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Abstract—This letter presents a geometric input-output
analysis of distance-based formation control, focusing on the
phenomenon of steady-state signal blocking between actuator
and sensor pairs. We characterize steady-state multivariable
transmission zeros, where fully excited rigid-body and deforma-
tional modes destructively interfere at the measured output. By
analyzing the DC gain transfer matrix of the linearized closed-
loop dynamics, we prove that for connected, flexible frame-
works, structural transmission zeros are strictly non-generic;
the configuration-dependent cross-coupling required to induce
them occupies a proper algebraic set of measure zero. How-
ever, because extracting actionable sensor-placement rules from
these complex algebraic varieties is analytically intractable, we
restrict our focus to infinitesimally rigid formations. For these
baselines, we prove that the absence of internal flexes forces the
zero-transmission condition to collapse into an explicit affine
hyperplane defined by the actuator and the global formation
geometry, which we term the spatial locus of transmission
zeros. Finally, we introduce the global transmission polygon—
a convex polytope constructed from the intersection of these
loci. This construct provides a direct geometric synthesis rule
for robust sensor allocation, guaranteeing full-rank steady-state
transmission against arbitrary single-node excitations.

I. INTRODUCTION

The coordination of autonomous multi-agent systems re-
lies heavily on distributed control protocols, where agents
maintain desired formations using only local relative mea-
surements [1], [2]. Distance-based formation control, driven
by gradient-descent laws derived from edge-tension poten-
tials, has emerged as a robust solution for operations in GPS-
denied or decentralized environments [3]-[6].

However, under a localized exogenous disturbance—or
when control authority is restricted to a single “leader” agent
for maneuvering—the inherent spatial geometry may com-
pletely block these inputs from reaching measured outputs.
From a multivariable control perspective, this phenomenon
occurs when the steady-state input-output mapping becomes
rank-deficient. In such cases, perfect destructive interference
causes certain disturbance directions to vanish entirely at the
measured output, which is formally classified as a steady-
state transmission zero [7, Sec. 4.5].

While the algebraic and graph-theoretic conditions for
transmission zeros have been explored in standard integrator
consensus networks—linking signal blocking to shortest paths
and residual graph structures [8], [9]-the specific geometric
complexities of distance-based formations remain entirely
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uncharacterized. Recent geometric work on distance-based
formations has primarily focused on state-space uncontrolla-
bility [10], where an actuator fails to excite a hidden mode
because it physically lies exactly at the center of a pure
rotation.

In this letter, we address a fundamentally different phe-
nomenon: if the actuator and sensor are not pinned [10],
meaning all relevant modes are successfully excited and
measured, what exact spatial configurations induce a steady-
state transmission zero? Translating these formal algebraic
rank-deficient conditions into explicit spatial coordinates is
critical for ensuring robust network operation.

By analyzing the linearized formation dynamics, the main
contribution of this letter is to geometrically characterize
these steady-state transmission zeros. Specifically, our con-
tributions are threefold:

« We derive a closed-form algebraic condition for when
the steady-state DC gain matrix becomes rank-deficient.
Using this, we prove that transmission zeros in con-
nected, flexible frameworks are strictly non-generic,
occurring exclusively on an algebraic set of measure
Zero.

o For infinitesimally rigid formations, we define and char-
acterize the spatial locus of transmission zeros. We
prove that the linearized steady-state signal perfectly
vanishes if and only if the sensor is placed on a specific
line (an affine hyperplane) dictated entirely by the
actuator’s position and the formation’s global geometry.

o We introduce the global transmission polygon, a safe
convex region constructed from the intersection of valid
half-planes. This construct provides a direct geometric
rule for placing sensors to guarantee full rank of the DC
gain matrix.

The remainder of this letter is organized as follows.
Section II introduces the preliminaries of graph rigidity and
formulates the linearized input-output network dynamics.
Section III derives the steady-state DC gain rank-loss con-
ditions, proves that transmission zeros in connected, flexible
networks are constrained to measure-zero algebraic sets, and
extracts explicit geometric boundaries—the spatial locus and
global transmission polygon—for infinitesimally rigid forma-
tions. Section IV presents numerical simulations validating
these exact geometric constraints, and Section V provides
concluding remarks.

Notations: The sets of real and complex numbers are
R and C. The n x n identity matrix is I,,, and e; € R™ is the
i-th standard basis vector. The Kronecker product is ®. For
a block vector v € R?", its 2-dimensional spatial component
at agent i is [v]; := (e, ® I)v € R2. The generator of 2D



rotations is 2 = [(1) _01 ] The null space and range space of

a matrix A are ker(A) and Im(A). Finally, for a coordinate
vector p € R?", R[p] denotes the ring of polynomials in p
with real coefficients, and R(p) denotes the field of rational
functions in p.

II. PRELIMINARIES AND PROBLEM FORMULATION

This section establishes the mathematical foundation re-
quired to formalize the geometric transmission zero problem.
First, Subsection II-A models the spatial embedding of the
network using graph rigidity theory. Next, Subsection II-
B formulates the input-output formation control problem,
culminating in the core objective of identifying the geometric
configurations that induce a steady-state transmission zero.

A. Graph Rigidity and Modal Subspaces

Consider a formation of n agents in R? with an undirected
sensing graph G = (V, &), where V = {1,...,n} and £ C
V x V. Each agent obeys single-integrator dynamics p; = u;,
with position p; € R? and control input u; € R?. The stacked
configuration is p = [p{,...,p}]T € R?".

The formation geometry is encoded by the rigidity func-
tion F' : R?" — RI€l, where each component evaluates
the squared inter-agent distance, Fy(p) = %lp; — p;||?, for
edge ¢ = (i,j) € & [11]. The |€| x 2n rigidity matrix
R(p) = 61;;;0) is the Jacobian of F' [12]. Let p* denote a
target equilibrium and assume the configuration p* affinely
spans R?. Then ker(R(p*)) contains at least a 3-dimensional
subspace of trivial rigid body motions (RBMs). When this
is exact, i.e., when dimker(R(p*)) = 3, the framework
is infinitesimally rigid; if dimker(R(p*)) = 3 + ny with
ny > 0, it is flexible, admitting ny internal flexes {zk}Zil
[13].

The rigid body motion (RBM) subspace is exactly three-
dimensional, consisting of two uniform translations and one
global rotation. Their local 2-dimensional spatial components
at agent k are explicitly given by
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where pery = + 31 p} is the center of mass and J, =
> r—i Pk — pem||* is the polar moment of inertia.

B. Input-Output Dynamics

To maintain the target formation p*, the agents employ
a distributed gradient-descent control law derived from the
potential V(p) = 3[|F(p) — F(p*)|* [3], [4], [6]. We
consider a single-actuator, single-sensor scenario where a
disturbance w € R? enters at an actuated agent 7, and the
displacement y € R? is measured at a sensor-equipped agent

3. The closed-loop input-output model is
p=—R(p)" (F(p) — F(p*)) + Buw, 3)
y=Cp, 4)
where B =¢; ® I and C = e;-r ® Is.

To characterize the structural limitations of the network
using classical input-output systems theory, we analyze the
local behavior around the target equilibrium (p*,w = 0).
Letting dp = p — p* be the state variation, the linearized
LTI dynamics are governed by the configuration-dependent
stiffness matrix:

6p=—R(p*) ' R(p*)Sp+ Bw,  y=Cép. (5)

The stiffness matrix A = —R(p*)" R(p*) inherits the
spectral structure of R(p*); its kernel modes correspond to
the persistent RBMs in addition to any flexes if they are
present, while its strictly negative eigenvalues govern the
transient, shape-changing dynamics.

Under this formulation, our objective is to identify the
precise geometric configurations under which the steady-
state input-output map from an actuated agent ¢ to a sensor-
equipped agent j becomes rank-deficient, and to derive
spatial allocation conditions that prevent such steady-state
signal blocking.

III. STEADY-STATE ANALYSIS AND
DC GAIN RANK DROP

This section establishes the exact algebraic and geomet-
ric conditions that induce a steady-state transmission zero.
We first derive the multivariable DC gain matrix from the
network’s modal dynamics. We then demonstrate how the
configuration-dependent cross-coupling required for signal
blocking in flexible networks collapses into explicit, pre-
dictable spatial boundaries for infinitesimally rigid frame-
works.

A. The Transfer Function and Modal Decomposition

To characterize how a disturbance applied at agent i
propagates through the network and appears at agent j, we
analyze the input—output transfer operator of the linearized
system (5). Passing to the frequency domain yields Y(s) =
G;i(s)W(s), where Gj;(s) € C?*? denotes the transfer
matrix mapping a 2-dimensional disturbance applied at agent
1 to the 2-dimensional displacement measured at agent j. The
transfer matrix can be written compactly as:

Gji(s) = C(sI + R(p*) " R(p*))'B. (6)

Utilizing the spectral decomposition of the symmetric
stiffness matrix —R(p*)T R(p*) = 2?;1 Aedrdr, we
express the transfer function in its modal form. This naturally
separates the stable, shape-changing deformational modes
(Ax < 0) from the non-decaying modes (A = 0):

Gyl = L0ty [oubiloul,

S — )\k
k: A\ <0

; (7

where [¢x]; = (ezT ® I)¢r, € R? denotes the local 2-
dimensional spatial component of eigenvector ¢y at agent
7.

The matrix [Ppl;; is the (j,7)-th 2 x 2 block of the
orthogonal projection matrix Py onto ker(R(p*)). This de-
composition reveals that high-frequency disturbances are



filtered through the network’s deformational modes, while
the steady-state behavior is governed entirely by the DC gain
matrix [Pp];.

For an infinitesimally rigid framework, where internal
flexes are absent, the null space consists strictly of the
RBMs. The orthogonal projection matrix onto this purely
rigid subspace, denoted Py, is constructed from the basis
modes defined in (1) and (2):

[Peomlji = [val;lvali + [0y);[vyly + [vrl;[ve]d
= %12 + [ve]j[or]f - (8)

For flexible frameworks (ny > 0), letting {z1,..., 25, }
denote an orthonormal basis for the internal flexes, the
total projection matrix must account for these additional
dimensions:

[Polji = [Peomlyi + D[zl [z - 9)
k=1

B. Steady-State Transmission Zeros

Following (7), we focus on steady-state input—output
blocking. Since the deformational terms are strictly stable,
their contribution vanishes as ¢ — oo, and the steady-state
mapping is governed by the kernel term. We say that the
input—output channel from agent ¢ to agent j exhibits a
steady-state transmission zero if the DC gain matrix is rank-
deficient, i.e.,

rank (hg(l) st,»(s)) <2 = det([Ro];:) =0, (10)

which corresponds to the existence of a nonzero input
direction u € R? satisfying [Py];iu = 0.

To evaluate this determinant algebraically, we recall that
the two translational RBMs uniformly contribute a baseline
of %Iz to the projection. Thus, we can express the DC
gain matrix generally as [Pyl;; = 11, + UV, where the
matrices U, V € R?*X™ (with m = 1 + ny) collect the local
components of the rotational RBM and internal flex modes
at agents j and ¢, respectively.

Applying Sylvester’s determinant identity, the determinant
evaluates to

1
der([Puly) = det (112 ) den( ). D)
where the m x m modal cross-coupling matrix H(p) =
I, +nV TU partitions into rotational and flex components,
1+n¥,,

N o]

I, +n¥.,
where the submatrices quantify cross-agent modal overlaps:
\Ilrr = <[vr]i7 [Ur]j>s [\I/zz]ab = <[Za]i7 [Zb]j>7 [\Ilrzhb =
([vrlis [28]5), and [V.,]a1 = ([2als, [vr]j). Because the local
spatial geometries at agents ¢ and j differ, these cross-
couplings are not generally symmetric.

Provided the actuator and sensor are not pinned [10], a
DC transmission zero (det(H (p)) = 0) strictly requires the
configuration-dependent modal contributions to perfectly de-
structively interfere with the uniform translational baseline.

(12)

C. Generic Configurations and Real Algebraic Sets

Proposition 1 (Measure-Zero Rarity): For a generic con-
nected, flexible planar framework, the set of sensor-actuator
embeddings that induce a steady-state transmission zero
forms a proper real algebraic variety of Lebesgue measure
zero in the configuration space.

Proof: Let p € R?" denote the spatial configuration. By
Sylvester’s determinant identity used in (11), the steady-state
rank-loss condition is equivalent to det(H (p)) = 0.

The rigidity matrix R(p) € R[p]/€1*?" is a polynomial ma-
trix since it is the Jacobian of squared inter-agent distances.
For a connected, flexible planar framework, the generic rank
of R(p) is r = 2n — (3 4+ ny), so the generic null-space
dimension is (3+mn¢). By permuting columns and restricting
to configurations where a chosen 7 X r minor is nonzero, we
partition

R(p) = [Rpiv (P) Rfrcc (P)] 3

where the pivot block Ry, (p) € R"*" is nonsingular.
To construct a basis matrix for ker(R(p)), we solve the
right-hand-side system

Rpiv (p) Zpiv = —Riree (p) Zree-

Setting the free block to the identity matrix Zgee = I34n;
generates 3 + ny independent nullspace vectors. Using the

identity ( )
-1 _ ad,] Rpiv b
B ) = Get R (p))
we obtain
_ adj(Rpiv (p
Zpiv = _Rpixlz(p)Rfree(p) = _MRfree(p)- (13)
piv

Multiplying the assembled basis by the scalar polynomial
det(Rpiv(p)) clears the denominator without changing the
column span on the generic configuration set, yielding the
polynomial nullspace basis

— adj (Rpjv (p) ) Rfree (p)
det(Rpiv(p))3+n, < Rl

To isolate the internal flexes Z(p), we project K (p) onto
the orthogonal complement of the rigid-body motions,

Since K (p) has polynomial entries and the rigid-body pro-
jector Ppm(p) is a rational matrix in the configuration
coordinates p, the resulting matrix Z(p) has entries in the
field of rational functions R(p).

Consequently, each entry of the matrix H (p) is a rational
function of the configuration coordinates p on the generic
domain under consideration. Therefore its determinant is also
rational, and may be written as

K(p) — 2n><(3+nf).

det(H(p)) = )

D(p)’

for some polynomials N,D € R[p], with D # 0. The
polynomial D(p) is obtained by clearing the denominators
arising from the rigid-body projector Pyp, (p) and from the



inverse of the pivot block R, (p) used in (13). On the
generic domain, these denominators do not vanish, since
the selected pivot minor satisfies det(Rpiy(p)) # 0 and the
rigid-body projector is well defined. Hence, on this domain
det(H(p)) = 0 if and only if N(p) = 0.

To complete the argument, we show that the numera-
tor polynomial N is not identically zero. From (11), the
condition N(p) = 0 is equivalent to det([Py(p)];:) = 0.
Consider any generic configuration p for which the actuator
and sensor are not pinned and the corresponding modal
components at agents ¢ and j are linearly independent. For
such a configuration the matrix [Py(p)];; has full rank, so

det([Po(p)];:) # 0.

Therefore N(p) # 0, implying that N is not the zero
polynomial.

Thus, on the generic domain under consideration, the
configurations satisfying the rank-loss condition coincide
with the real algebraic set

Z(N):={peR>|N(p) =0}.

Since N is not the zero polynomial, Z(N) is a proper real
algebraic subset of R2" [14]. It is well known that the zero
set of a nontrivial polynomial in R?" has Lebesgue measure
zero [15]. |

Practically, Proposition 1 implies that deploying a flexi-
ble network with a generic (random) geometric embedding
yields a zero probability of encountering a steady-state
structural zero. While these exact cancellations are strictly
confined to lower-dimensional algebraic sets, their internal
mechanics provide critical physical insight. Let M := I, +
nW¥,,. For configurations where M is invertible, applying the
Schur complement to H (p) allows the determinant condition
(11) to be evaluated as:

det(M)(1+n¥,, —n*¥, . M~'0,,.)=0. (14

Since the determinant term is non-zero in these cases, the
scalar bracket must vanish. This reveals that a structural zero
requires the pure rigid-body transmission (1 4+ nW¥,..) to be
perfectly annihilated by the cross-coupling with the internal
deformational modes.

The sheer algebraic complexity of maintaining this exact
balance across multiple highly coupled modes intuitively
reinforces their measure-zero rarity. Furthermore, because
internal flexes generally lack closed-form spatial represen-
tations, mapping the algebraic zero-set Z(N) into explicit,
actionable geometric boundaries for sensor placement is
analytically intractable. This geometric fragility, contrasted
against the need for rigorous design rules, directly motivates
our pivot to the infinitesimally rigid baseline, a structural
transition explicitly visualized in Section IV.

D. The Spatial Locus of Transmission Zeros

Consider now an infinitesimally rigid framework, where
internal flexes are identically absent (n; = 0). Consequently,
the cross-coupling terms between flexes and rotations vanish,

and the general Schur complement condition in (14) col-
lapses cleanly to the simple scalar equation,

1+ n([v,]i, [vr];) = 0.

Substituting the explicit geometric form of this rigid-body
motion yields a linear constraint in the spatial coordinates of
the sensor. This motivates the following geometric definition.
Definition 1 (Spatial Locus of Transmission Zeros):
Consider an infinitesimally rigid formation (G,p*) in
R2, and fix an actuated agent i. The spatial locus of
transmission-zero associated with agent ¢ is the set

15)

Ei = xERQ <p;k _pcmym_pcm> = _{f} (16)

Geometrically, the set £; defines an affine hyperplane
orthogonal to the relative position vector p; —p.m and located
in the half-plane opposite to the actuated agent. This leads
to our main geometric result for formations in R2.

Theorem 1: For an infinitesimally rigid formation in R2
actuated at agent 4, the DC gain matrix [P];; loses rank if
and only if p} € £;.

Proof: Substituting the explicit physical representation
of the normalized global rotational mode from (2) into the
scalar rank-drop condition (15) yields

L+ (20} = pom). 2P} — pem)) = 0.
P
Because the 2D rotational generator {2 is an orthogonal
matrix (2'Q = I,), the inner product is invariant under
rotation. The expression simplifies to the standard Euclidean
inner product of the relative position vectors,

n * >k
1+ —(p; — Pem, Dy — Pem) = 0. (17)

Jp
Rearranging this equation directly isolates the spatial con-
straints on the measured agent j,
JP

<p2< _pcm»p; _pcm> = _;7

which exactly matches the geometric affine hyperplane defin-
ing the spatial locus. [ ]

Remark 1 (Directional Signal Blocking): Since the DC
gain matrix [Pp];; € R?*? has a strictly positive trace (due to
the %Ig translation baseline), the condition det([FPp];;) = 0
implies a rank drop from 2 to 1, never to 0. Physically, a
sensor on this locus is not completely blind but suffers severe
directional signal blocking, unable to detect disturbances
projecting onto the one-dimensional null space of the DC
gain matrix. O

Geometrically, this transmission zero boundary is gov-
erned entirely by the formation’s geometry. The polar mo-
ment of inertia J, acts as a spatial scaling parameter.
For a fixed relative actuator position, formations with a
larger spatial spread (larger J,) push the zero-transmission
hyperplane further away from the center of mass, thereby
expanding the permissible regions for sensor placement.
Conversely, highly compact formations draw these zero-
transmission hyperplanes proportionally closer to the center
of mass.



Remark 2 (Contrast with State-Space Uncontrollability):
The spatial locus complements the geometric controllability
boundaries in [10]. There, uncontrollability arises because
the actuator lies at the center of a pure rotation, making its
local component strictly zero and the mode simply cannot be
excited. Here, the phenomenon is fundamentally different:
all rigid-body modes are fully excited and the sensor is
not pinned, yet the uniform translational contribution to the
DC gain and the position-dependent rotational contribution
cancel exactly along a spatial hyperplane. Thus, while
the actuator’s position dictates where rotations cannot be
excited (state-space uncontrollability), the global geometric
invariants p., and J,, dictates where fully-excited motions
become invisible at the output. O

From a design perspective, this theorem provides a rig-
orous geometric constraint: to ensure full steady-state trans-
mission of a localized disturbance at agent ¢, the sensor j
must not be placed anywhere along this hyperplane.

Corollary 1 (Actuator-Sensor Reciprocity): For an
infinitesimally rigid formation, the geometric condition for
a steady-state transmission zero is strictly reciprocal. That
is, if the steady-state mapping from an actuated agent ¢ to
a measured agent j is rank-deficient, then the reciprocal
mapping from agent j to agent ¢ is identically rank-deficient.

Proof: The scalar rank-drop condition (17) requires
(Pf = Pem, P} — Pem) = —Jp/n. By the commutativity of the
Euclidean inner product, this condition is perfectly invariant
under the permutation of the indices ¢ and j. [ ]

E. The Global Transmission Polygon

Theorem 1 provides a strict sensor placement constraint
given a known actuator location. However, in practical
multi-agent deployments, the network may be subjected to
exogenous disturbances at unknown or arbitrary nodes. To
guarantee steady-state signal transmission against all possible
single-node excitations, the measured agent must avoid the
spatial loci of all potential actuators simultaneously.

For an actuated agent ¢« € V, the zero-transmission
hyperplane £; partitions R? into two half-spaces. We define
the strictly safe transmission half-space H; containing the
center of mass as,

in:{IERQ

. 7,
<pL — Pecm), T _pcnl> > _,’i} . (18)

To ensure full rank of the DC gain matrix [Fp];; for a
disturbance at any arbitrary node, the sensor must reside
within the intersection of all such safe half-spaces. We define
this region below.

Definition 2 (Global Transmission Polygon): For a planar
infinitesimally rigid formation, the global transmission poly-
gon is the convex set

C:= m ’Hl

icy
Furthermore, C is strictly non-empty because it contains
the center of mass; evaluating * = pey, yields 0 > —J), /n,

which holds intrinsically since Jp,,n > 0.

19)

Proposition 2 (Omnidirectional Transmission): If a sen-
sor is placed on an agent j such that p; € C, the network’s
steady-state DC gain matrix [P);; retains full rank for any
actuated agent ¢ € V.

Proof: 1f p; € C, then by definition p; € H; for all
1 € V. Consequently, the sensor does not intersect any zero-
transmission hyperplane £;, and by Theorem 1, no steady-
state structural transmission zeros can exist.

|

From a network synthesis perspective, the global trans-
mission polygon dictates that sensors should be allocated
to agents located nearest to the formation’s center of mass.
Agents on the geometric periphery are more likely to fall
outside this polygon, rendering them susceptible to steady-
state transmission zeros from disturbances originating on the
opposite side of the formation.

Corollary 2 (Collocated Transmission): For an infinitesi-
mally rigid formation in R?, a collocated actuator-sensor pair
cannot produce a steady-state transmission zero. In particular,
p; ¢ L; foralli e V.

Proof: Consider the collocated case where ¢ = j. The
rank-drop condition (17) evaluates to ||p} — pem||? = —Jp/n.
Since the left-hand side is non-negative and the right-hand
side is strictly negative (J, > 0,n > 0), the equality cannot
be satisfied for any real framework embedding. Thus, the
condition for a steady-state transmission zero is never met,
ensuring p; € H;. [ |

Concluding this section, we have established a geometric-
driven analysis for steady-state transmission zeros. We
proved that connected, flexible networks only admit struc-
tural zeros at non-generic embeddings that occupy measure-
zero subsets of the configuration space. For the strictly
infinitesimally rigid case, we derived an explicit geometric
condition that characterizes the spatial locus of these zeros as
affine hyperplanes. By synthesizing these boundaries into the
global transmission polygon, we provide a geometry-based
design rule for sensor allocation. We now validate these exact
theoretical limits and demonstrate the structural transition
between flexible and rigid embeddings through numerical
simulations.

IV. NUMERICAL SIMULATIONS

To validate our geometric framework, we construct an
asymmetric 4-agent formation in R? with p., = (0,0)
and polar moment J, = 16. The agents are positioned at
pi = (1.5,1), p; = (=2,-1), p5 = (1.5,-1.5), and pj =
(—1,1.5). To construct the formation’s global transmission
polygon, Figure 1 plots the spatial loci £; for each agent i €
{1, 2,3, 4}, representing the zero-transmission hyperplanes if
any agent were to act as the exogenous actuator. To explicitly
demonstrate the resulting steady-state signal blocking, we
designate agent 1 as the actuator. By allocating the sensor
to agent 2, whose target coordinate lands exactly on the
zero-transmission hyperplane £1, we deliberately enforce the
geometric rank-drop condition.

Figure 2 verifies this structural blocking: the minimum
singular value of sG,;(jw) tends to zero as w — 0,



confirming a rank drop of the DC gain, validating Theorem
1.

Finally, to demonstrate the complexity of the general
flexible condition (14), we remove the internal bracing edge
(dashed black line, Fig. 1) to create a flexible 4-bar linkage.
As shown in Figure 2, the introduction of internal flexes
fundamentally alters the required geometric cross-coupling,
breaking the precise destructive interference and restoring
the full DC rank of the transfer matrix.
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Fig. 1: Global Transmission Polygon for an asymmetric 4-
agent formation. Agent p3 lies precisely on £;, inducing an
exact rank loss ((pf — Pem,Ps — Dem) = —Jp/n = —4).
By reciprocity, p; € Lo. Agents ps and py reside strictly
inside the shaded polygon, guaranteeing omnidirectional
signal transmission.

V. CONCLUSION

This letter presented a geometric framework characterizing
steady-state transmission zeros in distance-based formations.
We proved that structural zeros in flexible planar frameworks
are confined to measure-zero algebraic sets, while infinites-
imally rigid formations natively resolve these conditions
into explicit spatial hyperplanes. These boundaries form the
global transmission polygon, yielding a direct synthesis rule
for robust sensor-actuator placement.

Extending to arbitrary dimensions d > 3 requires general-
izing the algebraic rank-drop conditions and navigating the
non-commutative Lie algebra of SO(d) to extract explicit
geometric boundaries.

Furthermore, future work will transition from this lin-
earized input-output analysis to the exact nonlinear dynam-
ics, investigating the geometric configurations that induce
nonlinear indistinguishability to bridge our steady-state struc-
tural zero analysis with the system’s exact observability
properties.
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