if they can be decomposed by simple
sub-graphs consisting of vertices with non-collinear out-
going edges.

The following statement shows that a bearing equivalent
formation in a lower-dimensional space will remain bearing
equivalent in a higher-dimensional space.
Proposition 6. (Dimensional invariance) Bearing equiv-
alence is invariant to space dimensions.

This proposition can be seen as a generation of the
dimensional invariance property of infinitesimal bearing
rigidity discovered in Zhao and Zelazo (2015b).

5.4 Examples

Fig. 1 shows several examples of bearing equivalent for-
mations modelled by directed graphs with cycles. As a
consequence of the cyclic structure in these graphs, their
bearing Laplacians have complex eigenvalues. For some
special agents’ positions, the associated bearing Laplacian
can have eigenvalues with negative real parts.

Take the graph (a) in Fig. 1 as an example. We randomly
choose agents’ positions and the bearing Laplacian of the
graph (a) often delivers eigenvalues with negative real
parts. One such position is

p1 = [5.8009, 0.1698]T, p2 = [1.2086, 8.6271]T,

p3 = [4.84308.4486]T, p4 = [2.0941, 5.5229]T.
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(b)
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(c)

Fig. 1. Examples of bearing equivalent formations mod-
elled by directed graphs with cycles.

The spectrum of the bearing Laplacian is computed as
below

λ1,2,3 = 0, λ4,5 = 1.6400± 0.7564i,

λ6,7 = 0.8879± 0.3799i, λ8 = −0.0559,

which gives only one eigenvalue with negative real part. 1

For the example of graph (c) in Fig. 1, it can be con-
structed by adding agent 2 with three out-going edges to
agents 1-3-4 in a cyclic triangle formation (which is bearing
equivalent). Therefore, the formation of Fig. 1(c) is bearing
equivalent according to Proposition 5. For all the bearing
equivalent formations evaluated in the 2D space in Fig. 1,
they remain bearing equivalent when agents’ positions are
lifted in the 3-D or higher-dimensional space according to
the dimensional invariance property in Proposition 6.

6. CONCLUSION

In this paper, motivated by the problem of bearing-based
formation control in directed graphs, we present several
conditions to characterize bearing equivalence for directed
bearing formations. The notion of bearing equivalence is
defined by the kernel equivalence of bearing rigidity ma-
trix and bearing Laplacian. These conditions for bearing
equivalence are divided into two cases: bearing formations
with acyclic directed graphs (that do not contain any
cycle) and bearing formations with cyclic directed graphs
(that contain at least one cycle). Several necessary and/or
sufficient conditions are derived to reveal the properties
of the spectrum and null space of the associated bearing
Laplacian matrix.

The notion of bearing equivalence emerges as one of the
key properties to critically affect stability and convergence
of bearing-based formation systems modelled by directed
graphs. In our future work, we will aim to present a com-
plete characterization of bearing equivalence and apply the
obtained conditions to solve the bearing-based formation
control and network localization problems underpinned by
directed graphs.
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Fig. 1. Examples of bearing equivalent formations mod-
elled by directed graphs with cycles.

The spectrum of the bearing Laplacian is computed as
below

λ1,2,3 = 0, λ4,5 = 1.6400± 0.7564i,

λ6,7 = 0.8879± 0.3799i, λ8 = −0.0559,

which gives only one eigenvalue with negative real part. 1

For the example of graph (c) in Fig. 1, it can be con-
structed by adding agent 2 with three out-going edges to
agents 1-3-4 in a cyclic triangle formation (which is bearing
equivalent). Therefore, the formation of Fig. 1(c) is bearing
equivalent according to Proposition 5. For all the bearing
equivalent formations evaluated in the 2D space in Fig. 1,
they remain bearing equivalent when agents’ positions are
lifted in the 3-D or higher-dimensional space according to
the dimensional invariance property in Proposition 6.

6. CONCLUSION

In this paper, motivated by the problem of bearing-based
formation control in directed graphs, we present several
conditions to characterize bearing equivalence for directed
bearing formations. The notion of bearing equivalence is
defined by the kernel equivalence of bearing rigidity ma-
trix and bearing Laplacian. These conditions for bearing
equivalence are divided into two cases: bearing formations
with acyclic directed graphs (that do not contain any
cycle) and bearing formations with cyclic directed graphs
(that contain at least one cycle). Several necessary and/or
sufficient conditions are derived to reveal the properties
of the spectrum and null space of the associated bearing
Laplacian matrix.

The notion of bearing equivalence emerges as one of the
key properties to critically affect stability and convergence
of bearing-based formation systems modelled by directed
graphs. In our future work, we will aim to present a com-
plete characterization of bearing equivalence and apply the
obtained conditions to solve the bearing-based formation
control and network localization problems underpinned by
directed graphs.
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