
Negotiation Between Dynamical Systems with Connectivity
Constraints

Yaniv Ben Shoushan∗ and Daniel Zelazo†

Technion - Israel Institute of Technology, Haifa 32000, Israel

This work presents a real-time sub-optimal solution for an agreement
problem in multi-agent systems. Each agent is modeled with integrator
dynamics and has an associated objective function it wishes to minimizes.
The agents must coordinate to reach an agreement on their state in finite
time. Each agent is able to communicate with other neighbors according
to a fixed connectivity structure, and each agent must ensure that it
will maintain the necessary communication range with its neighbors,
meaning that there will be no damage to the connectivity structure
that may be caused by a larger distance between the agents than the
communication radius defined. The main contribution of this work is to
find a distributed solution to this problem in finite-time.

I. Introduction

There are many open challenges involved in the study of communication constraints
between agents in multi-agent systems. Distributed aerospace systems, such as multiple
spacecraft, fleets of autonomous rovers, unmanned aerial vehicles have been identified as
a new paradigm for a wide array of applications [6,24,25]. It is envisioned that distributed
aerospace technologies will enable the implementation of a spatially distributed network
of vehicles that collaborate toward a single collective scientific, military, or civilian goal.
Moreover, distributed systems lead to higher degrees of scalability and adaptability in
response to changes in the mission goals and system capabilities [1, 3].

In recent years, there has been an increasing number of contributions dealing with
the managing of communication in multi-agent systems. One of the biggest problems
when dealing with multi-agent system is the communication between the agents and how
to optimize their data transfer. Another problem is when trying to coordinate between
all the agents when each agent has its own tasks and all of the agents must agree at a
specific meeting point. Each agent will have to decide in real-time what to do in order to
succeed at the group task and to perform its own task. A fast real-time communication
channel is needed so all the agents can communicate and make real time decisions. Many
articles have been published on this subject in the past few years; a lot of them deal with
the transmission problem and stochastic problems [9, 12].

It is well known that in communication there is an effective transmission and receiving
radius. In communication, it is desirable to ensure that the bit-error-rate (BER) is low,
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and the signal-noise-ratio (SNR) is high. There is always a trade-off between the data rate
and the transmission range [7,12]. This trade-off creates an effective transmission radius
leading to acceptable communication. For multi-agent systems, this is an important
property that we want to explore in this work.

This work considers an agreement problem for multi-agent systems. The main idea is
to use real-time communication to come to an agreement between the agents in finite time.
Additionally, each agent will try to minimize their own objective function. Each agent
must also ensure that it preserves its initial neighborhood defined by the communication
graph so as not to exceed the communication radius. What will distinguish this work from
others published to this point is the ability to control the group of agents distributedly
and in real-time.

This research is based on the article [3] which presented a distributed real-time algo-
rithm between agents in a multi-agents system. Each agent was assigned its own specific
task and a finite time at which all the agents must agree upon a meeting point. The
algorithm proposed in [3], however, did not take into consideration communication con-
strains between the agents. This work will focus on this point and extend the algorithm
presented [3] to explicitly handle communication constraints of each agent.

II. The Distance Constrained Preference Agreement Problem

In this section, we formally introduce the preference agreement problem with con-
nectivity constraints. Here we will present the optimization model for the problem and
discuss its solution from a centralized perspective. We show that the problem can be
modeled as a quadratic program and provide simulation results showing the behavior of
the optimal solutions.

We consider a group of n agents that aim to minimize individual objective functions
while satisfying a terminal constraint where all agents must meet at an agreed point in
space in finite time. Furthermore, each agent must satisfy a distance constraint between
its neighbors to ensure communication is not lost during the resulting trajectories. Each
agent is modeled as a simple discrete-time integrator,

x(t+ 1) = x(t) + u(t), xi(0) = xi0, i = 1, . . . , n, (1)

where x(t) = [x1(t) · · · xn(t)]T is the aggregate agent state and u(t) = [u1(t) · · · un(t)]T

the control. The basic assumption is that the agents can communicate with one another
according to a given and fixed connectivity graph, denoted G. The graph is associated
with an incidence matrix E, such that [E]ij = +1 if there is an outgoing edge from node
i to node j, [E]ij = −1 if there is an incoming edge from node j to node i, and [E]ij = 0
otherwise [13]. In this work we assume that the graph is a spanning tree, and thus
E ∈ Rn×n−1 has full column rank and ET

1 = 0 by construction.a The communication
between the agents is also assumed to be synchronous.

The self-interest of every agent is modeled by a quadratic objective function,

Ji(t0, T, xi, ui) =
1

2

(
T−1∑
t=t0

qi(xi(t+ 1)− ξi)2 + riui(t)
2

)
, (2)

where ξi is the preference state of agent i, qi > 0 represents a state weight, and ri > 0
represent the control weights. The terminal time constraint requires that all agents are

aThe vector of all ones is denoted 1.
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in agreement at a finite time T , meaning x1(T ) = x2(T ) = · · · = xn(T ), or equivalently,
ETx(T ) = 0. The distance constraint between agents can be expressed as |ETx(t)| ≤ R1.

With the above model, the centralized optimal control problem (OCP) can therefore
be stated as,

OCP (t0, T, x0) : min
x,u

n∑
i=1

Ji(t0, T, xi, ui) (3)

s.t. x(t+ 1) = x(t) + u(t), x(t0) = x0

ETx(T ) = 0

−R1 ≤ ETx(t) ≤ R1, t = t0, . . . , T.

The OCP (3) can also be expressed as a quadratic program with equality and inequality
constraints,

min
z

1

2
zTHz + fT z

s.t. Aeqz = beq

Aieqz ≤ bieq,

where z = [xT uT ]T , and H, f , Aeq, beq, Aieq, bieq can be defined directly from the
description of the OCP in (3).

We now present a numerical example for the OCP with the distance and terminal
constraints defined in (3). In this example, we consider n = 7 agents and a terminal time
of T = 10 seconds. The radius defined is R = 35 with communication graph shown in
Figure 1, and the problem data for each agent is given as

r =



3

7

9

4

8

7

1


, q =



6

4

9

1

5

5

5


, ξ =



−27

17

−29

2

45

32

−22


, x0 =



18.5821

43.6214

13.9127

−17.2734

37.7576

36.9890

5.5656


.

The optimal trajectories were found in MATLAB using the quadratic programming for-
mulation. Figures 2(b) and 2(a) shows the resulting trajectories. We can see that each
agent pursuing its preference, while at the terminal time T , all of the agents go to a
common meeting point (x(T ) = 0.40591) In Figure 2(a) we can see that each agent is
trying to pursue its preference value while they are satisfying the distance constraint
between adjacent agents for the entire trajectory. As we can see in Figure 2(c), there are
3 edges which the absolute distance is larger than R, meaning this optimization works
and the maximal distance between the agents was not passed the defined radius. The
optimization prevent from the agent to fulfil their own individual objective so the group
of agents can stand by the distance constraints.

This work will be based on the understanding of how the OCP behaves once the
initial conditions are changed, and how that will affect the rest of the trajectory. In this
direction, it is also useful to study the corresponding dual problem associated with (3).
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Figure 1. A spanning tree on 7 nodes.
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(c) A plot of |ETx(t)|.

Figure 2. Optimal trajectories for the optimal control problem (3).

We define the relaxed Lagrangian function to be

L(x,u, δ, ζ, µ) =
n∑
i=1

Ji(t0, T, xi, ui) + µTET (In ⊗ eT,T )Tx +

δT
(
E
T
x−R1

)
+ ζT

(
−ET

x−R1
)
. (4)

Here, µ, δ, and ζ are the Lagrange multipliers associated with system constraints. The
notation em,n denotes the n-dimensional unit vector with [em,n]m = 1, and 0 otherwise.
The matrix E = E ⊗ IT−t0 is an inflated version of the incidence matrix.

The dual function is obtained by minimizing the partial Lagrangian subject to the
dynamical constraints,

g(µ, ζ, δ) = min
x,u

L(x,u, δ, ζ, µ) (5)

s.t. x(t+ 1) = x(t) + u(t), x(t0) = x0. (6)

The dual problem is obtained by maximizing the dual function,

max
µ,ζ≥0,δ≥0

g(µ, ζ, δ). (7)

The optimal solution of the primal and dual problems are denoted by (x̄, ū, µ̄, δ̄, ζ̄). Let
J(t0, T, x, u) =

∑n
i=1 Ji(t0, T, xi, ui) be the sum of objectives functions. Since OCP(t0, T, x0)

is a convex problem with linear constraints, we have strong duality which implies

g(µ̄, ζ̄, δ̄) = J(t0, T, x̄, ū). (8)
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For a given initial time t and initial condition x(t), we denote the optimal primal and
dual solutions associated with the OCP (t, T, x(t)) by

(x̄(t,x(t)), ū(t,x(t)), µ̄(t,x(t)), ζ̄(t,x(t)), δ̄(t,x(t))). (9)

Thus, for example, x̄(t,x(t)) denotes the optimal state trajectory beginning at time t with
initial condition x(t). Using this notation we will state a principle of optimality result for
dynamic programming in the context of OCP to study the relation between the optimal
trajectories of different instances of OCP.

Lemma 1. (Principle of optimality) . The optimal trajectories generated by the OCP (t, T, z)
and OCP (t+ 1, T, w) with w = z + ū(t,z)(t) satisfy

(x̄(t,z)(τ), ū(t,z)(τ), µ̄(t,z)(τ), ζ̄(t,z)(τ), δ̄(t,z)(τ)) =

(x̄(t+1,w)(τ), ū(t+1,w)(τ), µ̄(t+1,w)(τ), ζ̄(t+1,w)(τ), δ̄(t+1,w)(τ)), , τ = t+ 1 . . . T.

Proof. Concerning the primal solution, the initial condition for OCP (t + 1, T, w) cor-
responds to the point x̄(t,z)(t + 1). The remaining statement is a direct application of
the principle of optimality for dynamic programming [5], and its uniqueness is due to the
strict convexity of the problem statement . The statement concerning the dual solution is
a direct consequence of the first statement, in particular, we have x̄(t,z)(T ) = x̄(t+1,w)(T ).
A necessary condition for optimality (the KKT conditions) is

0 =
∂

∂x̄(T )
L(x,u, δ, ζ, µ) = Q(x̄(T )− ξ) + Eµ+ Eδ − Eζ.

This system of n equations admits a unique solution since the incidence matrix E is full
column-rank (the communication graph is a tree). Similarly,

0 =
∂

∂x̄(t)
L(x,u, δ, ζ, µ) = Q(x̄(t)− ξ) + (In ⊗ et,T )TEδ − (In ⊗ et,T )TEζ,

for t = t0, . . . , T − 1, which also admits a unique solution.

III. Distributed and Finite-time Algorithms

The previous sections address the optimal control problem from a centralized per-
spective. The main goal of this work is to develop distributed algorithms for solving the
optimal control problem. First, we propose a distributed approach based on a dual de-
composition sub-gradient algorithm [5]. We show how (3) be solved using this asymptotic
method by distributing the computation to each individual and through communica-
tion. Second, we propose a sub-optimal modification to this algorithm that attempts to
solve (3) in finite-time. This solution approach, based on the shrinking horizon preference
agreement problem introduced in [3], is based on a modification of the dual-decomposition
sub-gradient algorithm. Both approaches are then demonstrated with some numerical ex-
amples.
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A. Dual Decomposition Sub-Gradient Algorithm

A decomposition method for solving (3) is an algorithm that attempts to divide the main
problem into smaller sub-problems that coordinate with each other to solve the original
problem. In this section, we present a dual decomposition sub-gradient algorithm [5] for
distributedly solving (3).

As described in Chapter II, the OCP (3) can be solved using centralized methods.
The challenge in finding a distributed solution that can be solved by each agent is that
the constraints couple neighboring agents together. Note however, that the objective
function is already in a separable form.

Observe also that the Lagrangian function (4) associated with (3) is also not separable.
In particular, the multipliers µ, δ, ζ are associated with the edges in the graph. However,
exploiting the properties of the incidence matrix, we can define new variables associated
with the nodes in the graph. In particular, let

γ := Eµ (10)

λ := Eδ (11)

β := Eζ. (12)

This transformation is unique, since E (and also E) has full column-rank. Consequently, it
is also possible to transform the node variables back to edges with the following expression,

µ = (ETE)−1ETγ. (13)

Similar transformations can be used for δ and ζ.
After this variable transformation, we can now write the partial Lagrangian in a

separable form,

L(x,u, δ, ζ, µ) =
n∑
i=1

L̃i(xi, ui, λi, βi, γi)−R(δ + ζ)T1, (14)

L̃i(xi, ui, λi, βi, γi) = Ji(t0, T, xi, ui) + γie
T
T,Txi + (λi − βi)Txi.

Observe that

arg min
x,u
L(x,u, δ, ζ, µ) = arg min

xi,ui

n∑
i=1

L̃i(xi, ui, λi, βi, γi). (15)

We are now prepared to describe the dual-decomposition sub-gradient algorithm. At
each iteration of the algorithm, each agent computes the dual function for a fixed value
of the multiplier. So for iteration k, agent i solves the problem[

x
[k+1]
i u

[k+1]
i

]
= arg min

xi,ui
L̃i(xi, ui, λ[k]i , β

[k]
i , γ

[k]
i )

s.t.
[
I −BT−t0

] [ xi
ui

]
= 1xi0

= arg min
xi,ui

(
Ji(t0, T, xi, ui) + γ

[k]
i e

T
T,Txi + (λ

[k]
i − β

[k]
i )Txi

)
(16)

s.t.
[
I −BT−t0

] [ xi
ui

]
= 1xi0;
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In the above QP, the constraint is the linear matrix representation of the dynamic con-
straints for each agent. The minimization is only over the functions L̃i due to (15). Note
that the minimization above is an equality constrained quadratic program. We refer to
this sub-problem solved by each agent as QP i. The notation x

[k+1]
i indicates the optimal

solution computed in the kth iteration.
The next step in the algorithm is to propagate the multipliers in the direction of the

positive gradient of the Lagrangian function with respect to each multiplier. Thus,

µ[k+1] = µ[k] + αµ∇µL(x,u, δ, ζ, µ)

= µ[k] + αµE
T

 eTT,Tx
[k+1]
i

...

eTT,Tx
[k+1]
n

 = µ[k] + αµE
Tx[k+1](T ), (17)

where we slightly abuse notation above. From the transformation in (10), the multiplier
update can be expressed equivalently for the nodes as

Eµ[k+1] = γ[k+1] = γ[k] + αµEE
Tx[k+1](T ). (18)

Observe that EET is the graph Laplacian matrix [1], and the multiplier update can be

achieved distributedly by exchanging the values eT,Tx
[k+1]
i to neighbors over the network.

The multiplier update for δ and ζ are similar, but because of the non-negativity
constraint we use a projected update,

δ[k+1] = max
{
δ[k] + αδ∇δL(x,u, δ, ζ, µ), 0

}
= max

{
δ[k] + αδ

(
E
T
x[k+1] −R1

)
, 0
}

(19)

ζ [k+1] = max
{
ζ [k] + αζ∇δL(x,u, δ, ζ, µ), 0

}
= max

{
ζ [k] + αζ

(
−ET

x[k+1] −R1
)
, 0
}

(20)

For these updates, multiplication by E does not immediately lead to a distributed com-
putation because of the projection operator. However, the update is still only based on
relative quantities between each agent and their neighbors, so a distributed implemen-
tation can still be possible (by, for example, having each agent keep track of the edge
multipliers for all edges it is incident to). After the edge multiplier update, it can be
converted to nodes using E,

λ[k+1] = Eδ[k+1], β[k+1] = Eζ [k+1],

to be used in the next step of the algorithm. Observe that λ[k+1] and β[k+1] do not need
to be non-negative.

Note the choice of the step-sizes for the updates, αµ, αδ, αζ are also important for the
convergence of the algorithm. The choice of step-size is beyond the scope of this work,
but can be chosen using standard rules [5]. For this work, we assume constant step-sizes.

Note that this algorithm is an asymptotic algorithm, and with the correct choice of
step-size it converges to the optimal solution of (3),

lim
k→∞

(x[k],u[k], γ[k], β[k], λ[k]) = (x̄(t0,x0), ū(t0,x0), Eµ̄(t0,x0), Eζ̄(t0,x0), Eδ̄(t0,x0)).
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As seen above, the sub-gradient method has a significant advantages due to the fact
that it can run distributedly among the agents. Its disadvantage is its asymptotic be-
haviour. If we wish to use the the dual sub-gradient algorithm, we need to run the
algorithm infinity iteration to get the optimal trajectory of each agent.

We can see that in order us to get the optimal results, this algorithm must be run
off-line, before the agents started their trajectory, and infinity iterations, it will promise
convergence but not at finite time.

B. A Finite-Time Distributed Algorithm

As we explored the dual decomposition sub-gradient algorithm, we saw that it can achieve
good results. However, the algorithm must be run “off-line” before the agents are released
to do their tasks. If we want good accuracy for the trajectories, we need to run the
algorithm for potentially many iterations.

The primary goal of this work is to find an on-line finite-time algorithm for solving
(3). We also want to have the iteration step of the algorithm correspond to real-time. So
after each step in the algorithm, the agents should already propagate their physical state
forward in a direction they think is optimal. After T steps the algorithm will terminate.

The algorithm we develop here is based on the shrinking horizon preference agreement
(SHPA) algorithm originally developed in [3]. In this section we present a modification of
the SHPA algorithm to incorporate the distance constraints of (3). We solve this problem
for the 2-agent case.

1. The SHPA Algorithm

In this subsection we will introduce the SHPA algorithm as described in [3], with the
addition of the distance constraints. The algorithm is stated in Algorithm 1. The main
differences between this algorithm and the dual sub-gradient algorithm is it is a finite
time algorithm, and at each step of the algorithm, agent i solves a quadratic program
corresponding to an optimal control problem where the initial time changes. In this way,
each agent has its physical state, xi(t), and the multiplier values µ(t), δ(t), and ζ(t) at
time t. Thus, the QPi is[

x
[t+1]
i u

[t+1]
i

]
= arg min

xi,ui
Ji(t, T, xi, ui) + γi(t)e

T
τ,τxi + (λi(t)− βi(t))Txi (21)

s.t.
[
I −Bτ

] [ xi
ui

]
= 1xi(t),

The horizon is defined as τ = T − t. Note that at each iteration, the horizon effectively
“shrinks” (the length of the trajectory) and the initial condition (the physical state xi(t))
corresponds to the propagated state from the previous iteration. The solution of the QPi
is then used to physically propagate that agent forward using the optimal control,

xi(t+ 1) = xi(t) + eT1,τu
[t+1]
i ,

and the multipliers are updated according to the sub-gradient as in the dual - decompo-
sition algorithm.

We now examine the performance of Algorithm 1 compared to the dual - decomposi-
tion sub-gradient algorithm and the optimal solution of (3).
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Algorithm 1: SHPA Algorithm

Data: Initial conditions : xi(t0) = xi0, µ(t0) = µ0, ζ(t0) = ζ0 and δ(t0) = δ0,
Parameters αδ, αζ , αµ, R given.

begin
for t := t0 to T − 1 do

τ = T − t, γ(t) = Eµ(t) ∈ Rn, β(t) = Eζ(t) ∈ Rnτ , λ(t) = Eδ(t) ∈ Rnτ

for i := 1 to n do
Each agent solved its own QPi(t)

[xi ui] = arg min
xi,ui

(Ji(t, T, xi, ui) + γi(t)e
T
τ,τxi + (λi(t)− βi(t))Txi

s.t xi(t+ 1) = xi(t) + eT1,τui

After solving the QPi(t) the multipliers will be updated :

µ(t+ 1) = µ(t) + αµE
T (In ⊗ eτ,τ )Tx

δ(t+ 1) = max
{
δ(t) + αδ

[
E
T
x−R1(n−1)τ

]
, 0
}

ζ(t+ 1) = max
{
ζ(t) + αζ

[
−ET

x−R1(n−1)τ

]
, 0
}

Theorem 2. Let µ, δ, ζ denote the optimal Lagrange multipliers associated with (3). If
Algorithm 1 is initialized with these multipliers, then the trajectories generated by the
algorithm are the optimal trajectories of (3).

Proof. This is a direct consequence of the statement of Lemma 1.

We now demonstrate Theorem 2 with a numerical example. We consider n = 7 agents,
and a terminal time of T = 10 seconds. The graph shown in Figure 3 along with the
following preferences, weights, and initial conditions,

r =



4

5

2

6

6

4

9


, q =



4

5

3

8

3

6

6


, ξ =



−37

−44

44

−48

−14

42

28


, x0 =



−10.1751

38.9336

−20.8393

−26.1990

26.2277

−4.9053

4.4257


.

The step-size for the multiplier updates are αµ = 2.2, αζ = 1.2, αδ = 1.2, andR = 35.
We want to test the behavior of the agents when initialized with the optimal multiplier
values, and compare that to a case when the multipliers are initialized to zero. In the
following figures, solid lines denote trajectories generated by the algorithm, and dashed
lines are the optimal trajectories of the OCP. In Figure 4 it can be seen that the algo-
rithm matches the optimal trajectories of the OCP, validating the results of Theorem 2.
However, when the multipliers are initialized to 0, we are not able to generate the optimal
trajectories, as shown in Figure 5. Most noticeable is that the distance constraints are
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Figure 3. A spanning tree on 7 nodes.
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Figure 4. Trajectories generated by Algorithm 1 when initialized with the optimal multi-
plier values.
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Figure 5. Trajectories generated by Algorithm 1 when multipliers initialized with zero.

violated by the solution trajectories, shown in Figure 5(c). In fact, we see that already
in the first step (t = 1) the distance constraint is violated.

We now aim to correct this flaw in the algorithm by attempting to control the mul-
tiplier associated with the distance constraint in the algorithm. In fact, because the
quadratic program each agent must solve has an analytic solution, we can find an ex-
plicit condition on the initial conditions for the multipliers that will ensure the distance
constraint is not violated. We present the solution here for the 2 agent case (n = 2).

Theorem 3. Assume that the initial conditions, xi(0) of each agent (i = 1, 2) satisfies
|ETx(0)| ≤ R1. Then there exists initial values for the multipliers λ(0), β(0) and γ(0)
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that guarantees that |ETx(1)| ≤ R1.

Proof. In the first iteration of the SHPA algorithm, corresponding to t = t0 = 0, each
agent solves an equality constrained quadratic program, and therefore admits an analytic
solution. The QP expressed in standard form can be given as

min
z

1

2
zTi Hizi + fTi zi

s.t. Aeqzi = beqi;

Here, zi = [xTi u
T
i ]T , Hi = diag(qiIT , riIT ), and

fi =



−qiξi
...

−qiξi
0
...

0


+



0
...

γi(t0)

0
...

0


︸ ︷︷ ︸

f1,i

+



λi(t0 + 1)− βi(t0 + 1)
...

λi(T − t0)− βi(T − t0)
0
...

0


︸ ︷︷ ︸

f2,i

. (22)

The analytic expression for the solution of the QP can be given as [15]

z̄i = −H−1i fi +H−1i ATeq(AeqH
−1
i ATeq)

−1(AeqH
−1
i fi + beqi),

and thus ūi(t0) = eTT+1,2T z̄i. The complete expression is described as,

ūi = −eTT+1,2TH
−1
i fi︸ ︷︷ ︸

=0

+eTT+1,2T H
−1
i ATeq(AeqH

−1
i ATeq)

−1︸ ︷︷ ︸
Wi

(AeqH
−1fi + beqi).

Using the expression (22) for fi, we further have

ūi = eTT+1,2TWiAeqH
−1
i︸ ︷︷ ︸

vTi

f2,i + eTT+1,2TWiAeqH
−1
i f1,i + eTT+1,2TWibeqi︸ ︷︷ ︸

Ci

.

Note that the vector vi and scalar Ci associated with each agent can be computed offline
and are functions of the problem data only.

The constraint that we wish to satisfy between the agents at the first step t = 1 is
|x1(1)− x2(1)| ≤ R. Using the analytic expression for the control, we obtain

−R ≤ (x1(0) + C1)︸ ︷︷ ︸
C̃1

+vT1 f2,1 − vT2 f2,2 − (x2(0) + C2)︸ ︷︷ ︸
C̃2

≤ R. (23)

Note also that due to the properties of the incidence matrix E, we have that 1
Tβ =

1
TEζ = 0, and thus, f2,1 + f2,2 = 0.

As can be seen, the quantity vTi f2,i can be used to enforce the distance constraint.
While the vector f2,i holds the multiplier values λi and βi for the entire time horizon, we
will eliminate these many degrees of freedom by projecting λi and βi onto the all ones
vector 1, allowing us to focus on choosing only one parameter for controlling the distance
constraint. In this direction, we denote the projection of λi − βi onto the all-ones vector
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as Si1, with Si ∈ R, and we now focus on choosing the scalar variables Si to ensure the
distance constraint is not violated.

In this direction, let Mi = vTi [1T 0T ]T , then the inequality in (23) can be expressed
as

−R + C̃2 − C̃1 ≤
[
M1 −M2

] [S1

S2

]
≤ R + C̃2 − C̃1.

From the constraint f2,1 + f2,2 = 0, we additionally require that S1 + S2 = 0. Thus, the
set

Ω =

{
(S1, S2) ∈ R2 |S1 + S2 = 0, −R + C̃2 − C̃1 ≤

[
M1 −M2

] [S1

S2

]
≤ R + C̃2 − C̃1

}
,

defining a line-segment in R2, characterizes all initial conditions for the multipliers of the
form λi − βi = Si1 guarantees that (23) is satisfied. Thus, λi and βi can be chosen in
any way so long as they satisfy the previous equation. Finally, we note that the choice of
the initial condition for the multiplier γ is in fact arbitrary, since the set Ω is computed
based on any choice of γ. The edge multipliers can then be reconstructed by the relation
(13).

To demonstrate the results of Theorem 3, we run a numerical example with two agents.
The parameters of the agents are given below

r =

[
9

10

]
, q =

[
5

5

]
, ξ =

[
25

−59

]
, x0 =

[
−5.5628

−14.5777

]
.

The remaining parameters are given as R = 35, T = 50, and αµ = 1, αζ = 1, αδ = 1.
Using the results of Theorem 3, we chose the values δ(t0) = 59.19041 and ζ(t0) = 0
(equivalently, S1(t0) = 59.1904, S2(t0) = −59.1904). As can be seen in Figures 6(a)
and 6(c), the algorithm does not produce optimal trajectories. However, as shown in
Figure 7, in the first step of the algorithm, the distance constrain is not violated. After
updating the multipliers according to Algorithm 1, we still observe a violation of the
distance constraint in subsequent steps.
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Figure 6. Trajectories generated by Algorithm 1 when multipliers initialized according to
Theorem 3.
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Figure 7. A plot of max(|ETx(t)|) generated by Algorithm 1 when multipliers initialized
according to Theorem 3.

In the next subsection, we use the results of Theorem 3 to propose a modification to
the SHPA algorithm that ensures that at each time step, the distance constraint is not
violated.

2. The Projected SHPA Algorithm

The SHPA algorithm in Algorithm 1 is based on the dual-decomposition sub-gradient
algorithm. The update of the multipliers corresponding to the distance constraints had
to be projected onto the non-negative orthant. In Theorem 3, we saw that in the first step,
we could determine a good set of multipliers by picking values from a special set. The
main idea of the Projected SHPA algorithm (P-SHPA) is to repeat the process presented
in Theorem 3 at every step of the algorithm.

The P-SHPA algorithm is presented in Algorithm 2. In the first step of the algorithm,
we determine initial values for the multipliers according to Theorem 3. At each step in
the algorithm, the set Ω is computed as in the Theorem. The main difference here is
now this set also changes in time; this reflects the “shrinking horizon” aspect of the
algorithm. To reflect this, we denote the set as a function of time, Ω(t). A point not
explicitly mentioned in the algorithm is which point to chose from the set Ω(t). For this
work, we always chose one of the endpoints of the set (as it is always a line segment). In
fact, this choice is arbitrary, and it is also possible to perform a projection onto this set.
In this implementation, therefore, the propagation of the edge multipliers is not entirely
necessary. We now present a result showing that Algorithm 2 indeed ensures that the
agents do not violate the distance constraints during its evolution.

Theorem 4. Assume that the initial conditions of the agent satisfy |ETx(t0)| < R. Then
|ETx(t)| ≤ R, ∀t = t0 . . . T − 1 when x(t) are the trajectories generated by the P-SHPA
algorithm for any initiated values of the multipliers.

Proof. The proof is a direct consequence of Theorem 3.

We now examine the performance of Algorithm 2 compared to centralized solution,
which is the optimal solution of (3). In this example we consider the following parameters:

r =

[
9

10

]
, q =

[
5

5

]
, ξ =

[
25

−59

]
, x0 =

[
−5.5628

−14.5777

]
.
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Algorithm 2: Projected SHPA Algorithm

Data: Initial conditions : xi(t0) = xi(0) and given parameters αδ, αζ , αµ, R, T .
Determine initial multiplier values based on Theorem 3.

begin
for t := 0 to T do

τ = T − t, γ(t) = E(G)µ(t), β(t) = Eζ(t), λ(t) = Eδ(t)
Determine the set Ω(t),

Ω(t) =


(S1, S2) ∈ R2 |S1 + S2 = 0,

−R + C̃2(t)− C̃1(t) ≤
[
M1(t) −M2(t)

] [S1

S2

]
≤ R + C̃2(t)− C̃1(t)


Each agent solves its own QPi using Si,

[xi ui] = arg min
xi,ui

(Ji(t, T, xi, ui) + γi(t)e
T
τ,τxi + Si1

Txi

s.t xi(t+ 1) = xi(t) + eT1,τui

Determine values for λi(t), βi(t) using Si, and compute edge multipliers,

ζ = (E
T
E)−1E

T
β(t).

δ = (E
T
E)−1E

T
λ(t)

Propagate the multipliers:
µ(t+ 1) = µ(t) + αµE(G)Tx(T )
δ(t+ 1) = max{δ(t) + αδ∇δL(x, u, δ, ζ, µ), 0}
ζ(t+ 1) = max{ζ(t) + αζ∇ζL(x, u, δ, ζ, µ), 0}

The radius is defined as R = 35, T = 50 the multipliers step values are αµ = 1, αζ = 1,
αδ = 1. As can be seen in Figure 8, the algorithm performs quite well as compared to
the optimal trajectories. Most importantly, the algorithm ensures that there are distance
constraints are satisfied throughout the trajectory. As discussed, our choice of choosing
multipliers from the boundaries of the set Ω(t) result in a trajectory that keeps the agents
near the maximal allowable distance.

Figure 9 shows the evolution of the multiplier values. As expected by the algorithm
description, the multipliers take some sporadic values to ensure the satisfaction of the
distance constraints.

IV. Conclusions

There is no doubt that the field of multi-agent system will be studied in more depth
in the coming years. Most of the research dealing with multi-agent system is based on
Graph Theory. This research can provide a steadier environment for the study; due to the
radius keeping constraint we can know with certainty that no agent will disappear from
the connectivity graph. Additionally, we know that no agent will lose its communication
with the adjacent agents. This important property means that the connectivity graph
staying the same throughout the trajectory is primarily an assumption, but this research
can cause it to happen. From the manager of the multi-agent system point of view, it has
significance. No lost agents, no graph damage, means a stable multi-agents network. For
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Figure 8. Trajectories generated by the P-SHPA algorithm compared against the optimal
solution.
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Figure 9. Trajectories of the multipliers generated by the P-SHPA algorithm.

example, if we use a multi-agent system, with the connection topology of a star, every
agent is connected to the central agent. There may be a possibility that the central agent
will lose its connectivity to the rest of the group. This will have an immediate impact on
the rest of the agents. Most of the agents will probably not know what to do once they
become lost. In this specific case, if there is no reconnecting algorithm to join the lost
agents, they are lost. The primary achievement of this research is that it will not harm
the connectivity graph of the multi-agent system. The secondary achievement is that it
is all done on-line, distributed, at finite time, meaning that every agent can work as an
individual and still be connected to the rest of the group.
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