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We suggest a behavioral multi-agent system where each behavioral
primitive is identified with an operation on the underlying graph struc-
ture of the networked system. As an example of a behavioral multi-agent
system, the aggregating consensus protocol is defined as a consensus
model with the graph contraction operation as a behavioral primitive.
Several case study simulations are provided to demonstrate the dynamic
properties of this new model.

I. Introduction

In the seminal works by Brooks [1,2] on artificial intelligence, the notion of behavioral
primitives were established. These primitives, Brooks argued, define a set of low-level
basic tasks that any intelligent robot should be able to perform. For multi-agent systems,
it is natural to ask if there are similar behavioral primitives that define a collective
intelligence of the system. In fact, it may not be sufficient that the individual robots
(or agents) in a multi-agent system behave intelligently. Rather, the intelligence of a
multi-agent system should be based specifically on the tasks that can be performed by
inter-agent interactions and coordination.

Multi-agent operations such as gathering, avoidance, and docking were suggested as
behavioral primitives for obtaining intelligent satellite clusters [3–5]. However, in those
studies the graph-basis of the system is not exploited. Graph grammars have been used
for self-organizing of robots [6].

Here we suggest a behavioral multi-agent system where each behavioral primitive is
identified with an operation on the underlying graph structure of the networked sys-
tem. We can then fully exploit graph theoretical tools and algorithms for the design and
analysis of such systems.

In a networked dynamic system a graph operation results in a change of the graph
structure, and a corresponding change of the dynamical system, e.g., networked dynamic
systems with switching connectivity [7]. In a more general behavioral multi-agent system,
the translation of behavioral primitives to graph operations may be interpreted as a hybrid
dynamical system [8] or an event-triggered multi-agent system [9].

The consensus protocol has been a benchmark problem in the study of multi-agent
systems. In a consensus model, agents asymptotically converge to an agreement of a
single value [7]. In practice, agents have a finite size and will eventually collide during
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the process. For some applications, as smart structures assembly, these collisions end in
a physical link between agents which are required to form larger structures from agent
level building blocks. In a previous study [10], we have presented model reduction of the
consensus protocol based on graph contractions. In this study we use graph contractions
as a single behavioral primitive representing the merging of nodes and the resulting re-
duction of the underlying graph structure and a dimension reduction of the consensus
model.

The remaining sections of this paper are as follows. In Section II, we provide the
mathematical description of the graph contraction operation which is the basis of the
aggregating consensus protocol. In Section III, we formulate the aggregating consensus
as a case study for a behavioral multi-agent system. In Section IV, two simulation
case studies of the aggregating consensus are presented. Section V provides concluding
remarks.

Preliminaries A graph G = (V , E ,W) consists of a vertex set V (G), an edge set

E (G) = {ε1, . . . , ε|E|} with εk ∈ V2, and a set of positive edge weights, W (G) = {wi}|E|i=1.
The order of the graph is defined as the number of nodes, n = |V|. Two nodes u, v ∈ V (G)
are adjacent if {u, v} ∈ E (G). A path in G is a sequence of distinct vertices such that
consecutive vertices are adjacent. If all distinct pairs of vertices of G are connected by a
path in G then G is connected.

We assign an orientation to the edges using head and tail functions, hE , tE : E → V
where hE (εk) and tE (εk) return, respectively, the head and tail nodes of edge ek. If
G is an undirected graph then the head and tail of each edge are arbitrary; if G is a
directed graph (digraph) then the head and tail define the direction of the edge. A self-
loop is an edge ek ∈ E such that hE (εk) = tE (εk). A simple graph does not include
self-loops. The head and tail functions can be used to define the incidence function fE :
V (G)×E (G)→ {±1, 0}, with fE (vi, εj) = 1 if hE (εj) = vi, fE (vi, εj) = −1 if tE (εj) = vi,
and 0 otherwise. The incidence function can be used to define the corresponding incidence
matrix, E (G) ∈ R|V|×|E|, with entries [E(G)]ij = fE (vi, εj). For a simple undirected graph,

the Laplacian matrix L (G) ∈ R|V|×|V| is defined as L (G) = E (G)W (G)E (G)T [11]. The
Laplacian matrix eigenvalues are non-negative and can be ordered as 0 ≤ λ2 ≤ · · · ≤ λn.
The second smallest eigenvalue of L (G), λ2 (G) is also known as the Fiedler eigenvalue or
the algebraic connectivity of L (G).

II. Graph Contractions

Graphs and their algebraic representations are the main modeling tools for networked
systems. In order to model behavioral multi-agent systems we must translate network
behavioral primitives to operations on the underlying graph structure. An important ex-
ample of a behavioral primitive in a networked system is the physical connection between
a subset of agents due to docking or collision. The corresponding graph operation is then
the merging of the subsets of agent-representing nodes to a single node. If as a result of
such physical connections in the system the communication network is preserved, then
each merged node will maintain all edges connecting adjacent nodes prior to the merge.
The graph operation modeling such changes in the network is a graph contraction. Graph
contractions have been widely used in graph theory, e.g. for graph clustering [12] and in
the study of network communities [13]. The following section describes the mathematical
formulation of graph contractions.
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A graph contraction is a reduction of a graph based on a partition of the vertex set.
We define an r-partition π of a vertex set V as a collection of r subsets or cells Ci ⊆ V such
that Ci ∩ Cj = ∅ and ∪ri=1Ci = V . We denote the set of all r-partitions of V by Pr (V).
The graph contraction of a graph G = (V , E) over a given r-partition π ∈ Pr (V (G)) is an
operation performed by merging all nodes inside each partition cell while maintaining the
connectivity between adjacent nodes in different cells. Thus, each cell Ci is contracted to
a single node, and cells Ci and Cj are connected by an edge in the reduced graph if there
exists a node u ∈ Ci and a node v ∈ Cj such that {u, v} ∈ E (G). In the event of multiple
edges connecting two cells, redundant edges are removed from the contracted graph.
The contracted graph of G over π is denoted as G � π. For example consider the graph
contraction in Figure 1 over the partition π = {{v1} , {v2, v3} , {v4, v5}} ∈ P3 (V (G)).

Figure 1: Graph contraction illustration

Theorem 1 If G is connected then G � π is connected.

Proof 1 This can be shown based on the observation that any path in G is transformed
to a walk in G � π, where a walk is a sequence of nodes without restricting to distinct
nodes [10].

Definition 1 We define the partition characteristic matrix Pπ ∈ R|V|×r for an r-partition
π ∈ Pr (V (G)) as [Pπ]ij = 1 if vi ∈ Cj, and 0 otherwise.

An important observation is that the graph contraction operation can be equivalently
expressed as a linear operation on the incidence matrix of the graph. In our previous
work [10], we have shown that the incidence matrix of the reduced graph Gr = G � π can
be expressed by the transformation

E (Gr) = P T
π E (G)Uπ, (1)

where Uπ is some appropriately chosen matrix. Recalling that L (G) = E(G)W (G)E(G)T

we obtain the corresponding contracted graph Laplacian matrix,

L(Gr) = P T
π E (G)UπW (Gr)UT

π E (G)Pπ, (2)

with W (Gr) a chosen set of contracted graph edge weights.
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III. The Aggregating Consensus Protocol

The consensus protocol can be viewed as a benchmark problem in the study of multi-
agent systems, and therefore it is a natural case study of a behavioral multi-agent system.
In a physical system running the consensus protocol, agents may have a finite physical
dimension and once they are in close proximity they will collide. From another perspec-
tive, we can imagine agents that approach each other can merge together, forming a new
’super’ agent that may continue running the consensus protocol with the remaining adja-
cent agents - the consensus protocol combined with this merging behavioral primitive is
what we term an aggregating consensus protocol. This aggregating process can continue
until all nodes have contracted. We first describe the linear consensus protocol and then
combine it with the graph contraction operation to model the aggregating process.

We consider the linear consensus protocol over G = (V , E ,W), a simple connected
undirected graph of order n, with each node representing an agent. Each node vi ∈ V (G)
is associated with a state variable xi ∈ R which evolves according to a continuous time
dynamical system

ẋi = −
∑
j∼i

(xi − xj) , (3)

where j ∼ i denotes that node vj is adjacent to node vi. Taking x = col (x1, x2, . . . , xn) ∈
Rn as the multi-agent system state, the overall state-space representation of the linear
consensus protocol is

ẋ = −L (G)x, (4)

where L (G) ∈ Rn×n is the Laplacian matrix [14]. For a multi-dimensional case xi ∈ Rd

and x ∈ Rdn, and the consensus model is extended with the Kronecker product

ẋ = − [Id×d ⊗ L (G)]x. (5)

Some important properties of the linear consensus protocol (4) are as follows [14]:

Theorem 2 A graph G is connected if and only if λ2 (G) > 0.

Theorem 3 The linear agreement protocol converges to the agreement set A from any
initial condition if and only if λ2 (G) > 0, where the agreement set is the span of the all
ones vector, A = span {1}. Furthermore, λ2 (G) dictates the rate of convergence.

Theorem 4 If G is a connected graph of order n then all agents will asymptotically
converge to a point which is the average of their initial condition,

lim
t→∞

x (t) =
1

n
11

Tx (0) ∈ A. (6)

In the linear consensus model agents are represented by zero dimension points. In
order to allow merging during the consensus protocol we define the aggregating threshold
rc > 0 such that two agents xi and xj will merge when |xi − xj| ≤ rc. We observe
that when agents are associated to the nodes in a graph, this merge is equivalent to
the graph contraction operation described in Section II. In order to fully describe the
aggregating process with the mathematical abstraction of graph contractions, we define
the contraction graph Gc (G, x (t)) = (V (G) , Ec (x)) where the edge set Ec captures all
collisions,

Ec (x (t)) =
{
{i, j} ∈ V2| ‖xi − xj‖ ≤ rc

}
. (7)
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Definition 2 The connected components partition of a graph G is the partition πcc (G) =
{Ci}ncc

i=1 such that any distinct pair of nodes in the same cell of πcc are connected by a
path in G, and any pair of nodes in distinct cells of πcc are not connected by any path in
G.

We construct the contraction partition πc (G, x (t)) as the connected components par-
tition of Gc (G, x (t))

πc (G, x (t)) = πcc (Gc (G, x (t))) , (8)

and the corresponding graph contraction as

Gr = G � πc (G, x (t)) . (9)

The contraction graph Gc is a dynamic graph and changes as a function of the state
x (t). As long as all agents are within a distance greater than rc then Ec is an empty set
and πc is a trivial partition consisting only of singlet cells such that G � πc (G, x (t)) = G.
With no change in the graph, the agents follow the linear consensus. If a subset of agents
are within pairwise distances less than rc then πc will contain a non-singlet cell. At that
point a graph contraction event occurs and the graph changes according to the graph
contraction operation,

G(k) = G(k−1) � π(k), (10)

where we define π(k) , πc
(
G(k−1), x (tk)

)
and G(k−1) is the constant graph between event

times tk−1 and tk. As described in Section II, we can perform an Algebraic transformation
of the Laplacian matrix of the graph G(k) to obtain the Laplacian of the contracted graph
G(k+1)

L(G(k+1)) = P T
(k+1)E

(
G(k)
)
UπW

(
G(k+1)

)
UT
π E

(
G(k)
)
P(k+1), (11)

where P(k) is the partition characteristic matrix corresponding to the partition π(k). The
contracted Laplacian is then a realization of a new consensus protocol over the contracted
graph. Since the number of agents decreased we must reinitialize the state. There is some
freedom in choosing the initial state of each node in the contracted graph G(k+1). Here
we choose the contracted state as the average of the states of the merged nodes in each
cell Cj ∈ π(k+1)

x
(k+1)
j (tk+1) =

1

|Cj|
∑
i∈Cj

x
(k)
i (tk+1) . (12)

This choice is consistent with Theorem 4 such that if all agents are within an initial
distance less than rc they will merge to a single position at the average of their initial
state.

Proposition 1 The reinitialized state after the k’th contraction of Eq.(12) takes the
form,

x(k) (tk) = D−1(k)P
T
(k)x

(k−1) (tk) , (13)

and the extended model reinitialized state takes the form

x(k) (tk) =
[
Id×d ⊗

(
D−1(k)P

T
(k)

)]
x(k−1) (tk) , (14)

where D(k) , P T
(k)P(k) is a diagonal matrix with

[
D(k)

]
jj

= |Cj|.
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Proof 2 For an r-partition π ∈ Pr (V (G)) the partition characteristic matrix is defined
as [Pπ]ij = 1 if vi ∈ Cj, and 0 otherwise (Def. 1). Let di denote the number of nodes in
the cell Ci ∈ π, di = |Ci|. Without loss of generality we can order the vertices such that

Pπ =


1d1

1d2
...

1dr

 (15)

where 1di is the all ones vector in Rdi. We first obtain that

Dπ = P T
π Pπ = Diag (di, d2, . . . , dr) .

We also observe that for x ∈ Rn we get y = P T
π x ∈ Rr where

yj = 1
T
dj

[
0 xj1 xj2 · · · xjdj 0

]T
=

dj∑
i=1

xji ,

with ji =
j−1∑
k=1

dk + i. Since we ordered the nodes such that vji ∈ Cj we obtain yj =∑dj
i=1 xji =

∑
i∈Cj

xi, and normalizing by D−1π we get ŷ = D−1π P T
π x and

ŷj =
1

dj

∑
i∈Cj

xi =
1

|Cj|
∑
i∈Cj

xi.

For x ∈ Rdn we can reshape the vector to a matrix X =
[
x[1], x[2], . . . , x[d]

]
∈ Rn×d

where each column corresponds to a dimension. We then get Ŷ = D−1π P T
π X, and column

stacking Y and using the Kronecker product we get the required equation

ŷ =
[
Id×d ⊗

(
D−1π P T

π

)]
x. (16)

With the contraction event we can fully describe the aggregating consensus protocol
as an event triggered system given in Algorithm 1.

Theorem 5 For any connected graph G(0) of any order n0 < ∞ and any x(0) (t0) ∈
Rdn0, ∃N < ∞ and tN < ∞ such that the aggregating consensus protocol (Algorithm 1)
terminates in G(N) (tN) of order nN = 1.

Proof 3 Without loss of generality we can assume that at time t0 all agents are within
pairwise distances greater than rc and that the agents follow the linear consensus over G(0)
(Eq. (17)). Since G(0) is connected then from Theorem 2 we obtain that λ2

(
G(0)
)
> 0, and

therefore, the system will converge towards agreement from any initial x(0) (t0) (Theorem
3). Therefore, after a finite time δ1 = t1− t0 a pair of agents will be within a distance rc,
such that π(1) = πc

(
G(0), x(0) (t1)

)
will contain a non-singlet cell. At that point a graph

contraction event is triggered resulting in the reduced graph G(1) = G(0) � π(1) of order
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Algorithm 1 Aggregating consensus protocol

Initialize: x(0) (t0) ∈ Rdn0 , G(0) of order n0

1. Integrate the system dynamics from time tk according to the linear consensus pro-
tocol (4) over the graph G(k) of order nk

ẋ(k) (t) = −
[
Id×d ⊗ L

(
G(k)
)]
x(k) (t) . (17)

2. Continuously calculate the contraction partition at time t, πc
(
G(k), x(k) (t)

)
=

πcc
(
Gc
(
G(k), x(k) (t)

))
.

3. If πc
(
G(k), x(k) (t)

)
is not trivial,

(a) perform a graph contraction G(k+1) = G(k) � π(k+1),

(b) switch the dynamics to a consensus model over the contracted graph G(k+1) of
order nk+1 < nk,

(c) reinitialize the consensus system state as according to x(k) (tk) =[
Id×d ⊗

(
D−1(k)P

T
(k)

)]
x(k−1) (tk).

n1 < n0. From theorem 1 we obtain that G(1) is connected, and therefore, λ2
(
G(1)
)
> 0

and the agents running the linear consensus must again converge to agreement from any
initial condition, such that after a second finite time interval δ2 = t2 − t1 the system
will contract again to a graph of order n2 < n1. Since the graph order monotonically
decreases, i.e., nN < nN−1 < . . . < n0, then ∃N < ∞ such that after N contraction
events the graph order must be nN = 1 and the last contraction time is tN = t0 + ∆N

where ∆N =
∑N

i=1 δi. All intervals are finite therefore ∆N <∞ and tN <∞.

IV. Case Studies

A. First Case Study - Aggregating Protocol with 8 Node Graph

As a first example, consider the aggregating consensus protocol (Algorithm 1) with initial
simple graph G(0) of order 8 with unit edge weights given in Fig.2. The initial state is
x(0) (t0) = col (x1 (t0) , . . . , x8 (t0)) with xi (t0) ∈ R2 according to the positions in Fig.2.

As a reference the consensus model (rc = 0) over G(0) is simulated for 10 sec and the
results are shown in Fig.3.

The aggregating protocol is then performed for rc = 0.1 and all reduced graphs are
assigned unit edge weights. The simulation results are shown in Fig.4.

For the same aggregating model we also examine the number of agent cells (Fig.5), the
graph dynamics sequence

{
G(k)
}nc

k=0
(Fig.6) and the variation in λ2

(
G(k)
)

(Fig.7), where
nc is the number of contractions performed from n = n0 nodes to n = 1.
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Figure 2: Simple graph of order 8
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Figure 3: Linear consensus model over 8 node graph
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Figure 4: Aggregating protocol with initial 8 node graph
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Figure 5: Number of agent cells during the aggregating protocol
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Figure 6: Graph contraction sequence during the aggregating protocol
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We examine the effect of varying rc on the aggregating dynamics.
For rc = 0, 0.01, 0.02, 0.05, 0.1, 0.2 we obtain the number of agent cells (Fig.8), the

variation in λ2
(
G(k)
)

(Fig.9) and the standard deviation of agent positions along both
coordinates (Fig.10).
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Figure 8: Number of agent cells with varying rc
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with varying rc
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Figure 10: Standard deviation with varying rc
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B. Second Case Study - Aggregating Protocol with the Bucky Graph

Next we apply the aggregating protocol on a Buckminster Fuller (“Bucky”) graph with
unit edge weights (Fig.11). The Bucky graph is of order 60 with 90 edges (Fig.11).
The initial state is x(0) (t0) = col (x1 (t0) , . . . , x60 (t0)) with xi (t0) ∈ R2 according to
the positions in Fig.11. The aggregating protocol is then performed for rc = 0.1 and
all reduced graphs are assigned unit edge weights. The simulation results are shown in
Fig.12.

Figure 11: The Bucky graph

Figure 12: Aggregating protocol with Bucky graph x1x2 plane dynamics

Again we examine the effect of varying rc on the aggregating dynamics. For rc =
0, 0.01, 0.02, 0.05, 0.1, 0.2 we obtain the number of agent cells (Fig.13), the variation in
λ2
(
G(k)
)

(Fig.14) and the standard deviation of agent positions along both coordinates
(Fig.15).
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Figure 13: Number of agent cells with varying rc
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Figure 15: Standard deviation with varying rc
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C. Discussion

From the two case studies we observe, as expected, that the change in the contraction
radius rc determines the time for first contraction event, i.e., the larger rc the sooner
the first contraction will occur. A less obvious result is that after the first contraction
event the system undergoes similar dynamical changes in the number of cells, in λ2 and
in the standard deviations, i.e., the rate of convergence, the number of merged cell as
well as the change in λ2 are only shifted with the change of the contraction radius rc. We
also observe that the change of magnitude of λ2 is not preserved and not monotonically
increasing or decreasing.

V. Conclusions

The aggregating consensus model has been presented as an example for a behavioral
multi-agent system, and graph contractions were used as a model for merging agents. An
event-triggered algorithm has been derived for the aggregating protocol and a proof of
convergence of the aggregating process was provided.

From the two case studies we observe that when changing the contraction radius rc
the system preserved similar dynamical properties. This similarity is a matter of further
research and investigation. As the rate of convergence is dictated by λ2, the time for
first contraction can be predicted from the initial dispersion and initial λ2. We can also
further exploit the adaptation of edge weights to maintain a constant λ2.
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