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Abstract—We study projection-based reduced-order models
that exactly retain specified input and output interfaces. Admis-
sible projections are characterized geometrically: the retained
subspace must contain every input and output direction, which
fixes the minimum order. The reduction error factors into input-
coupling, internal-dynamics, and output-coupling systems, giving
a submultiplicative 7. bound; for positively dominated factors
the 7. error equals a dc gain computable from linear solves.
Strict dissipativity certifies the stability of every orthogonal
reduction, and a Hankel singular value bounds the optimum
a posteriori. These results motivate sequential graph-coarsening
heuristics for networks. On a 65,566-state chip thermal network,
interface-preserving coarsening yields sparse, positive lumped
models that are more accurate than Kron reduction of the
same interface at every order, with far fewer edges; balanced
truncation is more accurate but destroys the network structure.

Index Terms—projection-based model reduction, structured
model reduction, positive systems, network systems

I. INTRODUCTION

Model reduction provides low-order surrogates for the anal-
ysis and control of large-scale systems [1]. Balanced truncation
yields a stable reduced model with an a priori H, error bound
[2], [3] and is routine at 10°-~10° states with low-rank Lya-
punov solvers [4], while Krylov and other projection methods
scale further but do not guarantee stability for an arbitrary
projection [3]. For network systems, however, the drawback
of these methods is structural: the reduced coordinates mix all
nodes, so the reduced model loses its graph interpretation and
its inputs and outputs no longer correspond to physical nodes.

Structured reductions of networks preserve the graph topol-
ogy, which encodes stability, controllability, and synchroniza-
tion properties. Graph partitions have been used to reduce
consensus, passive, and dissipative networks [5]-[7], with
clusters selected, for example, by the dissimilarity of nodal
responses [8]; see [9] for a survey. Clustering of positive
directed networks that preserves positivity and steady-state
behavior [10] is the closest prior work to the positively
dominated setting considered here. Graph-based H . reduction
of multi-agent systems is studied in [11], a priori Ho and
H o error bounds for clustering of leader—follower systems are
derived in [12], and structure-preserving balanced truncation
of networked passive systems is developed in [13]. More
recently, the edge weights of a clustered consensus network
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have been optimized for Hy or H., error [14], structure-
preserving reduction has been extended to interconnected
systems [15], and an Hz-optimal Petrov—Galerkin framework
preserves stability and dissipativity for every projection basis
by weighting the projection with a Lyapunov certificate, with-
out requiring specified input and output nodes to be retained
[16].

In this work we require every actuated and measured node
to retain its individual identity in the reduced model, a stronger
condition than the approximate interface matching permitted
by most clustering methods. This is the projection-based
counterpart of Kron reduction [17], which keeps a set of
boundary nodes and eliminates the interior through a Schur
complement. Kron reduction is exact at dc but carries no
error guarantee away from dc, and it densifies the reduced
graph, since boundary nodes joined through the interior be-
come adjacent. An interface-invariant reduced model instead
aggregates the interior into a coarse graph, so interior dy-
namics remain in averaged form and the error is controlled
in Hoo. Within this family we ask which reduced orders are
achievable, how the H ., error can be bounded, and how the
remaining projection freedom should be used. The central tool
is a product factorization of the error system that separates
input coupling, discarded dynamics, and output coupling. For
positively dominated systems it yields an exact expression:
the Hoo error equals a dc gain that can be evaluated without
frequency gridding, even at tens of thousands of states.

The main contributions are as follows. (i) We characterize
all interface-invariant orthogonal projections geometrically:
the retained subspace must span every input and output
direction, which establishes the minimum reduced order and
the remaining degrees of freedom. (ii) We derive a product
representation of the projection-based reduced-order model
(PROM) H., error, with explicit stability hypotheses; for
interface-invariant PROMs the coupling factors are strictly
proper. (iii) Although the reduction error system is not positive
in general, we show that for positively dominated systems
[18] its H~ norm reduces to a closed-form steady-state gain,
as for internally positive systems [19]; for strictly dissipative
systems, a projection-dependent upper bound follows from
linear solves, without a frequency sweep. (iv) We express a
projection as a sequence of singleton projections, characterize
when the resulting triangle-inequality bound is tight, and use
it to motivate sequential graph-coarsening heuristics, with the
(r+1)st Hankel singular value as an a posteriori approximation
factor. (v) On a 65,566-state processor thermal network with
30 functional-unit interfaces, we compare interface-preserving
graph coarsening with Kron reduction, coordinate deletion,
and balanced truncation in accuracy, preserved structure, and



cost.

Section II formulates the reduction problem and interface
invariance. Section III gives the singleton sequence and prod-
uct factorization. Section IV develops the positively dominated
specialization. Section V presents structured sequential heuris-
tics, Section VI presents the chip thermal case study, and
Section VII concludes.

Notations: We write A > 0 for positive-definite, A > 0
for entrywise nonnegative, and call A Metzler if [A]Z-j > 0 for
all i # j. For symmetric A € R"*", \(4) = { \e(A)}}_,
denotes the eigenvalues in ascending order. [A];; is the (i, j)
entry, diag(A, B) a block-diagonal matrix, and ||Al|s the
spectral norm. The 7th standard basis vector of R" is e'. For an
index set Z = {i1,...,im}, e = [e}. --- el |. im M is the
column space of M. RHEX™ denotes the set of stable proper
real-rational p x m transfer matrices. A graph G = (V, £) has
vertex set V and edge set £. Nodes u, v are adjacent (u ~ v)
if uv € €.

II. MODEL REDUCTION AND PROBLEM FORMULATION

In this section we review some fundamental notions from
the theory of model reduction. We then develop a specializa-
tion of the model reduction problem for multi-agent systems.
With this framework we will then formally state the problem
we aim to solve.

A. The Model Reduction Problem

We consider an LTI system > with minimal state-space

realization
s . JE()
y(t)

where z(t) € R™ is the system state, u(t) € R™ is the
input, and y(¢) € R™ is the output. We denote the state-
space realization of a system by the tuple (A, B,C, D). The
transfer function matrix (TFM) of the system X is given as

= Ax(t) + Bu(t)
= Cz(t) + Du(t),

3(s) = C(sln, — A)"'B + D.

Hereafter, the notation i) without explicit dependence on s,
will be used to denote the TFM of a system X. A realization
¥ := (A, B,C, D) is minimal if it is controllable and observ-
able. The order of a system is its McMillan degree, denoted
as deg(X%).

The model reduction problem is to find an order-r system
3, with » < n,, whose transfer matrix approximates 3. The
reduced and full models retain the same external input and
output dimensions: B, € R"™*"™ and C,. € R™*", We define
the error system

Y.=2-%,, (D
which has realization

et = (AeaBe;Ce;De)
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Fig. 1. An MAS with control nodes (red) and output nodes (blue).

Thus, one can consider, for a fixed r, finding a system X,
such that ||| is minimized. For a detailed review see [3]. In
this work we focus on H ., reduction errors. For a stable and
proper system,
1%]loe = sup 5(X(jw)),
weR

where 6(M) is the largest singular value of the matrix M.

A widely used family of reduction methods are the so-called
projection-based reductions. A Petrov—Galerkin reduction uses
trial and test bases V, W € R"=*" satisfying WV = I, and
gives

2,(W,V):= (WTAV, W' B, CV, D). 3)

When W = V = P and PTP = I,, the reduction is
orthogonal. We denote the resulting realization by X,.(P); it is
obtained from (3) by setting W =V = P. We call this model
an orthogonal projected reduced-order model (PROM).

B. Multi-Agent Systems and Interface-Invariant Model Reduc-
tion

We consider linear multi-agent systems (MAS) comprised
of n agents interacting over a network G = (V, ), with state
x; € R% per agent (ng, = n,). The block structure of A(G)
follows the graph: the ¢j-block is nonzero iff ij € £. Input
nodes U C V (JU| = m) receive external inputs u; € R9v;
output nodes YV C V (|Y| = p) are measured, y; € R%. The
MAS realization is

(G, U, D) = (A(G), BU),C(Y), DU, Y)), &)

with B(U) € R**" n, = mgq,, and C(Y) € R*v*"=,
ny = pq, (Figure 1). Agents in (/U are the interface agents;
self-loops are permitted.

In this work we will examine a special class of PROMs that
we term interface-invariant PROMs. These are reduced models
that maintain the input-output structure of the full order model
under the projection operation. Such PROMs are required, for
example, for the reduction of the MAS (4) where the interface
agent structure is maintained in the reduced model. We now
define formally the notion of an interface-invariant PROM
(IIPROM).

Definition 1 (ITPROM). Given a system with realization 3 :=
(A, B,C, D), an interface invariant projection-based reduced
order model (IIPROM) of ¥ is any PROM X,.(P) such that
C = CPPT and B = PPTB.



Note that an IIPROM does not require PP? = I,, . For
example, if C' = BT = [1 0 0], the orthonormal matrix

0 o 1"

1
S0 1/V2 1/V2
satisfies C = CPPT and B = PPTB.

P

Remark 1. Although motivated by multi-agent systems, the
IIPROM framework is not intrinsically graph based. It applies
to any orthogonal PROM for which prescribed input and
output state-space directions must be retained, regardless of
whether the system has a network interpretation.

Define the protected input—output subspace
Sio :=imB+imCT =im [B CT] , k:=dimS;,.

The following result separates the interface requirement from
the remaining model-reduction freedom.

Theorem 1 (Geometric characterization of IIPROMs). Let
P € R™*" satisfy PTP = I,, and let Il = PPT. Then
3, (P) is interface invariant if and only if

Sio g im P. (5)

Consequently, an order-r interface-invariant projection exists
if and only if k = dim S, < 17 < ny, and it is a strict
reduction precisely when k < r < ng.

More precisely, let Uy, € R"** be an orthonormal basis
Sor Si, and complete it to the orthogonal matrix [Ui, U, |
Every admissible retained subspace has an orthonormal basis

P of the form

P= (Ui U.Z|R,Z"Z=1I_y, R"R=RR" =1,
(6)
where 7 € R(==k)x(r=k) gnd R € R™" is an orthogonal
basis-change within the retained subspace; since 11 = PPT
is invariant under right-multiplication by R, the factor R does
not affect the reduced model. Conversely, every matrix in (6)
defines an order-r IIPROM.

Proof. Because II is the orthogonal projector onto im P,
IIB = B holds if and only if imB C im P (similarly
condition for IICT = CT). The two interface equalities
are therefore equivalent to (5), which also proves the order
condition.

For the parameterization, suppose (5) holds. The retained
subspace has the orthogonal decomposition

imP =38, ®W, WC St dimW =r — k.

107

Writing an orthonormal basis of W in the coordinates of U
gives U, Z with ZTZ = I,_,. Thus Py = [U;, U, Z] and P
are orthonormal bases for the same subspace, so P = Py R for
an orthogonal matrix R. The converse follows because every
such P contains S, in its range. O

Right multiplication by R only changes reduced coordi-
nates. The matrices ,.(PyR) and X,.(Fy) are similar and have
the same transfer matrix. Hence one may set R = I, without
loss of input—output generality. The constrained search over
P is thereby reduced to the choice of an (r — k)-dimensional
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Fig. 2. Example 1: reduction error ||Xe¢|lco Vs. o with its minimizer (left),
and the full and optimal reduced frequency responses (right).

subspace of Siﬁ, represented by Z in (6). For a multi-agent
system with coordinate-selecting B and C, Si, is simply the
span of the actuated and measured agent coordinates.

With the above notions in place, we can now formally state

the optimal IIPROM problem.

Problem 1 (optimal [IPROM). Consider a stable proper
system of order m, with realization ¥ := (A, B,C, D). Find
P € R"%*" with PP = I, such that the PROM X.,.(P) is
interface invariant and stable and minimizes the H..-norm of
the reduction error system (1),

min |||l
PeRna X
st. pPfp=1., C=cCPPT,

B =PPTB, PTAP Hurwitz.

Theorem 1 removes the interface-invariance constraints
from Problem 1 by replacing P with the parameterization (6),
reducing the search to the choice of Z € R("=—F)*("=k) with
orthonormal columns. The remaining H., objective is never-
theless nonsmooth and nonconvex, and reduced-model stabil-
ity remains a nonlinear constraint. Consequently, the problem
generally calls for optimization on the reduced Grassmann
manifold associated with S;5 or for a structured restriction
of the feasible projections; a Riemannian method of this kind
for structure-preserving Ho reduction is developed in [16].

While a closed-form solution is not available in general,
there are instances where an analytic solution exists. We
provide a simple example below.

Example 1. Consider the SISO system & = (A, B, C, D) with
—2 1 0

A= [ (1) —12 11}, B =C" =ey, and D = 0, whose transfer
function is 3 = (s*> + 35 4+ 1)/(s® + 55> + 65 + 1), with
IZ]|oo = 1. We seek an IIPROM of order r = 2. Every P €
R3*2 with PTP = I,, CPPT = C, and PPTB = B has
the form P(a) = [e1 aes + B(a)es], with a € [—1,1] and
B(a) = V1 — 2. The resulting IIPROM is

& 5—‘,—72
2+ (2 +2)s +292 —a?’

r =

with 42 = o? + (a— (). It is stable for all o and minimal
for a # 0; at a = 0 the retained direction es is decoupled
from ey and %, = 1/(s + 2). The error ||Se||o ranges from
0.5 at o = 0 to its minimum = 0.03 at o* = 0.76, which
solves Problem 1, and it is nonconvex and nonsmooth in o
(Fig. 2).



Example 1 exploits the fact that the free subspace in
Theorem 1 is one dimensional. In general the geometric
parameterization removes the two interface equalities but does
not produce a closed-form or convex solution of Problem 1: the
choice of the complementary subspace, the H, objective, and
the reduced stability condition remain coupled. In the sequel,
we investigate the [IPROM error structure and derive tractable
suboptimal constructions.

III. STRUCTURE AND ANALYSIS
OF PROMS AND ITPROMS

Understanding the structure of IIPROMs is essential for
tackling Problem 1 for multi-agent systems. In this direction,
we provide complementary perspectives on the error system
associated with IIPROMs. First, we introduce a sequential
decomposition of the projection matrix used in PROMs into a
product of elementary ‘“singleton” projections, each reducing
the system order by one. This construction leads to a tele-
scoping sum representation of the error system and yields a
tractable upper bound on the overall reduction error. Building
on this result, we formulate a suboptimal IIPROM design
problem aimed at minimizing this bound. These results provide
a foundation for algorithmic strategies that sequentially elim-
inate state variables while preserving input-output invariance
and stability.

A. The PROM Sequence Bound

Stability of the full-order model alone does not guarantee
stability of an orthogonal PROM. The following proposition
gives two sufficient conditions under which an orthogonal
compression is stable. It will be used both for the singleton
sequence below and later for graph-contraction candidates.

Proposition 1 (A priori stability of orthogonal compressions).
Let PTP =1, 11 = PP, and Ap = PTAP.
1) If, for some p > 0,

A+ AT
5 = —uly, (N
then Ap is Hurwitz for every P, with maxRe A\(Ap) <

—p.

2) More generally, suppose X = XT = 0 satisfies
ATX + XA < 0. If XTI = IIX, then Ap is Hurwitz
with Lyapunov matrix Xp = PTXP »~ 0.

Proof. For the first claim,

AP-I-A;
2

which bounds the real part of every eigenvalue of Ap. For the
second claim, commutation gives X P = PXp and PTXII =
PTX. Hence

ALXp + XpAp = PT(ATX + XA)P < 0.

=pT

A+ AT
+2 P =< —ul,,

O

In particular, under part (i), every intermediate compression
in any singleton projection sequence is Hurwitz with the same
decay margin p. More generally, part (ii) applies whenever

the chosen retained subspace is compatible with a Lyapunov
matrix through the commutation condition. Some additional
assumption beyond mere Hurwitz stability of A is essential,
since a Hurwitz nonsymmetric matrix can have an unstable
orthogonal compression. The commutation condition can be
avoided by replacing the orthogonal projection with the X-
orthogonal Petrov—Galerkin projection P(PTXP)~!1PTX,
which preserves stability, and more generally any dissipativ-
ity certified by X, for every P [16]. We retain orthogonal
projections because the product form of Section III-B and
the quotient-graph interpretation of the partition projections
in Section V rely on them.

In the following section we present a lemma showing that
any projection from R" to R" can be obtained from a
sequence of n, — r projections, each reducing the dimension
by one. We denote such projections as singleton projections.

Lemma 1 (Singleton factorization). Let P € R™=*" with

PTP = I, and v < n,. Then there exists a sequence
{P(k)}Zi;T with P(k) € Rre—ktlxna—k g4 P(E)P(k) =
I,y such that P = [[.2 " Py (with factors ordered from
left to right in increasing k).

Proof. Let P € R"*" with PTP = I,. Then there exists
Q € R=xn==" with QTQ = I,,,_, such that PTQ = 0.
Construct

Py =[P « Gnp—r—1] »

where ¢; is the ith column of (), and

T
Py = [In.—k  On,—kx1]

for k € [2, n, —r]. Since PTP = I, and PTQ = 0 we have

P7£)P(1) = I,,1, and for k € [2, n, — 7] it follows that

P(k)P(k) = I,,, k. From this construction we get

N =T ney—r—1
1 P(’”P(l)( 11 P(m))
k=1 i=1
Nge—r—1
= P(l) ( H I:Inz—i O(ﬂ;z)xl}T> = P.

i=1
O

Note that one can generate other sequences P =
e Is(k) using the transformations ]5(1) = PyUn),
p(k) U(Tg;_l)P(k)U(k) for £ € [2, Ny 71"71], and
p(nm—r) = U(T;Lm—r—l)P("m—T)’ where U(k) € R(=—k)x (ne—k)
is an orthogonal matrix.

By expressing a PROM as a sequence of singleton projec-
tions, we obtain the following PROM sequence bound.

Proposition 2 (Singleton PROM sequence bound). Con-
sider an LTI system Y(q) := (A(o),B(O),C(O)7D) and a
PROM X,.(P). Let {P(k)}z":;r be a sequence with P €
R —k+1) X (na—k) P(%P(k) = I,,_1 such that P =
[Ti21" Py Define recursively
Ay = Py Age—1 P,

Ciry = Cle—1) Py

T
By = Py B(r-1);



Assume every Ay, including A, is Hurwitz. Then the Ho
norm of the error reduction system, %, in (1), is bounded by

Mg —T

Zelloo < D 1%k = Zge=1)lloos ®)
k=1

where X,y = (Ax), By, Ciy, D).

Proof. We express ¥, = X, — X as the telescoping sum
Ng—T
Y. (Bw — ),
k=1
with ¥y = ¥ and ¥, _,y = E.(P). From the triangle
inequality we obtain

Ng—T

1Zelloo < D IS0k — See-1) lloos
k=1

completing the proof. O

The bound (8) can be conservative when the step errors
peak at different frequencies or input directions. The following
result identifies the precise conditions under which equality
holds.

Proposition 3 (Tightness of the singleton sequence bound).
For k =1,...,n, —r, define the stable, strictly proper step
error

Ei(s) == S_1)(8) — Sy (5),

and omit any identically zero Ey. Equality holds in (8) if and
only if there exist a frequency w, € R and unit vectors v, €
C™ and u, € C™ such that

ar, = || Bkl oo,

Ey(jws)ve = aguy for every nonzero step k. 9)

Thus all steps must attain their Ho, norms at one frequency,
on the same worst-case input direction, with phase-aligned
output directions.

Proof. The telescoping identity gives -3, = Yo Er I (9)

holds, then
=D
2 k

so the sequence bound is attained. Conversely, the nonzero
strictly proper rational matrix ), Ej, attains its ., norm at
a finite frequency. If the sequence bound is attained, choose a
unit maximizing right singular vector v, at such a frequency
wy. Then every inequality in

Y Biljws)v.
k

> Bi(jwe)os
k

< DBk Gw)oall2

2 k
<Y a(Br(jwn) <D a
k k

must be an equality. Equality in the Euclidean triangle in-
equality makes the vectors Ej(jw,)v, nonnegative multiples
of a common unit vector u,, while equality in the remaining
inequalities makes each multiple equal to a. This is (9). O

When the step errors are positively dominated, the peak fre-
quency of each Ej, is pinned to dc and the alignment condition

of Proposition 3 reduces to a purely algebraic criterion on the
dc gains; this is explored in detail in Section I'V.

Proposition 3 separates two sources of conservatism in the
sequence bound. Different peak frequencies prevent frequency
alignment, while different singular directions cause cancel-
lation or dispersion even when all steps peak at the same
frequency. The positively dominated specialization developed
in Section IV removes the first source.

With Proposition 2, we can consider a suboptimal variation
of Problem 1 that attempts to minimize the upper bound for
the reduction error.

Problem 2 (suboptimal IIPROM sequence bound). Consider
a stable proper system Y of order n,, with realization
(A, B,C, D). Find a sequence { P,y } =" such that the asso-
ciated PROM is interface invariant, all intermediate PROMs
are stable, and the sequence bound (8) is minimized:

min Yy — 21|00 10)
Juin, ; 1Z0) — Ze—1l
st. P= H P(k), P(k) € R(nm_k_‘_l)x(n"_k),

k=1

PloyPey = In,—k,  Awy Hurwitz for all k,
C =cCcpPP", B=PPTB,

where Y. is defined recursively as in Proposition 2.

Problem 2 is not a convex relaxation of Problem 1. Its
practical benefit is algorithmic: it permits a greedy search over
admissible singleton reductions, with stability and interface
invariance checked after every step. The accumulated objective
is a certified upper bound by the triangle inequality, but its
conservatism can grow with the number of steps.

B. The Product Form of Orthogonal PROMs

It will also be useful to represent a PROM as a subsystem
of X after an appropriately defined transformation. We apply
the unitary transformation U = [P Q] on X, where Q is
the orthogonal complement of P, satisfying QTP = 0 and
QTQ = I,,,—r. The resulting realization is

Y= (UTAU,UTB,CU, D),

which can be expanded to

2'7([APP‘APQ },[PTB},[CP\CQLD» (12)

(an

T\ 4er [ 4qq QTB

where App & PTAP, Apg = PTAQ, Agp = QT AP and
Ago £ QT AQ.

Remark 2 (Interface invariance in PQ coordinates). If ¥, is
an IIPROM, then Q"B = 0 and CQ = 0 in (12), since
QB = QT(PPTB) = 0 and CQ = (CPPT)Q = 0.
Consequently, the PQ realization of any IIPROM is block-
lower-triangular: the retained-subspace dynamics are decou-
pled from the discarded inputs and outputs.

The sequence bound of the previous subsection controls the
cumulative error but treats each step error ||X ) — X(x—1)llco
as an opaque quantity. To sharpen the analysis, we need to
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Fig. 3. Product (cascade) representation of the PROM error system X, =
(3, P) A(X, P)T'(X, P), separating input-side coupling, discarded dy-
namics, and output-side coupling.

understand the internal structure of the PROM error system.
Specifically, how the input coupling, the discarded dynamics,
and the output coupling each contribute. We show that the
error system of any orthogonal PROM factors as a cascade
of three LTI systems that isolate these three contributions,
reducing the full-order augmented realization of dimension
deg(X) + deg(X,) to a product of systems of dimensions
deg(%,), deg(X), and deg(X,).

Theorem 2. Let ¥ := (A, B,C, D), and consider a PROM
3, (P). At every s for which the inverses below exist, the error
system ¥, = 3 — X,.(P) has the TFM

3. =0071Q(QTe7 Q) 'QTe !B, (13)

where ® £ sI,, — A, and Q satisfies QTP =0 and QTQ =
I, —r. Furthermore, . can be expressed as the product of
three systems,

Y. = O(%, P)A(S, P)I(X, P), (14)

with realizations
O3, P) i= (App, Apg, CP,CQ), (152)
I(%, P) = (App, P"B, Aqp, Q" B), (15b)
A(E,P) = (A4,Q,Q",0(n,—ryx (na—r))- (15¢)

The proof of Theorem 2 is given in the Appendix. Because
both sides are rational matrices, equality away from their finite
pole sets establishes the transfer-matrix identity.

We observe that each of the three systems of the PROM
product form (14) implicitly captures the contribution to the
reduction error of the parts of 3 in (12) left out in (X, P):
the map O(X, P) captures Apg and CQ, the map I'(3, P)
captures Agp and QT B and the map A(X, P) captures the
full-order dynamics viewed through the discarded subspace.

Corollary 1 (Frequency-uniform product bound). If A and
App are Hurwitz, then all three factors in (15) are stable and

[Eelloo < [|IO(Z, P)llool| AR, P)||oc [T(X, P)lloo - (16)

:szrod (EvP)

Proof. The state matrices of the three factors are App, A,
and App. The result follows from submultiplicativity of the
induced Lo norm. O]

The certificate in (16) is uniform over frequency. In fact,
for every w € R,

7(2eiw)) <7(66w)) 7(AGw)) 7(Dw))
bprod (2, P).

IN

Equivalently, under zero initial conditions, every u € Lo
satisfies the input—output uncertainty bound

”y - yT‘”EQ < bprOd(va) Hu||£2

Thus a single scalar controls the error system for all fre-
quencies and all finite-energy inputs. The condition on App
is essential, since a Hurwitz nonsymmetric A can have an
unstable orthogonal compression. Moreover, this is a certifi-
cate for a chosen projection, not an a priori bound that is
uniform over all admissible [IPROMs or depends only on the
reduced order. Without a common stability margin, admissible
reduced poles can approach the imaginary axis and the factor
norms can become arbitrarily large. A uniform bound over
a family of projections therefore requires common stability
and factor-norm bounds. Finally, evaluating bp,oq requires two
reduced-order norm computations and one full-order norm
computation, so it is not presented as a universal complexity
reduction. It instead decomposes the error by mechanism and
supplies a useful score when the factor norms or their dc gains
are inexpensive to evaluate.

A first observation related to the product form of Theorem
2 is that if the PROM is an IIPROM, then the realizations of
O(X, P) and I'(3, P) are strictly-proper.

Corollary 2 (ITPROM error system). If 3,.(P) is an IIPROM,
then ©(%, P) in (15a) and I'(3, P) in (15b) are strictly proper
with realizations

@(Z?P) = (APPvAPQ7CPa Onyx(nzfr)) ; (17)

and

I'(2, P) := (App, P"B, Aqp,0(n,—r)xn. ) - (18)

Proof. Since %,.(P) is an IIPROM, from Definition 1 we
have C = CPPT and B = PPTB. From QTP = 0
and QTQ = I,,_, we get PPT = I,, — QQT such that
c=C (In, — QQT) and B = (Inm — QQT) B, therefore,
CQ = 0 and QTB = 0, obtaining the stated zero direct
terms. O

Interface invariance removes an instantaneous error path
through the discarded coordinates, so the error transfer matrix
is strictly proper—there is no instantaneous feedthrough from
input to error output.

IV. EXACT ERROR FOR POSITIVELY DOMINATED FACTORS

The product bound (14) is tight for an important special
class of systems—the positively dominated systems introduced
by Rantzer [18]. We next recall the relevant definitions before
deriving the main exactness result.

Positive LTI systems have the unique property of maintain-
ing output within an invariant subspace R’ for non-negative
input signals. They are formally defined below.

Definition 2 ( [20]). An LTI system ¥ := (A,B,C,D) is
internal positive if for every non-negative initial condition
x(0) and every non-negative input u(t), t > 0, the associated
state and output evolutions x(t) and y(t), t > 0, remain non-
negative at every time instant t.



Positive systems admit a special realization.

Proposition 4 ( [20]). A system X with realization
(A, B,C, D) is internally positive if and only if A is Metzler
and B,C,D > 0.

Rantzer introduced positively dominated systems as a gen-
eralization of positive systems [18].

Definition 3 (Positively dominated system). A system 3.(s) €
RHILX™ is called positively dominated if every matrix entry

satisfies ‘f]kl (jw)‘ < 331 (0) for w € R. The set of all such

matrices is denoted PH ™.

Positively dominated systems have their H, norm at dc and
are closed under compatible products. For internally positive
systems the first property is the familiar fact that the H., norm
equals the dc gain [19].

Proposition 5 ( [18]). Let 3 € PHXX™, then ||X].. =
2 (0) [lo. Furthermore, for ¥y € PHZX™ and %5 € PHL™,
then 3, € PHL™,

The tightness condition of Proposition 3 takes a particularly
simple form for positively dominated step errors: the peak
frequency is pinned to dc, reducing the alignment condition
to an algebraic criterion on the dc gain matrices.

Corollary 3 (Positive collocated steps). Suppose every step
error Ey is positively dominated and Ey(0) is symmetric
positive semidefinite. Then the sequence bound (8) is tight if
and only if the dominant eigenspaces of all nonzero Ei(0)
share a common unit vector. In particular, if

dy
then equality holds if and only if all nonzero zj, are collinear.
The condition is automatic for scalar input and output.

Ey(0) = di > 0, (19)

Proof. Positive dominance pins the common peak frequency
to w, = 0. For a positive semidefinite dc matrix, the spectral
norm is its largest eigenvalue, so (9) is equivalent to a common
dominant eigenvector. The dominant eigenspace of the rank-
one matrix in (19) is span(zg). O

Remark 3 (Order invariance for rank-one positive steps).
Under the rank-one hypotheses of Corollary 3, positive dom-
inance gives ||Ei|l = ||Ex(0)|l2 = trace Ex(0) for each
step. Summing over k, the right-hand side of (8), U, :=
>k IBkllos equals trace E(0), where E(0) = >, E(0)
is the final dc error—independent of deletion order. Conse-
quently, reordering cannot improve the bound, and it is tight

if and only if rank E(0) = 1.

Theorem 3 (Exact error at dc). Let A and App be Hurwitz.
If the three factors ©(3, P), A(X,P), and T'(3, P) are
positively dominated, then X is positively dominated and

Zelloc = 1Ze(0)]l2 = [|[CAT'QQTAT'Q) QAT B, -
(20)

Proof. Closure under multiplication and Theorem 2 imply
that . is positively dominated. Proposition 5 therefore gives

[Zellso = [12e(0)]|2. Substitution of s = 0 in (13) gives (20);
the four minus signs cancel. O

The hypotheses concern the factors, not merely the original
realization. Positivity of 3 alone does not guarantee positivity
of the factors for an arbitrary dense orthogonal basis because
P and Q may have mixed signs. A simple sufficient case is
coordinate selection: if 3 is stable and internally positive and
P = e, then @ = €% (up to permutation), App is a Hurwitz
principal submatrix of the Hurwitz Metzler matrix A, and all
factor realizations are internally positive. Equation (20) then
applies.

The exact dc formula also yields an a priori upper bound
under a strict dissipativity assumption. The setting is deliber-
ately narrower than Theorem 2: the projection must be inter-
face invariant, —A must be uniformly coercive, and positive
dominance is needed to promote the dc estimate to a uniform
H o certificate.

To state the result compactly, let H := — A, complete P to
an orthogonal matrix [P @], and set
Hpp := PTHP, Hpg = PTHQ,

Hgp :=QTHP, Hgg = QTHQ.

Define the Schur complement Sq := Hog — HopHppHpg
and the coupling factors

Lp:=CPHppHpg,  Rp:=HgopHppP'B.

Theorem 4 (Coercive error certificate). Let 3 = (A4, B, C, D)
and let P define an IIPROM. Suppose

L(H+H") = nl,, (1)

for some n > 0. Then Hpp and S¢ are nonsingular, and
$e(0) = LpS5' Rp, (22)

ILpll2Brll2 _ [Cl2]Bl2llHrell2lHor|2

S (02 < <
[Xe(0)]l2 ” e

(23)

If in addition Y. is positively dominated—in particular if the
three factors in Theorem 3 are—then

< ILpl2l Rpl

Ui

Proof. Interface invariance gives Q7B = 0 and CQ = 0.
Applying the block-inverse formula to [P Q|7 H[P Q] and
subtracting the reduced dc map CPHppPT B from the full
dc map CH !B gives (22). Condition (21) implies (Hpp +
HEL)/2 = nl,., and hence | Hyp||2 < 1/7. For any y, choose
T = —H;},Hpr. Then

HEEHOO = Hie(o)H? (24)

Re(ysqu) = ve( [2] 1P @71 @[] ) = uiui

Thus ||Sél||2 < 1/n. Submultiplicativity gives the first in-
equality in (23); the second follows from ||Plls = ||Q|]2 = 1
and the bound on Hpp. Positive dominance gives (24) by
Proposition 5. O

Remark 4 (Collocated symmetric case). If additionally H =
HT and C = BY, set Zp == HopHppPTB = LE. Then



Sg > 0, 26(0) = ZgSélZp = 0, and under positive
dominance ||Xclo < ||Zp||3/n. Indeed, symmetry gives
Hpqg = Hbp and Hpp = H}p, so Lp = CPHp L Hpg =
(HopHppPT"B)T = ZE and Rp = Zp; Sq is a Schur
complement of the positive-definite matrix [P Q)T H[P Q] and
is therefore positive definite.

The word “a priori” here is projection dependent. Once
a candidate P is specified, (24) can be evaluated without
forming the full error system, computing S;', or performing
a frequency sweep. Partition-dependent a priori bounds of
a similar kind are derived for clustering of leader—follower
multi-agent systems in [12]. The bound (24) does not depend
only on the target order, and it is not an approximation ratio
relative to the globally optimal projection. Coercivity alone
bounds only the dc error. Without positive dominance, an off-
zero frequency peak can exceed (23). The coordinate-selection
specialization of a stable internally positive system satisfies the
needed positive-dominance condition, whereas a general dense
projection or graph aggregation need not.

V. MODEL REDUCTION OF MAS
USING GRAPH CONTRACTIONS

The preceding sections characterize admissible projections
and their error, but do not prescribe how to choose the free
subspace in Theorem 1. For multi-agent systems it is natural
to require every reduced coordinate to represent one original
agent or a connected aggregate, with actuated and measured
agents retaining individual identities. Vertex partitions provide
exactly this structure: their normalized characteristic matrices
define orthogonal projections whose quotient graph gives a
physical interpretation to the reduced dynamics. Requiring
every interface vertex to be a singleton cell enforces the
protected-subspace condition of Theorem 1, replacing the con-
tinuous search over projection subspaces with a combinatorial
search over interpretable quotient graphs. When the positively
dominated specialization of Section IV applies, the true H,
error equals the dc gain, so candidate contractions can be
scored without a frequency sweep. This construction is a form
of graph coarsening [21] and is related to clustering reductions
[5]-[7], in particular to the positivity-preserving clustering
of positive directed networks [10] and to dissimilarity-based
clustering [8]; its distinctive constraint is exact preservation of
every interface vertex.

A. Edge-Matching Graph Partitions

An r-partition, denoted as 7., of a vertex set V is the
partition {C;}7_, of V into r cells such that

UC’i:VandCiﬁCj:Q).

i=1
We call an r-partition Z-invariant for some Z C V if for each
i=1,...,r, one has |C;NZ| < 1. It is strongly Z-invariant if

Thus every interface vertex forms a singleton cell. We denote
the set of strongly Z-invariant r-partitions by S,.(V). Figure 4
illustrates the definitions.

€| = 1. (25)

(@) (b) ©

Fig. 4. A set of |V| = 9 nodes showing (a) a 3-partition, (b) an Z-invariant
3-partition with Z = {2,3,5} (in red), and (c) a strongly Z-invariant 5-
partition.

Given a graph G = (V, £) and a subset of its edges & C &,
the edge-induced partition 7 () is the collection of connected
components of (V, &) [22]. This is illustrated in Figure 5.

Given an r-partition 7 = {C;}I_,;, we define M(w) €
R™*" as the partition characteristic matrix (PCM). Its entry
[M(m)];; equals 1 when ¢ € C; and 0 otherwise. The
corresponding partition projection matrix (PPM) is P(w) =
M (7)(M (7)™ M (7))~'/2. For example, for the 3-partition in
Figure 4a, we have

T

0 1
0 0
10

o o

1010 0
M@ =10 00 1 1
0100 0

C O = O
< o~

For a MAS X(G,U,Y) let Z=UU Y. If B and C select
interface coordinates and 7 € S,.(V), then P(7)P(r)T fixes
each interface basis vector. Consequently B = P(7)P(m)T B
and C = CP(m)P(m)T, so the partition PROM is inter-
face invariant. Strong rather than ordinary invariance is re-
quired. Merging an interface vertex with a non-interface vertex
changes its coordinate vector.

B. Stability of Positive MAS Contractions

For Metzler network dynamics, graph contractions admit a
stability certificate that is distinct from the Euclidean dissipa-
tivity condition of Proposition 1. Recall that a Metzler matrix
A is Hurwitz if and only if there exists a vector v > 0 such
that Av < 0. A partition projection preserves this certificate
whenever the positive vector is constant on every partition cell.

Proposition 6 (Positive-vector stability of MAS contractions).
Let A € R™™ "™ be Metzler, and suppose there exists v > 0
such that Av < 0. Let m = {C;}_, be a partition
with normalized characteristic projection P = P(mw) =
M (m)(M(7)T M ())~Y/2. If v € im P, equivalently, v is con-
stant on every cell C;, then the contracted matrix A, = PT AP
is Metzler and Hurwitz. More precisely, writing v = Pv,, one
has v, > 0 and A,v, = PTAv < 0.

Proof. Because P is a normalized characteristic matrix, P >
0 and its columns have disjoint supports. The assumption
v € imP and v > 0 therefore imply that the unique
vector v, = PTv satisfying v = Pu, is strictly positive.
For i # j, [A)i; = plFAp; > 0, since p;,p; > 0 have
disjoint supports and all entries of A connecting distinct
coordinates are nonnegative; hence A, is Metzler. Moreover,
A,v, = PTAPv, = PT Av < 0, because Av < 0 and every



row of PT is nonnegative and nonzero. The Metzler stability
criterion then implies that A, is Hurwitz. O

Remark 5 (Grounded-Laplacian networks). For A = —(L +
gl) with g > 0 and a graph Laplacian satisfying L1 = 0,
choose v = 1. Then Av = —g1 < 0, and 1 is constant on
every partition cell, so Proposition 6 applies to every partition.
If n; = |Cy| and v, = [\/n1,..., /1|7, then Pv, =1 and
A,v,. = —gv,.. Thus every graph contraction is Hurwitz. Since
A, is Metzler and has the strictly positive eigenvector v, its
spectral abscissa is —g. Hence the contraction preserves the
decay margin exactly.

This criterion is complementary to Proposition 1: it is
specific to nonnegative partition projections and Metzler dy-
namics, but does not require Euclidean dissipativity and there-
fore also applies to nonsymmetric positive network models.
Positive dominance itself remains an input—output property
of an already stable transfer matrix; Proposition 6 supplies
the internal stability certificate needed for this class of MAS
contractions.

The natural goal is to find the partition 7* € S,.(V)
that minimizes ||X — X, (P(7))| . Finding such an optimal
partition, however, is numerically intractable for a moderate
number of nodes: the number of r-partitions is the Stirling
number of the second kind, which for r < n is asymptotically
S (n,r) ~ =5 [23, p.18].

Fig. 5. An edge-induced partition of a connected graph G. The edges in &
are drawn in red and the resulting connected components of the induced graph
G = (V, ;) are outlined with dashed lines. Thus the edge-induced partition
w(&s) yields a 4-partition.

C. Sequential Greedy Coarsening

Since exact minimization over S,.(V) is combinatorially
intractable, we adopt a greedy heuristic that builds the target
partition one vertex-merge at a time. A naive approach would
select the n — r best edges simultaneously, but this can create
cycles and need not produce exactly r cells; it also ignores
interactions between successive merges. Algorithm 1 below
addresses both issues: it performs one admissible merge at a
time, recomputing every candidate score after each step. The
default score is the true error J(P) = ||X— X, (P)|| o, directly
addressing cases in which the product bound is conservative.
When exact norm evaluation is too costly, byroq in (16) may
be substituted, but only after the stability tests required by
Corollary 1.

The procedure is formalized in Algorithm 1. Starting from
the finest partition (each vertex its own cell), at each iteration
all edge-adjacent cell pairs are enumerated; merges that would
violate the strong interface-invariance constraint (25) or yield

an unstable reduced model are discarded, and the remaining
candidates are scored. The algorithm commits to the merge
with the best score and repeats until the target order r is
reached or no admissible merge remains.

Algorithm 1 Sequential interface-preserving edge coarsening
Input: MAS X(G,U,Y) of order n, candidate edges &. C &,
target order 7 > |Z|, score J(7') := ||X — B |(P(7))| o 0r
bprod (2, P(")), optional Lyapunov X.

1) Inmitialize. Set m < {{v} : v € V}. Test (7); record y if
satisfied, else validate X. For Metzler dynamics, check
whether v > 0 with Av < 0 is available (Prop. 6).

2) Repeat while |7| > 7:

(a) Generate. Form all 7’ by merging adjacent cells
via edges in &..
(b) Filter. Discard 7’ violating (25). Certify stability
via Prop. 1; for Metzler dynamics use Prop. 6 when
v € im P(n’). Remaining uncertified candidates
undergo a direct Hurwitz test; unstable ones are
discarded. If J = bproq, also discard candidates
with unstable factors.
(c) Select. If no  admissible remains,
return early-stop. Otherwise set
7 < argmin_, J(7’) and record J(), bproq, and
the certificate.
Output: ¥ (P(n)), termination status, and per-step scores
and certificates.

/

The stability certificates used in Algorithm 1 are Proposi-
tion 1 and, for positive network contractions, the certificate of
Proposition 6 tailored to nonnegative partition projections.

Taking £, = & gives the richest local search and is the
default in the supplied implementation. The merge objective
is not known to be submodular, so data-independent greedy
approximation ratios do not apply. The following result instead
provides a computable a posteriori certificate for every run that
reaches the requested order.

Proposition 7 (A posteriori greedy certificate). Let ot (%)
be the (r + 1)st Hankel singular value of the stable full-order
system, with value zero when its McMillan degree is at most
r. Suppose Algorithm 1 reaches the requested order with a

stable sequence {E%k) i, and define

Z =) =

Let J} be the optimal value of Problem 1, and let V¥ be the
optimal value of Problem 2. Then

Jg = HE E(n r)”om k_l)Hoo-

o (B) STF S TESUE, 0l4(B) SV < UE. (26)

Consequently, if 0?_‘_1(2) > 0, the returned model satisfies the
certified approximation factors

J& JE Us Ug
< < 5= (27
J* 7+1(E) V* 7"+1(Z)



Proof. For every stable transfer matrix 3, of McMillan degree
at most r, the Hankel-operator approximation theorem gives

I = S lle > [Hs - Hg |l = ory1(%)

[3], [24]. This applies to every feasible final model in both
problems. The triangle inequality gives J& < U$ and, for
every feasible sequence, its accumulated cost is no smaller
than its final error. Finally, the greedy output is feasible for
both problems whenever it terminates. These observations give
(26); division by a positive lower bound gives (27). O

Proposition 7 is an a posteriori result; it does not establish a
uniform approximation ratio. Algorithm 1 returns the certified
upper bound Ug, while the Hankel singular value supplies a
universal lower bound on either global optimum. The lower
bound is taken over all stable order-r approximants, including
dense unstructured ones, and can be much smaller than the best
interface-preserving error when the plant is nearly reducible
in unstructured coordinates—as in the thermal network of
Section VI, where the interface-preserving error exceeds 0?_,_1
by a factor of at least 277 already at » = 60. The certificate
is therefore a worst-case safety net rather than a typical
performance prediction.

VI. CASE STUDY: A 65,566-STATE CHIP THERMAL
NETWORK

Dynamic thermal management of a processor acts on the
power of individual functional units and reads their temper-
atures, so a compact thermal model is useful only if every
unit keeps its own input and output. The network below is
internally positive, symmetric, and strictly dissipative, so every
result of Sections II-V applies to it. The structured baseline
is Kron reduction of the same interface, known in thermal
modeling as static condensation or Guyan reduction [25]: it
keeps the interface nodes and r — |Z| interior nodes and
eliminates the rest through a Schur complement. It is a Petrov—
Galerkin PROM that preserves the interface and matches the
dc gain exactly, but it is not an orthogonal projection, so
Sections III-IV do not apply to it. We also compare against
coordinate deletion and balanced truncation (BT), and report
the true relative error | X — X, ||co /|| 2|l 0o-

A. Model and Reduction Methods

The network follows the HotSpot methodology [26], but
not its solver, for the public Alpha EV6 floorplan and GCC
power trace. A 150 um silicon die (k¢ = 130 W/(mK),
1.63 MJ/(m> K)) is discretized into a 256 x 256 grid. Each
of the 30 functional units has one active-layer node (10 pm)
coupled to the cells beneath it through a 20 um interface
layer (4 W/(mK)), and the grid is cooled through a uniform
0.1 K/W package resistance, giving n = 65,566. With con-
ductance matrix GG (a grounded Laplacian), diagonal heat
capacities Cyy, unit-node selector S, and energy coordinates
x = CY/(T = Tump), the model is

y=DB"xz, (28)

with H = C’;ﬁmGC’t_hl/z and B = C’t_hlﬂS; the inputs are
the unit powers and the outputs are the unit temperature rises.

¢ = —Hx + Bu,

TABLE I
EV6 THERMAL NETWORK: ACCURACY, STRUCTURE, AND COST
T Method  Err. (%) wpik Edges Pos. Int. Cap. Time
402 IIPROM 24.0 0 1,199 v v 100% 0.06
Kron-dc 34.0 466 12,144 v Vv 6.8% 1.2
Kron-rep 42.3 633 51,644 v Vv  6.8% 1.3
Deletion 58.5 0 3712 v v  6.8% <0.01
BT 10~ 0.6 80,601 x X - 206
6402 ITPROM 1.38 0 19,702 v v 100% 0.15
Kron-dc 3.10 406 31,902 v v 15.4% 32.6
Kron-rep 5.13 209 284,305 v v 154% @ 22.7
Deletion 47.0 0 14,892 v v 154% < 0.01

Pos.: A, Metzler and B, > 0. Int.: interface exactly preserved. Cap.: fraction of heat
capacity retained. Time: seconds, excluding the 0.46 s dc factorization shared by IPROM
and Kron-dc.

Here H = nl with n = 149.6s7L, ||X]|o = [|STG7LS]2 =
44.9K/W, and 7nin = 30 by Theorem 1.

IIPROM. Every unit node is a singleton cell, and P(7) =
CS}{QM(MTCthM)’l/Q, M = M(m), is the capacitance-
weighted partition projection of Section V: it is orthonormal
and nonnegative and contains S;,. In temperature coordinates
the reduced model is an RC network on the quotient graph
whose states are cluster-mean temperatures. The partition is
built by a one-pass divisive heuristic rather than by Algo-
rithm 1. Starting from one cluster per unit, it repeatedly
splits into quadrants the cluster with the largest capacitance-
weighted spread >, . ¢;||T; — Tc||3 of the dc temperature
field T = G~'S; these spreads sum to ||(I — PPT)X,|%,
Xy = H~ !B, the dc response discarded by aggregation. Cells
never cross unit boundaries, so the smallest order is r = 60.

Baselines. Kron reduction retains either the » — 30 cells of
highest dc-influence ||T;||2 (Kron-dc) or one representative cell
per IPROM cluster (Kron-rep). Coordinate deletion keeps the
Kron-rep nodes but truncates orthogonally, P = ez, the setting
of Theorem 3. Since H is symmetric and C' = BT BT is the
orthogonal PROM onto the r leading Gramian eigenvectors,
whose range does not contain S;j,. The Gramian factor is
computed by low-rank ADI [27] (rank 1440, 20.6s), so BT is
reported for r < 801. All reduced models are stable with decay
margin at least 7, the orthogonal ones by Proposition 1(i) and
Kron because a Schur complement of H satisfies the same
bound. Errors are computed from sparse factorizations of the
full model at 90 log-spaced frequencies and at w = 0, refining
every off-dc peak.

B. Results

Structure. The IIPROM is a sparse lumped RC network
(Fig. 6, Table I). It has about three edges per state at every
order and retains all of the heat capacity, and each of its
states is the mean temperature of an identifiable region of
the die. The Kron-reduced model is also an RC network
on physical nodes, because a Schur complement of an M-
matrix is an M-matrix. However, it discards 85-94% of the
heat capacity and fills in: at » = 402, Kron-dc has 10 times
and Kron-rep 43 times as many edges as the IIPROM. BT
yields a complete graph with a non-Metzler state matrix and
a mixed-sign input matrix. Its range only approximates the
interface (||(I — PPT)B|2/||Bll2 = 4.7% at r = 60), and its
coordinates are global modes (Fig. 6d).



(a) Full model, n =65566 (b) IPROM, r=201, 561 edges

(c) Kron, r=201, 5240 edges (d) BT basis vector 10
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Fig. 6. EV6 thermal network and reduced models at » = 201, with the uniform lower part of the L2 cache cropped; red stars mark the 30 unit (interface)
nodes. (a) Steady-state temperature rise (K) under the mean GCC power (40.2 W). (b) IIPROM: reduced graph (blue) over the cluster-mean temperatures.
(c) Kron-dc: retained cells and their 5,240-edge reduced graph. (d) A BT basis vector (symmetric log scale), which corresponds to no physical location.
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Fig. 7. EV6 thermal network: relative H o error of the structure-preserving
reductions vs. reduced order, with the IPROM product bound of Corollary 1.

Accuracy. Among the structure-preserving reductions
(Fig. 7), the IIPROM is the most accurate at every order from
r = 60 to r = 6,402. The better Kron variant has 1.16 times
the IIPROM error at r = 60 (44.9% vs. 38.8%), 1.6 times at
r = 801, and 2.25 times at r = 6,402 (3.10% vs. 1.38%).
Coordinate deletion stays at 47-58%, because deleting a cell
grounds it to ambient. Per edge the advantage widens: the
IIPROM reaches 18% error with 2,466 edges and 6.1% with
9,981, whereas Kron-dc needs 22,036 and 35,913 edges for
28.6% and 11.1%. BT is far more accurate, with 0.29% at
r = 60 and machine precision from r» = 402, and it tracks
the Hankel lower bound within a factor of about 2.5. The full
model is therefore almost exactly reducible in unstructured
coordinates, and the gap between BT and every node-based
model is the price of keeping physical structure. For the same
reason, the a posteriori factor of Proposition 7 is uninformative
here: J,/of | > 277 already at r = 60.

Where the error lives. The IIPROM and deletion errors peak
at w = 0 at every tested order (Table I). For deletion this is
guaranteed by Theorem 3. For the [IPROM it is an observation
rather than a certified property, since () has mixed signs,
but it means that the dc-gain error, obtained from a single
sparse solve, equals the H o, error. Kron reduction is exact at
dc, and its error peaks at 209-812rad/s, above 7, where the
discarded heat capacity matters. Kron therefore gives exact
steady-state temperatures for power profiles slower than about
1/n = 6.7 ms, whereas the IIPROM has the smaller worst-case
error over all frequencies.

Certificates and cost. The product bound bp.q holds at
every order, but it is conservative by a factor of 14 at r = 60
and 60 at r = 6,402, because it ignores how the input and
output couplings align. The coercive bound of Remark 4
exceeds ||X]|o and is uninformative here. Once the dc field
is available (0.465s), an IIPROM is built in 0.02-0.15s by
aggregation alone. Kron reduction takes 0.3s at » = 60 and
33satr = 6,402, and BT needs the Gramian and yields dense
models. The complete study runs in 16 minutes on a laptop.

VII. CONCLUSIONS

We characterized interface-invariant orthogonal projections
as those whose retained subspace contains im[B C7], and
factored the reduction error into input-coupling, internal-
dynamics, and output-coupling systems. The factorization
gives a submultiplicative H, bound that becomes an exact
dc-gain expression for positively dominated factors; strict
dissipativity certifies stability, and a Hankel singular value
gives an a posteriori approximation factor.

On a 65,566-state processor thermal network with 30
functional-unit interfaces, interface-preserving graph coarsen-
ing produced sparse, positive RC models that retain all of the
heat capacity. At every tested order they were more accurate
in Hoo than Kron reduction of the same interface, by up to a
factor of 2.25 and with up to 43 times fewer edges. Balanced
truncation was far more accurate but produced dense models
whose coordinates mix the interface; this gap is the price of
keeping physical structure.

APPENDIX A
PROOF OF THEOREM 2

Proof. The proof has two steps: an expression for . in terms
of the discarded directions (), and its factorization. Both use
the block form of @ in the coordinates U = [P @],

—Apg

e |8 — App
N=UToU = NaANE

—Agp
with blocks N;;. Since U is orthogonal, N~! = UT®~'U; in
particular, (N~ 1)y = QT 1Q.

Error transfer matrix. The feedthrough D cancels, and 3, =
CPN;;!PTB, so 3, = C(®~! — PN;;' PT)B. With S =
Nog — Noy Nl_llng, the partitioned inverse [28] gives NI
diag(N;;',0) = [-N;;* Nig; 1) S™' [~ Noy Ny I). The two



outer factors times S~! are the second block column and row
of N71, and (N~1)9 = S~1, so the right-hand side equals
(N7Y).o (N~ (N~1)y... Multiplying by U on the left and
UT on the right, and using UN~! = ®~1U, gives

q)fl _ PN1_11PT — @71Q(QT®71Q)71QT®717

which for symmetric positive-definite ® is Khatri’s lemma
[29]. Substituting into f]e proves (13).

Factorization. Let A = QTd1Q, 6 = CP1QAL,
and I' = A-1QT® 1B, so that . = OATL by (13); A
has the realization (A4,Q,Q7,0) directly. The off-diagonal
blocks of NN~! = [ and NN = I give (N 1)5 =
7N1_11N12(N71)22 and (Nil)gl = 7(N71)22N21N1_11. In-
serting I = PPT +QQ" next to ®~!, and using PT®~1Q =
(N1)15 and QTP = (N 1)y, yields

dIQA™ = P(sI, — App) 1 Apg + Q,
AT'QT®™! = Agp(sI, — App) ' P + Q"

Hence © = CP(sl, — App)~'Apg + CQ and I =
Agp(sl, — App) 'PTB + QT B, the transfer matrices of
© and T in (15). O
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