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Abstract: This work develops a symmetry-based framework for formation control on cycle
graphs using Dihedral point-group constraints. We show that enforcing inter-agent reflection
symmetries, together with anchoring a single designated agent to its prescribed mirror axis, is
sufficient to realize every C,,-symmetric configuration using only n—1 communication links. The
resulting control laws have a matrix-weighted Laplacian structure and guarantee exponential
convergence to the desired symmetric configuration. Furthermore, we extend the method to
enable coordinated maneuvers along a time-varying reference trajectory. Simulation results are

provided to support the theoretical analysis.
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1. INTRODUCTION

The study of distributed formation control in multi-agent
systems (MAS) has drawn increasing attention in recent
years. It plays a central role in many application do-
mains, including distributed sensing architectures (Wu
et al. (2024)), motion coordination for autonomous ve-
hicle platoons (Dai et al. (2018); Chung et al. (2018)),
and swarm coordination for mapping, surveillance, and
localization (Tron et al. (2016)). A fundamental require-
ment in these applications is to steer the agents toward a
prescribed formation using only local interactions. This is
typically accomplished by exploiting rigidity properties to
characterize the desired configuration, which are enforced
through explicit geometric constraints between neighbor-
ing agents. Classical approaches include distance-based
schemes (Krick et al. (2009); de Queiroz et al. (2019)),
and bearing-based schemes (Zhao and Zelazo (2019)).

A central challenge lies in balancing sparse information
exchange with guaranteed convergence to the desired con-
figuration. To address this challenge, distance and bearing-
based schemes leverage results from rigidity theory, relying
on minimal infinitesimal rigidity (MIR) as a crucial archi-
tectural requirement to guarantee convergence to a desired
shape (Krick et al. (2009); Zhao and Zelazo (2019)). In
R2, MIR requires 2n — 3 communication links to achieve
a unique (local) formation of n agents (up to translations,
rotations, and flip ambiguities). However, such rigidity-
based architectures typically require a large number of
inter-agent constraints, increasing sensing and communi-
cation complexity.

A parallel line of research has explored augmented Lapla-
cian formulations, where the inter-agent geometric rela-
tions are encoded via structured weights (Trinh et al.
(2018)), including complex-Laplacian approaches (Garcia
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de Marina (2021); Zhou et al. (2025)) in which the scalar
entries are replaced with complex numbers, naturally
capturing rotations, translations, and scalings. Matriz-
weighted Laplacian formulations, where the weights are
structured matrices encoding inter-agent relations, offer
another approach. Examples include projection-matrix
weights seen in bearing-based control (Zhao and Zelazo
(2019)), and matrix-structured weights that mimic the role
of complex weights (Fan et al. (2025)).

Within this research field, spatial symmetries offer a po-
tential alternative to rigidity-based approaches (Zelazo
et al. (2025); Martinez and Zelazo (2025)). In many
practical formations, the geometric relationships between
agents naturally appear as rotations or reflections (about
a common centroid or axis), often arising from sensing
coverage or communication requirements. By exploiting
these relationships, traditional geometric constraints (e.g.,
distances or bearings) can be replaced with point group re-
lations, significantly reducing the number of required inter-
agent communication links. Recent results (Martinez and
Zelazo (2025)) demonstrate the potential of this approach
as a structured matrix-weighted Laplacian, showing that
rotational symmetry constraints can drive the system to
a unique symmetric configuration while using only n —
1 inter-agent communication links in R2, matching the
minimal connectivity required between the agents.

Planar formations frequently exhibit dihedral symmetries
that include both rotations and reflections. This naturally
motivates studying reflection relations as a complementary
approach in symmetry-based formation control. While ro-
tational relations naturally encode cyclic geometry, reflec-
tional relations pose a more challenging problem. Enforc-
ing mirror constraints alone may produce large families of
admissible configurations, leading to symmetric flexes. As
a consequence, designing a distributed formation control
law based solely on reflections to achieve a unique symmet-
ric shape is non-intuitive and remains an open problem.
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This work extends the symmetry-based framework in R?
by demonstrating the potential of reflection constraints.
We show that although inter-agent reflection constraints
alone may lead to ambiguous configurations, introducing
a leader-follower architecture resolves this ambiguity and
suffices to solve the symmetry-based formation control
problem using only n—1 communication links. We provide
a stability and convergence analysis of the resulting control
law. In addition, we propose an extension of the proposed
strategy to allow the multi-agent system to achieve and
maintain the desired configuration while undergoing coor-
dinated translations, rotations, and scalings along a time-
varying reference trajectory known to all agents.

Notations A (finite, simple) graph G = (V,€) consists
of two non-empty sets, the set of vertices (nodes) V =
{1,...,n}, and the set of edges &€ = {e1,...,em} C
YV x V. Throughout, G is assumed to be undirected.
The notation 75 € & indicates that agent ¢ can receive
information from its neighboring agent j, and vice versa.
The graph Laplacian of G is defined as L(G) = EET, where
E € R™™ is the incidence matrix (using an arbitrary
orientation of the edges) with [E];; = 1 if the edge e; leaves
vertex 4, [E];; = —1 if the edge e; enters the vertex ¢, and
[E];; = 0, otherwise. A path path(i, j) is a sequence of
distinct vertices from 4 to j such that consecutive vertices
are adjacent. Let I,, € R™*"™ denote the identity matrix,
1,, € R™ denote the all-one column vector of dimension n,
and e; denote the i-th standard basis vector in R™. The
Kronecker product is denoted by ®.

2. PRELIMINARIES

We provide in this section an overview of the key notions
from graph theory and group theory that will be used
throughout the paper.

2.1 Symmetry in Graphs

Group theory provides a fundamental mathematical frame-
work for describing symmetries. We recall the basic defi-
nitions used throughout this work.

Definition 1. A group is a set I' equipped with a binary
operation o satisfying:

i) Closure: For all a,b € T', the composition a o b is also
in I'.
) Associativity: (aob)oc=ao (boc) for all a,b,c €.
iii) Identity: There exists an element id € I" such that
aoid=idoa=aforalla €T.

) Inverses: For each a € T, there exists an inverse
a~' €T such that aca ' =aloa=id

The order of a group is the number of its elements. A
subset B C T' that is itself a group under o, is called a
subgroup.

Definition 2. Let G = (V,€) be a finite, simple graph.
An automorphism of G is a permutation v : V — V such
that wv € £ & ¢Y(u)yp(v) € £.

One can express every permutation as a composition of
disjoint cycles of the permutation. A cycle is a successive
action of the permutation that sends a vertex back to
itself, i.e., i — (i) — (i) — --- = ¥ (i) = i, where

Y* =1po---01. Such a cycle is compactly written using

k times
the cycle notation, denoted by (it)(i) ---1*~1(i)). The
integer k is the length of the cycle. In the context of graphs,
the set of all automorphisms of G forms the group Aut(G)
under composition. This group captures the symmetries
of the graph: each element of Aut(G) is a relabeling of the
vertices that preserves the adjacency structure.

Often, one works not with the full automorphism group
but with a chosen subgroup I' C Aut(G). In this case, we
say informally that “I" acts as symmetries of the graph,”
or simply that G is I'-symmetric. Different choices of
subgroups capture distinct types of structural symmetries.
Below we consider an example of a simple cycle graph to
demonstrate how rotational and reflectional symmetries
arise naturally and how selecting particular subgroups
encodes the sufficient symmetrical structure of the graph.
Example 1. Fig. 1 shows the cycle graph Cy. We can
directly identify all elements of its automorphism group
Aut(Cy). Consider clockwise rotations of 90°, 180°, and
270°, which yield the automorphisms (in cycle nota-
tion) 1 = (1234), o = ¥ = (13)(24) and 93 =
¥ = (1432), respectively. Additional permutations can
be found by considering reflections. The reflection about
the vertical red axis gives the permutation 1y = (12)(43),
while the reflection about the horizontal blue axis yields
vs = (14)(23). Additionally, the diagonal reflections
about the green and orange azes yield g = (1)(24)(3)
and 7 = (2)(13)(4), respectively. Thus, we have that
Aut(Cy) = {id, 91, ..., 7} contains 8 automorphisms.
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Fig. 1. Cycle graph C4, with 8 automorphisms in Aut(G).

We may choose T' = {id, 1,2, ¢3}, which corresponds
to the subgroup of rotational automorphisms of Cy. Under
this choice, Cy is considered as I'-symmetric where any
verter can be mapped to any other under the rotation
actions of T'.

2.2 Symmetry in frameworks

When dealing with formation control problems, the em-
bedding of symmetric graphs in Euclidean space is of
particular interest. In this direction, we now consider
symmetry of frameworks (Schulze and Whiteley (2017)).
A framework in R? is defined as the pair (G,p), where
p:V — R? assigns each vertex i € V a position p; € R?
representing the physical location of the agents. We denote
the configuration of the entire network as the stacked

vector p = [plT e pZ]T.

We associate each automorphism of the graph with a
corresponding Euclidean isometry (a rotation or reflection)
through an appropriate group representation.

Definition 3. Let I' C Aut(G), and let 7 : T' —
O(R?) be a group homomorphism giving an orthogonal
representation of I' on R?. A framework (G, p), with p €
R?, is called 7(T)-symmetric if



T(V)pi =pyay Yy eTL, i€V (1)
We use the standard Schoenflies notation for point groups
(Atkins et al. (1970); Altmann and Herzig (1994)). In R,

the possible point groups are

i) Rotational groups C,: the cyclic group generated by
an n-fold rotation ¢, about the origin.

ii) Reflection groups Cs: a point group consisting of a
single mirror reflection across a fixed line in R2.

iii) Dihedral groups Cp,: the point group of order 2n,
generated by C, together with n distinct reflections
{o1,...,0,} whose mirror lines are spaced by angles
of 27 /n.

The rotational subgroup C,, and each reflection subgroup
cé‘“) := {e,or} embed naturally in C,,, i.e., C;, C Cpy,
and C" c C,, (for k = 1,...,n). The reflection auto-

morphisms (Cék)) of the cycle graph C,, naturally divide
into two geometrically distinct classes. We introduce the
notation %, and .%; to distinguish between them:

i) Free reflections:
Fs:={0€Cphy:0(i) #1forallieV}.
ii) Self reflections:
s :={0 € Cpy : (i) =i for some i € V}.

These sets form a disjoint partition of the reflections of
Chov:

Hs :={01,...,0n} = Fs U Fs.
Free reflections encode mirror relations between distinct
agents, while self reflections constrain agents to lie on
specific mirror axes. Both types are required to realize the
full dihedral symmetry C,,,.

By considering the graphs in Fig. 2 as planar frameworks
(Ch,p), their geometric symmetry depends entirely on the
embedding. Depending on the embedding, the framework
may exhibit the full dihedral symmetry C4, (Fig. 2(d)),
only the rotational symmetry C4 (Fig. 2(c)), a single re-
flection symmetry Cs (Fig. 2(b)) or no nontrivial symmetry
at all (Fig. 2(a)).

As outlined in Definition 3, the geometric action of the
point groups can be represented through a homomorphism
7: ' — O(R?). For any two vertices i, j € V, we denote by
vij € Cy, the rotational group element satisfying (1), i.e.,
the automorphism that maps i — j. The representation of
the element 7(v;;) is given as the standard planar rotation
by an angle § = 27/n

cos(8) —sin(6
7(vi5) = R(0) = [sin((G)) Cos(é))] ’

and the inverse relation satisfies 7(v;;) = R(—-§) =
R(#)T = 7(vi;)T. We also use the notation v;; € ZFs
for reflection-induced automorphisms mapping i — j. Let
L;; denote the corresponding mirror line, and 7;; its unit
normal vector. The representation of +;; is given by the
Householder matrix

T(vij) = H(hij) = Io — 2750,

This matrix satisfies 7(7;;)® = Io, 7(7i;) = 7(v;:), and
det(7(v5)) = —1, as expected for a reflection. Similarly,
for a self reflection we denote ~; € .%, with mirror line £;
and normal vector 7;.

Fig. 2. Symmetric frameworks with C,, as the underly-
ing graph. (a) exhibits no nontrivial symmetry, (b)
has a reflection symmetry (Cs) about the y-axis, (c)
has a 180° rotation symmetry (C,), and (d) is Cg,-
symmetric.

3. SYMMETRY-BASED
FORMATION CONTROL FOR C,

In this section we introduce the symmetry-based formation
control problem, specialized for the cycle graph C,,. We
choose the cycle graph since it is the simplest nontrivial
graph whose automorphism group contains the full dihe-
dral symmetry C,,. Thus, it can serve as a preliminary
study to understand how to design symmetry-constrained
control strategies. The control objective, therefore, is to
design distributed controllers that drive the agents to
a formation exhibiting the full dihedral symmetry, Cy.,
consisting of both rotational and reflectional relations.

Towards this goal, we proceed in stages. First, we briefly
review our previous work on rotational-symmetry forma-
tion control, showing that it solves the problem for the
rotational subgroup C,,. Next, we propose an initial control
strategy that enforces inter-agent reflectional relations for
free reflections only. Finally, we introduce an augmented
reflection-based control strategy that is able to stabilize
the formation to the full C,, symmetry.

8.1 Problem Setup

We consider a team of n agents modeled by the integrator
dynamics

pi(t) = ui(t), i€{l,...,n}, (2)
where p;(t) € R? is the position of agent i and u;(t) € R? is
its control to be designed. The formation control objective
is to steer the state to a configuration that exhibits the full
dihedral symmetry of C,,, that is, to a 7(C,,)-symmetric
configuration. Formally, we want to render the set
F ={p e R*|7(y)pi = p,) for all ¥ € Cy,, and i € V},
asymptotically stable. Then, the objective is to satisfy

*EHOIO |lpi(t) — 7(56) p; (1)]| = O, (3)
for all v;; € C,, U .F,, and
Jim {[pi(t) = 7(i)ps ()| = 0, (4)

for v; € ..

We define an interaction graph Gr = (V,&r) to specify
which agents are able to exchange information. This graph
is defined as a spanning tree subgraph of C, which
ensures the minimal connectivity required in the MAS.
For example, for the C4,-symmetric frameworks seen in
Fig. 2(b) and (c), the edge set & = {12,23,34} satisfies
the connectivity requirement.



3.2 Rotational Symmetry Formation Control

We begin by reviewing our previous work (Martinez and
Zelazo (2025)) which provided a solution to the symmetry-
based formation control problem for the rotational sub-
group C,,. The first step is to define a rotational symmetry-
forcing potential over the edges in the interaction graph,

1
Fe, (p(t)) = 5 > lpit) = r(vps D12 (5)
ijEeET
where v;; € C,,. We then implement a control defined by
the gradient dynamical system

u(t) = =Vke, (p(t)), (6)

and examine the expression of the closed-loop dynamics
for each agent. For an agent ¢ the dynamics are

pi(t) = > (T(va)ps (1) = pi())- (7)
1jEET
Expressing the dynamics in state-space form yields the
closed-loop system
p(t) = —Q(Cn)p(t), (8)

where Q(C,) € R?"*27 is the resulting symmetry-

constraining matrix-weighted Laplacian for the graph Gy,
with block entries

A, i=j,icV
Q(Cn)]ij = § —T(vji), €& ) 9)
0, 0.W.

where d(i) denotes the degree of vertex ¢ in Gy, and
vij € Cn. The matrix Q(C,) has the same structural form
used in matrix-weighted Laplacian methods (e.g., Zhao
and Zelazo (2019)). As a matrix-weighted Laplacian, it can
be expressed as the matrix product E(C,)E(C,)T, where
E(C,) € R?VIX2I€1| pesults in a matrix-weighted incidence
matrix structure similar to the scalar incidence matrix.
For an edge k = ij, one has [E(Cy,)];x = I if the edge k
leaves vertex i, [E(Cy)lie = —7(7;;) if the edge k enters
the vertex i, and [E(Cp)]ir = 0 otherwise.

Theorem 1 (Martinez and Zelazo (2025)). Consider a
MAS consisting of n integrator agents (2), whose interac-
tion topology is defined by a spanning tree graph Gy C Cy,,
and let

Fe, ={p e R*E(C,)"p=0, i€V}
Then, for any initial condition p(0) € R?"™, the control
u(t) = =Q(Cn)p(t)

renders the set F¢, exponentially stable.

Theorem 1 establishes that trajectories of the closed-loop
system converge exponentially to the set F¢,, which is
precisely the set of configurations for which every en-
forced rotational relation is satisfied. Equivalently, F¢, =
Null (Q(Cn)), implying that a steady-state configuration
p* satisfies
EI,)Tp* =0.

Therefore, the control law (8) steers the agents to a unique
Cn-symmetric configuration (up to trivial rotations and
scalings).

Example 2. Consider a MAS consisting of n = 6 agents,
tasked with attaining a Cg-symmetric configuration. Fig.
3(a) illustrates the underlying Cg graph, where the dashed
edge is removed to obtain the chosen interaction graph

Gr, defined by the edge set & = {12,23,34,45,56}. Note
that by wusing a rigidity-theoretic approach to solve the
formation control problem, 9 edges would be required (see

Krick et al. (2009); Zhao and Zelazo (2019)).
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(a) The cycle graph Cg (b) Agents converge to a T(Cn)-

symmetric formation.

Fig. 3. Graph structure and simulation results for the C,-
symmetric formation control problem in Example 2.

The actions in 7(Cg) correspond to rotations of w/3 about
the origin. The respective matriz Q(Cs) € R2*12 corre-
sponds to the interaction graph Er and has the form

Iy =7 0 - 0]
—T;‘F 2l —,
QC)=1{0 . . . 0|, m=R(®3).
A ) LY
L0 - 0 -7 I |

Fig. 3(b) shows the trajectories and final configuration
obtained under the control law (8).

In the setting of Example 2, observe that under control
law (8), the agents converge to the expected Cg-symmetric
configuration, i.e., a rotated realization of the framework
shown in Fig. 2(d). However, while this enforces the
rotational components of the symmetry-forcing scheme, it
does not enforce the full dihedral symmetry of the target
framework (undesired mirror symmetries).

3.8 Free Reflectional Symmetry Formation Control

Having characterized the rotational case, we now consider
a similar strategy to solve the problem for reflectional
symmetries. Following the same procedure as for the
rotation case, we begin by focusing solely on the free (inter-
agent) reflection relationships encoded by the edges. We
define the reflectional symmetry-forcing potential

Fr0(0) = 5 3 Ipi(t) ~ 7m0

1jEET

(10)

where v;; € .

Implementing the negative gradient flow,

u(t) = =VFgz, (p(t)),
yields the reflection-based control law

p(t) = 7Q(ﬁs)p(t)a (11)
where Q(%;) is the matrix-weighted Laplacian associated
with the free reflections set .%,. Note that this matrix has
the same structure as Q(Cy) in (9).



We can note some immediate properties of Q(.%;). First,
recall that Q(Z;) = E(Z,)E(Zs)T, and hence is symmet-
ric and PSD.

Consequently,
peNull(Q(Z)) <« E(ZF)'p=o.

We now state a result on the dimension of the null-space

of Q(.F5).
Proposition 1. The free reflection-based matriz-weighted
Laplacian Q(Fs) satisfies dim Null(Q(.%;)) = 2.

Proof. First, note that the condition F(.Z,)Tp = 0 en-
codes all reflection relations p;, = 7(y;;)p; associated with
the edges of G;. Along any path between two nodes i and
j, the symmetry constraints between neighboring agents
yield the recursive relations

:T(ijvj+1)pv]7 J=0,...,k—1,
where vy = ¢, v = j, and vever1 € £r. Composing these
relations yields the chain

pj = T(’Y'Uk—l vk),r(’y”k‘f? ”k‘*l) B

Dujpa

: T(’Y'Uoﬂ)l) pi,

S;€0(2)
such that
pj = Sipi, Sj=7(v5) € O(2),
for all j =1,...,n, with S; = I5. Hence, every configura-
tion in the nullspace can be written as
T T

p=[p{ - ph] =[S - (Supd)']

for an arbitrary vertex ¢ € V. This shows
Null(Q(-Zs)) = {pe € R?|[(S1pe)” -+ (Supe)"1"},

which is a 2-dimensional subspace parameterized by p, €
R2. Therefore, this implies dim Null(Q(.%)) = 2. O

Theorem 2. Consider a MAS consisting of n integrator
agents (2), whose interaction topology is defined by a
spanning tree graph Gy C Cy,, and let

Fz, ={p e R*|E(F)"p=0, iV}
Then, for any initial condition p(0) € R*", the control
u(t) = —Q(F:)p(t)

renders the set F, exponentially stable.

Proof. Since Q(%) is symmetric, PSD, and satisfies
dim Null(Q(.%s)) = 2, there exists an orthonormal matrix
V and diagonal matrix A = diag(0,0, A3, ..., A2,) with
A > 0 for all £ > 3, such that

Q(F,) =VAVT.
Let V. = [Vb V4], where Vj € R?"*2 contains an or-

thonormal basis for Null(Q(ﬂ\s)). Similarly, partition A =
diag(02, A+ ) so 02 is the 2 x 2 matrix of zeros. The solution
of (11) is then

p(t) = e T p(0) = VoV p(0) + Vie MV p(0).
As t — oo, we obtain
: _ T
Jim p(t) = VoV p(0).
Thus, the trajectories converge to the subspace
Fz, = Nul(Q(#)) = {a € B¥|[($1)" - (S.0)"]" },

rendering F#_ exponentially stable, as claimed. O

We conclude that the subspace Fg, does not enforce the
self-symmetry condition (4) since this condition applies if
and only if each agent ¢ lies on its corresponding mirror
line £;. To show this explicitly, recall that p € F¢, implies
pi = S;pj for some p; € R? and all i € V. Therefore,
Fz, also admits configurations satisfying p; ¢ £;. Hence,
the reflection-based control law (11) alone may drive the
system to a "symmetric flexible" configuration satisfying
all pairwise reflection constraints that does not coincide
with the intended C,,,-symmetric target formation.
Example 3. Consider the same setup as in Example
2, however, the agents are now tasked with attaining a
symmetric configuration under inter-agent free reflection
constraints. The actions T(.F) include the vertical mirror
L2, which reflects agent pairs (1,2) and (4,5), as well as
two diagonal mirrors: Lag, reflecting (2,3) and (5,6), and
L34, reflecting (3,4) and (1,6). The actions are represented
by using the Householder reflection 7(L;;) = H(7i;). The
matriz-weighted Laplacian Q(%s) has the same structure
the one in FExample 2. Fig. 4 shows the trajectories and
final configuration obtained under the control law (11).

4
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Fig. 4. Simulation results for Example 3.

In Example 3, observe that control law (11) drives the
agents to a configuration that satisfies the prescribed pair-
wise reflection relations but does not enforce the full dihe-
dral symmetry of the desired Cg,-symmetric configuration.

8.4 Full Cp,, Symmetry Formation Control

We now propose an augmentation of the reflection-based
control law so that the closed-loop dynamics enforce all
symmetry relations in v € #Z; = %5 U.%. As a key result
in this work we show that enforcing all free symmetries
in addition to a single designated agent ¢ anchored to its
prescribed mirror line £, suffices to satisfy all relations
v € Cpyp of a Cpp-symmetric configuration.

We augment the potential (5) with the term

£ = 1Ie®) = (0O

for vy € . We now define the augmented gradient control
law

u(t) == V(F(pt) + Fe(p(t)))
= — Q(F)p(t) — diag(er) @ (Iy — 7(72))p(t)-

This yields the following augmented matrix-weighted
Laplacian

Q#s) = Q(F) + diag(er) ® (I2 — 7(7e)), (14)

where Q(%;) is the matrix-weighted Laplacian associated
with the free reflection set .%,.

(12)

(13)



Intuitively, since the interaction graph is a spanning tree,
the single constraint v, € .%; propagates through the
reflection relations to all agents.

Lemma 1. Let G; C C,, be a spanning tree. For each
edge ij € &1, let v;; € Fs be the free reflection between
agents i and j. Let £ € V be a designated node constrained
to the mirror line L, C R? corresponding to a self-
reflection vy € Fs. Then there exists a unique assignment
of mirror lines L; for each i € V, such that for every
edge ij € & the mirror lines satisfy L; = 7(vj)Li. In
particular, the orientation of every agents’ mirror axis L;
is uniquily determined by Ly and the inter-agent reflection
symmetries.

Proof. Since G; is a spanning tree, there is a unique path
from ¢ to any node . Along this path define
Si = T(Pyvkvk—l) e T(’Y'Ul'UO) € O(Q)a
with Sy = I, vg = £ and v, = i. We now define the mirror
line of agent ¢ by
,Ci = Slﬁe
This assignment satisfies the required inter-agent relation
because, if 7j is an edge and j is farther from ¢ than i, then
by construction S; = 7(v;;) S;, and therefore
Lj=5;Le=7(75:)Li.
Thus a valid assignment exists.

To establish uniqueness, let {L; }l | be any other assign-
ment with £, = £y and £/, = T(’yﬂ)ﬁ/ for all edgesij € Ej.
Since every agent is reacfled from ¢ by a unique path, an
induction along that path gives

»C; = T('Yivk,_l) o T(%lvo)ﬁz = SZEZ = El

Hence £} = L; for all 4, proving uniqueness. O

We now consider the augmented reflection-based control

law

p(t) = —Q(Zs) p(t).
The properties of the matrix Q(%s) are of interest. First,
note that Iy — 7(y¢) = 2Aenl . Since

Q&) = E(F,)E(F,)T + diag(es) @ 2npnl

(15)

for any p € R?" we obtain
pTQ(%s)p =p" (BE(F,)E(F)" + diag(er) ® 24nf ) p
= B(Fo)Tpl* + 2/7f pef® > 0.

Hence, Q(Z;) is PSD and symmetric. Additionally, for any
p € R?™ we have

T -~ E(Z)"p =0
P Q(#)p =0 {(Iz —7(v))pe =0

Proposition 2. The augmented reflection-based matriz-
weighted Laplacian Q(%s) satisfies dim Null(Q(%s)) = 1.

Proof. Proposition 1 established that
pi = Sipj,  Si=7(v) € 0(2), (16)
foralli=1,...,n, with S; = Is. The additional condition
(Ia = 7(¢))pe = 0 implies that p, € L. There exists a
unit vector £, such that p, = aL, for some o € R. Hence,
Null(Q(Zs)) = IM(V,) where
R A T
Vo= [(S1Le)T -+ (S.Lo)T] .

Therefore, dim Null(Q(%s)) = 1. O

(17)

We now show that the control law drives the agents
from any initial condition to a desired C,,-symmetric
configuration.

Theorem 3. Consider a MAS consisting of n integrator
agents (2), whose interaction topology is defined by a
spanning tree graph Gy C C,, and let

F={peR*|1(y)p; = P~y Jor all v € Cpy and i € V}.
Then, for any initial condition p(0) € R?", the control

(15) renders the set F exponentially stable with p(co) as
the orthogonal projection of p(0) onto F,

. 1 T
Jim p(t) = ~VoVy p(0), (18)
where

Vo= [(S1£)T - (Suly)™]" e R>",

ljg s a unit direction vector along the mirror line Ly, and
S; are defined in (16). Furthermore, the steady-state of
each agent is defined as

1 o n
= Esiﬁﬁﬁg > SEpi(0)
k=1

lim p;(t) (19)

t—o0

Proof. From Proposition 2 we have

Null(Q(%s)) = IM(Vy),
where V is given in (17). Then we have
Z 1SiLel* =D 1=n.
) is PSD and the columns of Vj are orthogonal,
[Vo V4]
with Vy = ﬁVO and V. as the orthogonal complement of

Vi Vo =

Since Q(Z#

we can define V as an orthonormal eigenbasis V =

Vo. The proof continues in the same way as in Theorem 2,
concluding with

. 1
. _ T _ - T
Jim p(t) = VoV p(0) = ~VoVi'p(0) .

which shows (18). Also note that

n n

=D (SeLe) pi(0) = Y LT ST pi(0).
k=1 k=1
From (18), the i-th agent’s component is therefore

1 o n
Esiﬁgﬂf > SEpe(0)
k=1

Vi p(0)

lim p;(t) =

t—o0
which shows (19).

We now show that p(co) lies in the set F. From (18) we

have
o= Vp0) € R,
such that
p(0) = aVy € IM(Vy), pi(co) = aSiLy, i€V. (20)

We are required to verify that

(Io=71)pe =0 <<= (Iz—7)pi =0,
for all i € V. By definition, each agent’s mirror line satisfies

L;=5S;Ly.

Therefore, since p; = S;pe and py € Ly. It follows that

pi €SiLe=L; <= (l2—7)p; =0.
So we have

E(Z#s)"p(oc) =0, (I — 7(7)) pi(o0) = 0.



Consequently, p(co) satisfies all enforced reflectional rela-
tions and self-symmetry constraints.

p(o0) € Null(Q(Zs)).
Additionally, we show that the steady-state configuration
p(00) is invariant under every action in C,. This is ex-
pressed by the condition

T(p) pi(00) = pp(iy(00), VieV, pelCy.

To verify this identity, we use the group property
Yp(i)e = PYies
yielding
Doy (00) = T(Vp(iye)Pe = 7(p) T(Vie)pe = 7(p) pi(00),
which satisfies the rotational symmetry condition of a C,-
symmetric configuration. This equivalently means
E(Cn)"p(o0) = 0,

hence,

p(0) € Null(Q(Cy)).

Finally, by definition, 7 = Null(Q(C,)) N Null(Q(%;)).
The relations established above for all v € C,, and for all
v € Zs imply that

T(7)pi(00) = py(iy(00) for all v € Cpy, 1 € V.
Equivalently, p(oco) € F. Therefore, Since p(t) converges

exponentially to p(o0), it follows that the set F' is expo-
nentially stable, as claimed. O

Example 4. Consider the same setup as in Example 2,
now are tasked with attaining a C,,-symmetric configura-
tion solely under reflection constraints. Fig. 5 shows the
resulting trajectories and final configuration as a 7(Cpy)-
symmetric framework obtained with the augmented control
law (15).

Fig. 5. Simulation results of the trajectories and final
configuration of a Cg,-symmetric configuration under
the augmented reflection-based control law (15).

4. FORMATION MANEUVERING

Having achieved the reflection-based formation acquisition
objective as shown in Fig. 5, note that the control law (15)
successfully drives the agents to a desired configuration,
but always with respect to a fixed inertial (global) origin
and pre-defined orientation. In many practical scenarios,
however, this may be limiting since the formation may
require the ability to maneuver, that is, to translate,
rotate, and scale while preserving the desired formation.

To improve the flexibility of a symmetry-based formation
control approach, (Zelazo et al. (2025)) proposed augment-
ing the closed-loop dynamics for each agent (7) with a

virtual state r(t), enabling the agents to reach agreement
on a different reference point. Building on this idea, (Mar-
tinez and Zelazo (2025)) incorporated a virtual-state in
a centralized formation maneuvering scheme, where all
agents have access to a pre-defined trajectory, enabling
the agents to converge to the desired configuration while
maneuvering along the predefined trajectory.

We now aim to extend this idea for the augmented
reflection-based formation control strategy (15) as well. In
this direction, we define a virtual trajectory using the time-

varying state x(t) = [r(t)" 0(t) s(t)]T where, r(t) € R?
is a translation, §(t) € R is a rotation, and s(t) € R is a
reference scale factor. The trajectory evolves according to

) =o(t), 0(t) =w(t), 5(t)=at)s(t),
where v(t) € R? is the translational velocity, w(t) € R
the angular velocity, and «(t) € R the scaling rate of
the desired formation. Let R(6(¢)) € SO(2) denote the
associated rotation matrix. Its evolution satisfies,

R(t) = QORE), Q) = {(1) ‘01} w(t).

Since the symmetric formation achieved by the control
law (15) is defined with respect to a fixed inertial point,
we place the centroid of the desired formation at the
origin. This serves as a natural reference for applying
rotations and scalings to the formation. We then propose
the augmented control law

u(t) = — Q(Zs, 0(t))c(t) + Ln@o(t)
+ (1 @Q(t) + a(t))c(b), (21)

where ¢(t) = p(t) — r(t), and Q(%s,0(t)) has the block
entries

d(i)I2, i=j,1€V
[Q(%s,0(1))]ij = § —ROW)T(v;)ROW)T, ij € &r
0, 0.W.

Here the reflection actions 7(vj;) € %s undergo a similar
transformation ensuring that the reflection relations rotate
consistently with the formation.

Theorem 4. Consider a MAS consisting of n integrator
agents (2), whose interaction topology is defined by a
spanning tree graph Gy C Cy,, and let

F.={p eR*"|7(v)ci = cy(iy for all vy € Cpyy and i € VY,
be the set of all shifted Cy.,-symmetric configurations, with
c(t) = p(t) — r(t). Then, for any initial condition p(0) €
R?" the control (21) renders the set F, exponentially
stable.

Proof. Define ((t) € R?" to be the configuration p(t) €
R2™ expressed in a frame moving along the virtual trajec-
tory,

() = %(In ©RHT)e(t). (22)

We examine the derivative of each agent (;(t) € R2?
(product rule)

1

Git) = (t)mt)Tci(t) 50 (R(OTei(t) + R (1))
Note that R(t)T = —R(£)TQ(t) and R(t)T = —Q(t)R(t)7.
Therefore
Gilt) = —a(t)Gi(t) — QB () + — (RE)T (1 (t) — v(2)))-

s(t)



By applying the control (21), the dynamics for an agent i
are

G(t) = —al)Gt) — ABG(E) — —

RO
+ ﬁ?ﬂ( S (Rr(10)R (1) — (1))
ijEET

+o(t) + Qt)ci(t) + at)ei(t)).
Since (;(t) = ;i R()ei(t), and 7(v;:)R" = Rr(y;) all
the trajectory dependent terms cancel, simplifying the
expression to

G = D ()G (1) = G(b)).
ijEET
This reduces to the analysis of the agents ((t) =
—Q(%s)((t) to a static frame. By Theorem 3, the dy-
namics of ((t) ensure that the formation exponentially
converges to the set

Fe={p eR*|7(7)¢; = ¢y for all y € Cpyy and i € VY,

From the definition of ¢;(t) (22), this set is equivalent to
Fe, rendering the set F. exponentially stable, as claimed.
O

Therefore, since ¢(t) = p(t) — r(t) at any given time,
and the control law (21) ensures that c(t) converges to
a Cp,-symmetric configuration, the agents p(t) themselves
converge exponentially to the desired symmetric formation
shifted by r(t).

Example 5. Consider a MAS consisting of n = 4 agents,
tasked with attaining a Cyy-symmetric configuration (see
Fig. 2(b)) solely under reflection constraints. The agents
are simultaneously tasked to move as a unit following a
pre-defined trajectory to avoid an obstacle and maintain a
specific orientation about it. Fig. 6 illustrates the resulting
trajectories and the final configuration obtained under the
augmented control law (21).

0 5 10 15

Fig. 6. Simulation results of the trajectories and time-
varying configuration of a C4,-symmetric formation
generated from (21).

5. CONCLUSION

This paper introduced a symmetry-based formation con-
trol method in R? that relies solely on inter-agent reflection
relations together with a single anchored agent. We showed
that any C,,-symmetric formation can be achieved using

only n — 1 communication links, with guaranteed stabil-
ity and convergence. The approach was further extended
to a reflection-constrained control law preserves the tar-
get configuration while maneuvering along a pre-defined
trajectory. These results highlight a potential alternative
to rigidity-based formation control, and future directions
include extending the framework to point group symme-
tries in R3, analyzing more general information structures
such as directed and switching graphs, and incorporating
leader—follower structures to generalize the approach and
enable fully distributed maneuvering.
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