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Finite-Time Bearing-Only Formation Control via
Distributed Global Orientation Estimation

Quoc Van Tran“, Minh Hoang Trinh

Abstract—This paper presents a finite-time bearing-only
formation control scheme via finite-time estimation of
agents’ global orientations. For the orientation estimation,
we propose a distributed estimation law and establish al-
most global finite-time convergence. We provide analysis
for undirected and a class of directed sensing and communi-
cation graphs. A distributed bearing-only formation control
law is then proposed based on the orientation estimation.
We provide a rigorous analysis for almost global stability
and finite-time convergence of the system to the desired
equilibrium. Particularly, under the proposed bearing-only
formation control strategy, the actual formation almost glob-
ally exponentially finite-time converges to the desired for-
mation shape. Finally, numerical simulations are provided
to support our proposed control method.

Index Terms—Bearing-only formation control, finite-time
formation control, finite-time orientation estimation.

|. INTRODUCTION

ISTRIBUTED formation control of multiagent systems

has attracted much research attention in recent years [1],
[2]. In distributed formation control of autonomous networked
systems, the agents in a network aim to form a target formation
shape by imposing kinematic or geometric constraints between
neighboring agents. These constraints often characterize the
variables to be sensed and controlled by the agents. Particularly,
based on the constrained quantity, distributed formation control
can be classified into displacement-based, distance-based, and
bearing-based formation control [1].

Bearing-based formation control has been of particular inter-
estin recent years partly due to the low cost and simplicity of the
sensor systems associated with bearing measurements compared
to distance-based or displacement-based solutions [3]-[11]. In
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the literature, bearing information can be interpreted as the sub-
tended angle between two vectors (bearing angle) or the unit
directional vector to a target (bearing vector). The bearing angle
is a scalar quantity and, hence, it is invariant to any coordinate
system.

As a result, the bearing-based formation control can be fur-
ther categorized into two subgroups according to the control
variable and whether a common reference coordinate frame is
required. The first approach is controlling the bearing angles,
and it requires no reference coordinate frame knowledge to
each individual agent. For example, the early works on three-
and four-agent formations can be found in [3] and [4], and an
extension to more general n-agent systems is presented in [5].
A limitation of these works is that they are restricted to two-
dimensional (2-D) spaces. The second method is controlling the
bearing vectors to some neighboring agents of each agent in the
network. The approach is developed based on the bearing rigid-
ity theory in two or higher dimensions [6]—[8], and it requires
that the agents in a networked system share the knowledge of
the global coordinate system. A framework is characterized by
an undirected sensing graph and the corresponding positions of
agents in a Euclidean space. The bearing rigidity theory provides
a powerful tool in examining the uniqueness of the formation
shape and the condition for almost global convergence of bear-
ing sensing frameworks in an arbitrary dimension [7]. There
are applications in bearing-only formation control, network lo-
calization, and formation maneuvering control. For multiagent
systems with directed sensing topologies, there is a work on the
leader-first follower formation [9].

Without the knowledge of a common orientation, the bearing
rigidity in SE(3) provides a distributed solution to the bearing-
based formation control in 3-D [12]. This paper utilizes addi-
tional relative orientations among neighboring pairs. By using
the relative orientation information, Zhao and Zelazo [7] intro-
duced an orientation alignment scheme in SO(3) to the bearing-
based formation control. By aligning agents’ orientations and
controlling interagent bearings simultaneously, the target for-
mation can be achieved [7]. However, the orientation alignment
method suffers from a strict restriction on the initial orienta-
tions [7], [13]. In SO(3), there are related works on orientation
alignment, or attitude synchronization, [14], [15] and finite-time
attitude synchronization for a leader—follower architecture [16],
[17] and multiagent systems [18]. Instead of aligning agents’
orientations, orientation estimation laws were proposed in [19].
In the orientation estimation scheme, agents’ orientations are
derived from controlled auxiliary variables defined in a vector
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space; thus, it guarantees almost global convergence of esti-
mated orientations, and it is applicable in arbitrary dimensions.

This paper investigates the problem of finite-time formation
stabilization for a group of autonomous agents by controlling
interneighbor bearing directions, without the knowledge of a
global coordinate frame. Finite-time controllers provide supe-
rior properties over those that ensure only asymptotic stability,
such as faster convergence, better disturbance rejection, and
robustness against uncertainties [20], [21]. Finite-time conver-
gence, thus, is also often required in many applications where
the control accuracy is crucial. Our recent work in [11] proposed
two classes of finite-time control laws for the bearing-only for-
mation control problem. For related works, there are results on
finite-time consensus problems [22], [23], finite-time leader’s
state estimation, and tracking control of leader-following sys-
tems [24], [25], and finite-time distance-based formation control
problems [5], [26]. However, a common sense of the global ori-
entation is required for each agent in most of these works.!

A natural extension to these works is to consider the finite-
time bearing-based formation control of multiagent systems via
distributed estimation of the agents’ orientations with regard
to a reference coordinate system. For this, globally finite-time
convergence of estimated orientations to the actual orientations
is required. The first contribution of this paper, therefore, is the
development of finite-time orientation estimation strategies. In
particular, we propose an orientation estimation law by using
relative orientations among interagent pairs for connected undi-
rected and a class of directed relative orientation sensing graphs.
By introducing an auxiliary matrix variable for each agent and
analyzing the orientation estimation law in a linear space, we
show that the estimated orientations almost globally exponen-
tially converge to the actual orientations up to a constant coordi-
nate rotation, in a finite time. We also derive upper bounds on the
convergence time of the estimator. The finite-time orientation
estimator is developed based on the orientation estimator pro-
posedin [19] thatensures only asymptotic stability; furthermore,
it can estimate time-varying orientations of agents, unlike [19].

Based on the proposed finite-time orientation estimation
schemes, we investigate the finite-time bearing-only formation
control without a common sense of the global coordinate frame.
As the second contribution of this paper, a distributed bearing-
only formation control law is proposed based on the orientation
estimation. We first characterize the equilibrium set based on a
set of modified desired bearings, which are transformed from
the actual desired bearing vectors by a coordinate rotation. This
control law is modified from the second control law? proposed
in [11]. Complete analyses of almost global stability and finite-
time convergence are provided in this paper, unlike [11], which
is also the third contribution of this paper. Finally, simulation
results are also provided to show the usefulness of the proposed
method.

The rest of this paper is organized as follows. Preliminar-
ies are given in Section II. The problem formulation is pre-

I'Since distance is a coordinate-free quantity, distance-based formation control
does not require a reference frame.
2Which uses the sign function.

sented in Section III. A finite-time orientation estimation law is
proposed in Section I'V. Section V presents the proposed finite-
time bearing-only formation control law and the main stability
and convergence analyses . Finally, Section VI provides the
simulations, and Section VII draws conclusions.

Il. PRELIMINARIES

A. Notation
Let x = [x1,...,24]7 € R? be a column vector in R?. We
denote |x| = [|21],...,|x4|]". Let ||-|| be the 2-norm or Eu-

clidean norm, [jz|| = />, 2%, and 1, = [1,...,1]T € R"
denotes the vector of all ones. The d x d identity matrix is de-
noted by I;. For two matrices A and B, A ® B denotes the
Kronecker product between A and B. The trace of a square ma-
trix A is denoted by tr(A). Given A; € R4 fori =1,...,m,
denote diag(A;) £ blkdiag(A,,..., A,,) € RImxdm,

For A,B € R%*? the Frobenius metric is given by |A
—B|r = /u{(A —B)T(A — B)}, which is the Euclidean
distance in R?*?, The set of rotation matrices in R is denoted
by SO(d) = {Q € R™1|QQT =1, det(Q) = 1}.

B. Finite-Time Convergence Theory

For x € R? and a € R; the function sig(-)® : R — R?
is defined as sig(x)® = [sign(w1)|z1|*, ..., sign(zq)|zq|*]"
[21]. The following inequality will be extensively used in this
paper.

Lemma 1: [27]1f &, . ..

d p d
(Z&) <ye
i=1

i=1

;€0 > 0and 0 < p <1, then

A condition for finite-time convergence of continuous-time
systems is given by the following lemma.

Lemma 2: ([21]). Suppose that there exists a positive-
definite and continuous function V' (z,t) : R" x [0,00) — R.
If there exists k > 0, « € {0, 1}, and open neighborhood U, €
R? of the origin such that

V4+rVE<0 VYxely) {0}

then V =0 for ¢ > T, with the settling time 7" < V'~(0)/
(r(1 = a)).

C. Graph Theory

An interaction graph G = (V, £) is characterized by the ver-
tex set V ={1,...,n} and the set of edges £ CV x V. An
edge is defined by the ordered pair e, = (4,75). If G is undi-
rected, (4,7) € & implies (j,7) € &; j is a neighbor of i, and i is
also aneighbor of j. If G is directed, (i, j) € & is a directed edge
from 4 to 7, and this does not necessarily imply (j,i) € €. The
set of neighbors of i is denoted by NV; £ {j € V: (i,5) € £}
and the cardinality of N; is denoted by |A;|. The Laplacian
matrix, £ = [I;;], associated with G, is defined as /;; = —1 for
(’L,]) S 5, 7 7é j, l“ = — Zje/\/’,, 17] Vi € V, and 17] = 0 other-
wise. For connected undirected graphs, rank(£) =mn — 1 and
its null space is given as N'(£) = span(1,,).
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A directed path of a directed graph G is a sequence of edges
(v1,v2), (V2,03), ..., (Uk_1,v) ), Where vy and vy, respectively,
are the start vertex and the end vertex. A directed path is a
directed cycle if it has v; = vy. An acyclic digraph is a directed
graph, which has no directed cycle. In this paper, we define a
type of rooted acyclic directed graph (digraph) as follows.

Definition 1 (Rooted acyclic digraph): A rooted acyclic
digraphis an acyclic directed graph constructed by the following
sequence. There is a vertex 1 with no neighbor. Connect vertex
2 to 1 by the directed edge (2,1). Add 3 to {1,2} by one or
two directed edges (3, j), for some js € {1,2}. Similarly, a new
vertexi(3 <4 < n)isaddedto{1,2,...,7 — 1} byoneormore
directed edges (4, j), for some js € {1,2,...,i —1}.

Obviously, arooted acyclic digraph has no directed cycle, and
node 1 is reachable by directed paths from all other nodes.

D. Bearing Rigidity Theory

A framework, denoted by G, (p), is a mapping of the nodes
in a graph G, = (V, &) to a Euclidian space. In this paper, the
undirected graph G, represents the interaction graph used by the
agents, and p = [p?,...,pl]7 € R™ denotes the configura-
tion of the agents in the Euclidean space R?.

For each edge (i, j) € &y, a corresponding displacement vec-
tor is defined as z;; = p; — p;. By fixing the order of the edges
in &, let H € R™*", where m = |&,],
ing incidence matrix, then, the stacked displacement vector is
definedasz = [z7,...,zl' |7 = (H®1;) = Hp € R,

Suppose that p; # p;. The bearing vector g;; is the unit
vector pointing along the direction of z;;, i.e.,

Zij Pj — Pi
Iz~ Tp; = pil
The orthogonal projection operator corresponding to g;; is de-

fined by Pg,, =14 — gijgiT]-. It may be observed that Py
is symmetric, idempotent, and positive semidefinite, i.e., Py,

gij = ()

= P2 PT > 0. Furthermore, Py, has eigenvalues {0, 1,
1} and 1ts null space is given as N(P ( ., ) = span{g;; }.
' We denote the stacked bearing vector’ g = [g] ..., gl |¥

R4 corresponding to the set of the ordered edges. The bearing
rigidity matrix is defined as follows [7]:

Jg _ 0Og 0z ) <ng ) _
== = dia H. 2
A P @

R(p)

Note that R(p) € R?™*4" Furthermore, for any bearing rigid-
ity matrix, span{Range(1,, ® I,), p} =span{Range(1, ®1,),
p—1,®p} CN(R(p)), where p=~>"" | p; is the for-
mation centroid. Consequently, rank(R(p)) <dn —d—1. A
framework G, (p) is said to be infinitesimally bearing rigid if and
only if rank(R(p)) = dn — d — 1 [7]. Moreover, an infinitesi-
mally bearing rigid framework can be uniquely determined up
to a translation and a scaling factor. We borrow the following
lemma from [7].

3 Although both g;; and gj, are used to denote bearing vectors, the notation
will be clear from the context in each part of this paper.

Lemma 3: [7] A framework G, (p) is infinitesimally bear-
ing rigid if and only if N (R(p)) = span{Range(1, ® I;),p —
1, ® p}, where p = (1/n) 321 pi = (1/n)(1, @ 1) p

E. Gram-Schmidt Orthonormalization Procedure
(GSOP)

For a set of d independent vectors Z = {z;,22,...,2%4} in
R, the GSOP, which constructs d orthonormal column vectors
of Q € SO(d) from Z, is defined as follows:

Vi i=12Z; qi :=vi/[|vi]|

Vo 1= 2y — (Z2,q1)q1 qz := Vo /[[va|
d—1

Vg = Zq — Z<Zdan>Qk qq ‘= an/HVdH
k=1

where (-,-) denotes the inner product, and the coefficient
a is chosen such that det(Q) =1 as « := sign(det([q, .. .,
di—1,va/IVal]))-

If the set Z contains a linearly dependent vector (which
linearly depends on one or more vectors in Z), there exists
v; =0,4€{l,...,d}, and hence q; = 0.

[ll. PROBLEM FORMULATION

Consider a system of n autonomous agentsin R?, d = {2, 3}.
The agents do not have information about a common reference
frame; each agent maintains a local coordinate frame, which
fixes to the agent. The dynamics of an agent ¢ are characterized
by the single-integrator dynamics

P =y 3)
where pi,ul € R?, respectively, are the position and control
inputs of agent 7, expressed in its body-fixed coordinated frame,
i.e., ‘3. Note that the single-integrator dynamics (3) is widely
used in navigation and formation control literature [1]. Further-
more, the single-integrator is often considered first and can be
generalized to adapt for more complicated models and con-
straints [10]. Although there have been some existing works on
formation control of more practical agent models [10], [28], ei-
ther the global state of the agent or a global coordinate frame is
required. Extensions of this work for agents with more general
dynamics will be addressed in our future papers.

The (global) orientation, or attitude, of agent ¢ in R? can
be characterized by a square, orthogonal matrix Q; € SO(d)
whose column vectors represent the coordinates of the orthogo-
nal bases of the ith local coordinate frame expressed in the global
coordinate frame. Thus, Q; can be understood as the rotation
matrix, which rotates the global coordinate system denoted by
¥, to the local coordinate frame denoted by ‘Y. Note that a
rotation matrix in SO(d) is unique and globally defined [29].
Let Q. € SO(d) be the orientation of agent kVk € {1,...,n}.
Then, the relative orientation of the jth local coordinate frame
with regard to the ith local coordinate frame is defined by

Q; =Q'Q; =Q/qQ;. “
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The agents in the system aim to form a desired/target forma-
tion shape without the knowledge of a global orientation. The
desired formation is characterized by a feasible set of bearing
vectors { g }i,j)ee, expressedin X. Suppose that there exists an
infinitesimally bearing rigid framework, G, (p*), realized from
the set {gfj }i,j)e & - Note that for a constant coordinate rotation
Q € SO(d), the objective of the formation control is equivalent
to achieve the desired formation specified by the bearing set
{Qsg;; }(i,j)ce, - Furthermore, the n-agent system satisfies the
following assumptions.

Assumption 1: Each agent in the system can sense the
relative orientations with regard to one or more neighboring
agents. Furthermore, the relative orientation sensing topology is
given by an interaction graph G, (directed or undirected).

Assumption 2: Each agent in the system can sense the
bearing vectors with regard to several neighboring agents, and
the bearing sensing topology is specified by a fixed undirected
graph Gy,

The (relative) orientation sensing topology is characterized
by the graph G, = (V,&,). Note that V = {1,...,n} and
E, CV x V. Specifically, if (i,7) € &,, agent ¢ senses the rel-
ative orientation Q;; and estimates its orientation, which is
denoted as Qi € SO(d), based on the relative orientation infor-
mation Q;, k € N;. Furthermore, if (7, j) € &,, agent j com-
municates an auxiliary matrix (which will be defined in the
following section) to 7. Thus, the graph G, is both a sensing and
communication network. Let £, be the Laplacian of G,.

Until now, we have defined two distinct interaction graphs
associated with the orientation estimation and formation control
tasks, i.e., G, and G, respectively. In this paper, G, can be
undirected or directed. When G, is undirected, G, and G, may
be identical, i.e., & = &, or different (i.e., & # &). While,
it is required that G, (p) is infinitesimally bearing rigid, in the
following section, for finite-time estimation of orientation, we
will show that G, just needs to be connected.

The first problem investigated in this paper is estimating the
orientations of the agents in finite time.

Problem 1: For a system of n agents whose orientation
sensing graph is characterized by G,, design an estimation law
such that Q; — Q°Q;, exponentially converges in finite time
to a constant coordinate rotation Q¢ € SO(d) by using only
relative orientation information (4) Vi = 1,...,n.

Remark 1: It may be noted that the objective of the orienta-
tion estimator in Problem 1 is to estimate Q;, up to a common
orientation of Q°Vi =1,...,n.

Once the agents’ orientations have been determined, we now
formally state the finite-time formation control problem.

Problem 2: Under Assumptions 1 and 2, design a bearing-
only control law for each agent 7 using only bearing vectors
{g};}jcn;, and the estimated orientations Q; that achieve the
desired formation in finite time.

IV. FINITE-TIME ORIENTATION ESTIMATION

This section establishes the finite-time convergence of the es-
timated orientations for undirected and rooted acyclic digraphs.

Furthermore, we derive the upper bounds on the settling time of
convergence in the two orientation estimation scenarios.

A. Proposed Orientation Estimation Law

For each agent i, we introduce an auxiliary matrix P; € R%*¢
and the estimated orientation Q; (¢) is obtained from P; (¢) by
applying the GSOP such that Q7 = GSOP(P7 ). We propose a
distributed orientation estimator for each agent as follows:
P;(1)Q;(t) — Pi(t)

P,Q] — P.[|;

Pi(t) = ~Pi()S" (i) + 3

JEN;

(&)

where the scalar « € (0,1); w! € R? denotes the angular ve-
locity of agent 7+ measured in the ith local coordinate frame,
3}, S(w!) is the matrix representation of cross product, i.e.,
S(whv = w! x v,Vv € RY. For example, in R?, S(w) can be
given as:

0 —w. wy
Sw)y=| wy, 0 —wy
—wy wy O

[30]. Note that for 0 < o < 1, (5) is a continuous estimation law.
Furthermore, in (5), agent j sends P; to ¢ via communication,
forall j € N;.

Since the objective of the estimation law (5) is the finite-
time estimation of orientation, only the steady-state values of
P;, i € V, are of interest. Thus, we do not impose any condition
on the initial values. Although in the following subsection, we
show that the initial values should not belong to a set of Lesbe-
gue measure zero for the estimation of orientation. At any instant
of time, one may derive Q; (¢) from P;(¢) by the GSOP, which
contains a finite number of operations, i.e., O(d®). We assume
that Q;(¢) are computed with negligible delay. Note that the
Gram-Schmidt process can be finally deployed once the auxil-
iary variables are in steady state as we will show in the following
section.

To analyze the estimation law (5) we present the following
lemma.

Lemma 4: The denominator of the right-hand side of (5)
can be calculated as follows:

1P, QL —Pi||% = |P.Qf — P, QL [I%

Proof: Since the trace function is invariant under cyclic
permutations, we have

IP:Q7 —P;Qj |3

=u{(P;,Q] —P,Q )" (P,Q] —P,Q])}
=u{Q,Q/ (P,Q] —P,;Q])" (P,Q —P;Q])}
=uw{Q/ (P.Q] —P;Q] )" (P,Q] —P,Q))Q;}
=u{(P; —P,Q/ Q,)" (P, — PjQJTQz')}Q/Q

= |P;Qf; — Pill%.

a/2

a/2

a/2
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Hence, (5) can be written as

Pi(1Q] (t) = —P.(1)ST (@) Q] (1)
P;(HQ! (1) - P:(HQl ()
+j§ 5 (HQ] (1) - P:(HQT ()]l

Consider the rotation transformation P;(t) =
note that

S; =d/dt(P;,Q")

Si(t)Qi(t) and

=P,Q/ +P;S"(w)Qf
where we use the relation Q7 = S” (w!)QY [30]. Thus, the

above equation can be rewritten as

Si(t) = (S; —8:)/IISi — S;lI%- (6)
JEN;

B. Undirected Graph

LetS = [ST,...,ST]T € R >4 be the stacked matrix of the
transformed matrix variables. Thus, (6) can be rewritten as

S(t) = —(L, ®1;)S(t) )

where the matrix £, = [I;;] is defined as

0, (4,5) €&,1# 4, Si=8S;0r(i,j) €&,i#j
ZkeM lika Z:.jalev
which is a weighted Laplacian for the graph G,,.

Since (1, ® I;)TS(t) = —(1,, @ ;)T (£, ® 1;)S(t) = 0,
(1, ®I;)TS(t) is invariant under (7). Let S¢ = (1/n)(1,
® Id)TS( ) € R4, S;(t) =S¢+ 6,;(t), and let &(t) =
[or, ..., 62] € R%>4_ Since S° is time invariant, it follows
thaté() S;(t). Note that §; — d; = S; — S;.

Theorem 1: Under the estlmatlon law (5) and assuming that
G, is a connected undirected graph, S(t¢) globally asymptotically
converges to (1, ® I;)Ave{S;(0)};cy in finite time.

Proof: Consider a Lyapunov candidate function

=(1/2) Zus 12 = 1/2)Ztr(5?5i). (8)

i=1

Note that V' is radially unbounded, positive definite, con-
tinuously differentiable, and V =0 in S, := {{Si}iey |S; =
S¢, Vi e V}. The time derivative of V' is given as

i=1 i=1
S6T ST (8- 8,)/16 - 8%

i=1 JEN;
=—uwd (88 = 87) (8 — ;)/118: — 8517
(i,4)€&
== > 16— &lIF/116: — 8;lI%
(i,4)€&

(2—a)/2
- ;lI%)

= Z (||57

(i,5)€&,
(2—a)/2
<= > 16 -4l% 9)
(i,5)€&
r (2-a)/2
<= fwq D0 (6 —87)(6: - 6))
(i,5)€€
(2—a)/2
< —[ufo” (£, 2 1))5}]
d (2—a)/2
<- [Z[é]?(ﬁo ® Id)[‘s]k] (10)
k=1
where [d]; denotes the kth(1< k < d) column vector of §,

and the inequality (9) is derived by applying Lemma 1 with
7 < 2= ” < 1. Under the assumption that G, is connected undi-
rected L, ®1; has d zero eigenvalues and N (L, @ I;) =
span{Range(1, ®I,)}. Since [8]; L Range(1, ® 1) Vk =
1,...,d, one has

01F (L, @ 10)[8]), > as1[0]] [O]s

where A4 1 is the smallest nonzero eigenvalue of £, ® I;. Sub-
stituting the above inequalities into (10) yields the following:

., (2-0)/2
V()< - [x 3 ||[61k|2]
k=1

(2—a)/2
IIQ]

Vk=1,...,d

< —ry [ZZII

k=11i=1

(2—a)/2
S d+1 [ZU‘ 6T ]
< L2 v )P < —kv (@2

where k= (2X4,1)>~)/2. It follows from Lemma 2 and
(11) that V(¢) converges to O in finite time. In other
words, {S;};cy converges to the invariant set S,. As a re-
sult, it follows that S;(¢) Vi € V), globally converges to S¢ =
Ave{S;(0)}icy with settling time T, < V(0)!~ "= /(k(1 —
5%)) = 2V(0) /(kav). =

Since QZ is derived from the auxiliary variable P; by
the Gram—Schmidt orthognormalization process, i.e., QZT =
GSOP(PT), we have the following corollary.

Corollary 1: Suppose G, is connected, under the orientation
estimation law (5), there exists a constant Q¢ € SO(d) such that
Q, globally converges to Q°Q; in finite time, for almost all
initial value S(0) € R™*4 foralli=1,...,n.

Proof: The rotation matrices Qg (t), QT( ) € R4 gre,
respectively, derived from S7 () and PIT( ) by the GSOP. Note
that the orthonormal property of a set of orthonormal vec-
tors is preserved under coordination rotations, it can be veri-
fied that Q,(t) = Qg, (t)Q,. From Theorem 1, S; () globally
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exponentially converges to S¢ € R%*? and, hence, Q,(t)
reaches Q°Q; Vi =1,...,n, where Q¢ € SO(d) is derived
from S¢ by the GSOP. In other words, the actual orientations
of the agents are determined in a finite time up to a constant
coordinate rotation Q°.

For the validity of estimated orientation, i.e., Q¢ € SO(d),
convergence to the zero vector of any column vectors of the
steady state S® = Ave{S;(0)}, or linear dependence of the col-
umn vectors of S¢ are undesired. Furthermore, the set of column
vectors of initial matrix auxiliary variables S;(0) € R4, i =
1,...,n,leading to nonexistence of solution is a set of Lesbegue
measure zero in R?" [19]. This completes the proof. |

From Corollary 1, the estimation law (5) almost globally
asymptotically finite-time solves the Problem 1.

C. Directed Graph

For directed orientation sensing graphs, we impose the fol-
lowing assumption.

Assumption 3: The orientation sensing graph G, is a
rooted acyclic digraph.

Theorem 2: Under the Assumption 3, S; (¢) of the dynamics
(6) globally exponentially converges to S; (0) in finite time, for
alli =2,...,n.

Proof: Since the root node (say node 1) has no neighbors,
its estimated state, S;, is unchanged under the estimation law
(6), i.e., S1(t) = S1(0) = P1(0)Q¥ (0). We prove Theorem 2
by using mathematical induction as follows.

i) For Agent 2 having Agent 1 as its neighbor

Sa(t) = (S1 —Sa) /[IS2 — Syl (12)

Consider a C' Lyapunov candidate function
Va(t) = (1/2)[IS2 — Su 7
= (1/2)t1' ((Sz — Sl )T (SQ — Sl))
which is positive definite and radially unbounded. The derivative
is

Va(t) = tr((S2 — S1)"(S2 — S1))

=—tr((S1 —S2)" (S1—S2))/|IS2 — Si||%

= —(2/2°)Va () 2Va(t) = = Va(t)* /2
where 7y = 2(2-a)/2  Thys, there exists Ty < V5
(0)' 777 /(12(1 = 35%)) = 2V2(0)% /(120) such that Sy(t)
— Si(0)ast — Th.

ii) Now, we assume that it is true for £ — 1 agents (3 <
k<mn), ie,S; =8:(0) fort >T;,Vi=1,...,k — 1.
Consider agent k, which has one or some neighbors in
{1,...,k — 1}; we will show that there exists a finite time

Ty > T! £ max,c v, (T}) such that S;, = S; for t > Ty.
Consider the estimation dynamics of agent k

Sk(t)=—>_ (Sk—8i)/IISk — Sill-

i€ Ny

(13)

Consider a Lyapunov function
Vi(t) = (1/2) Y ISk — Sill%
i€N)

=(1/2) ) (S — S)" (Sk — S))

€N}

(14)

which is also positive definite, radially unbounded, and contin-
uously differentiable. The derivative of V}, is given as

Vi) =3 tr((Sk —S)T(S, — S)) (15)

€N}

Since the states of a continuous system are bounded in finite
time and V}, is continuous, thus, it is bounded for ¢ < T. For
t>T!, S, =0and S; = S1,Vi € N} Then, it follows from
(15) that

Vii(t) = [N e ((Sk = S1)"Sp)
Si —Si)
— Wil (s —spyr ST S8
| ’“'r<( S sk—si||%>
S, —S))
- —|V, w( (S —siT(’“)
SR CE

—(2ING] /2972 Vi (8) /2 Vi (t)
= Yk ‘/k (t)(Qia)/Q

where v, = 2|Nk|/2a/2. Thus, there exists T < T/ + 2V}
(T!)*/? /(y1,x) such that S (Ty) = S (0) for t > Ty.

iii) By following the steps until k¥ = n we show that Sy ()
globally exponentially converge to S;(0) in finite time,
forallk =2,...,n. |

Corollary 2: Under Assumption 3 and the orientation esti-
mation law (5), there exists a constant Q° € SO(d) such that Q,
globally exponentially converges to Q°Q); in finite time if and
only if the matrix Py (0) is nonsingular, foralli =1,...,n.

Proof: By Theorem 2, S; converges to S; € R?*? and,

hence, P; converges to S;(0)Q; Vi = 1,...,n. By using the
similar arguments on the invariant property of the GSOP un-
der coordinate rotations, if P;(0) is nonsingular and le
is derived from P{(0) by GSOP [Q}, = GSOP(P (0))],
Q,Vi € {2,...,n} globally converge to Qp, QY (0)Q; in a fi-
nite time 7T};. Consequently, the agents’ orientations are globally
exponentially finite-time determined up to a constant coordi-
nate rotation Q° = Qp, Q7 (0). We have, thus, established the
sufficiency of the full-rank condition of the matrix auxiliary
variable P.

If P;(0) is singular, then P1(0)Q7 (0)Q; is singular. As a
result, there does not exist Q € SO(d) such that Q is derived
from nonsingular matrix P;(0)Q7 (0)Q, by the GSOP. Thus,
the necessity follows directly. |
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Algorithm 1: Finite-Time Bearing-Only Formation Control
via Orientation Estimation.

1: Initialization: t < 0, P;(0) € R™? p;(0) € R?

2: Estimation loop:

3: repeat
4: foralli € Vdo
5
6

P;(t) < integrate (5)
. Start control loop (at t. > T,, convergence time of
orientation estimation):

7: ift > T,
8: Q7 — GSopPT)
9: p;(t) — integrate (16)
10: end if
11:  end for
12:  until £ > T (T, convergence time of formation
control).

13: End control loop.
14: End estimation loop.

V. FINITE-TIME BEARING-ONLY FORMATION CONTROL

This section establishes almost global finite-time convergence
of the desired formation. In doing this, we show that it is suf-
ficient for the agents to achieve the desired formation shape in
a finite time without a common sense of the global coordinate
frame by finite-time estimation of their orientations.

A. Proposed Control Law

For each agent i, we propose the following control law:

ui=- Y P. Qfsig(QP, Qfg))"

JEN;

(16)

where o € (0, 1) is a positive constant, and Q; is the estimated
orientation of agent ¢ obtained by a finite-time orientation esti-
mator. Since 0 < « < 1 the control law is continuous. In (16), it
is straightforward to show that the local projection matrix can be
rewritten as Py, =1, — gl (g,)" = QI'Py, Q;, where g
represents coordinates of g;; expressed in the ith coordinate
frame.

Remark 2: In the finite-time formation control via orien-
tation estimation scheme, the finite-time orientation estimation
(5) and the finite-time formation control (16) run in a sequential
way. In particular, once the auxiliary matrices P; are in steady
state, the GSOP is finally deployed to construct the estimation
orientations QL Then, the formation control (16) is activated
by using the estimated orientations Q, The formation control
strategy via orientation estimation is illustrated in Algorithm 1.

Assume that the control loop is activated at t =t. > T,
where 7, is convergence time of the orientation estimation,
ie,Q =Q°Q,, VieV, fort>T,.

The dynamics of each agent 7 expressed in the global coordi-
nate frame are given by

pi = Qu! Vi V. (17)

Substituting u! from (16) and Qi = Q°Q; into (17) yields the
following:

pi=-Q Y QP QQlsig(Q:iQ/ P, QiQlg;)"

JEN;
= — Z Pg,‘,, QCTSig(QCPg,‘, Qchi*j)a
JEN;
=Y P, (Q)sig(QPy, &))" (18)
JEN;

where gf; = (QC)Tgi*j.
Let g° = [gf,...,g5%]" € R™. We can write the n-agent
system under control law (16) in the compact form as follows:

]T

b = £(p) = A diag(Py, Q7 )sig(diag(QPy, )g°)". (19)

We follow techniques similar to those in [7] and [11] to in-
vestigate the equilibrium set and the stability analyses of the
dynamics (19) as follows.

B. Equilibrium Set

We denote p = (1/n) Y1, pi = (1/n)(1, ® I;)T p as the
centroid and s = \/(1/n) S0, by — BIP = (1/v/)llp -
1,, ® p|| as the scale of the scale of the formation, respectively.

Lemma 5: The centroid and scale of the formation are in-
variant under control law (19).
Proof: We rewrite the system dynamics (19) as

P = R' diag(Q" )sig(diag(Q"Pg, )g°)  (20)
where R = diag(Pg, )H. From (2), we have (diag(||z|) ®
I,)R = R. Consequently, it follows that N'(R) = A'(R). As
a result, from Lemma 3, we obtain p L span{Range(1, ®
I;),p}. Thus, the formation’s centroid and scale are invariant
by the following equalities:

p=(1/n)1,®L)'p=0

. 1 (P_1n®f))T.

§=—=—"———""""p=
Vvn llp -1, ®@p

]

The equilibrium set of the system (19) is given in the following
lemma.

Lemma 6: The system (19) has two isolated equilibria, p*
corresponding to g = gf Vk =1,...,m, and p/ correspond-
ingtog, = —gi.Vk=1,...,m.

Proof: Let S, = {p € R |p =0}. The equilibria of
(19) can be found by assigning p = 0. This leads to
diag(Q°Pyg, )g° = 0, which is equivalent to P, gf = 0 Vk =
1,...,m.

The remaining proof is followed from a similar argument
as in [7, Th. 10] by the facts that the desired framework is
infinitesimally bearing rigid, and the centroid and scale of the
formation are invariant under (19). |

Authorized licensed use limited to: Technion Israel Institute of Technology. Downloaded on June 10,2024 at 09:53:46 UTC from |IEEE Xplore. Restrictions apply.



VAN TRAN et al.: FINITE-TIME BEARING-ONLY FORMATION CONTROL VIA DISTRIBUTED GLOBAL ORIENTATION ESTIMATION 709

Let 6, =p; — p¢, and § = [67 ..., . Thus, §; = p;;

(19) can be rewritten as

5T]T

§ = £(8) = B diag(P,, Q°7)sig (diag(Q“P

Letr(t) = p(t) — 1, ® p(t), and the steady state r® = p® —
1, ® p°. Since the centroid of the formation is invariant (see
Lemma 5), it can be shown that the solution trajectory of (21) lies
on the surface of the sphere S = {§ € R ||§ + r¢|| = ||r¢||}
[11].

Note that the system (21) has two equilibrium points § = 0
and § = —2r°¢ [7, Th. 10]. We investigate the stability of these
equilibria in the following section.

s)e) @D

C. Stability Analysis

In this part, we establish the almost global convergence of the
desired formation under the control law (16). In particular, the
agents asymptotically achieved the target formation if the initial
configuration is not in a set of Lebesgue measure zero in R%".

Theorem 3: Under the Assumption 2 and the control law
(16), the desired equilibrium p = p¢ of system (19) is asymp-
totically stable.

Proof: Consider the C* Lyapunov candidate function V =
+1lp — p¢||*, which is positive definite and radially unbounded.
The time derivative of V' along the trajectory of (21) is

V(p) = (p — p°)" H diag(Py, (Q)")sig(diag(Q°Pg,)g")"
= —(p°)" H" diag(Py, (Q°)" )sig(diag(Q‘ Py, )g)"
—(z°)" diag (P, (Q°)" )sig(diag(Q°Pg, )g")"

—Z

m

== lz; (g P, Q7 )sig (Q°Pg, gf)"
k=1

)Py, (Q°)"sig (QPg, &)

a+1
(22)

m d
=Y U7 [[Q° Py gfl:
k=1

Thus, for o € (0, 1), Vis negative semidefinite, and V=0
if and only if p = p° or p = p’. Based on LaSalle invariant
principle, any solution of (19) asymptotically converges to either
p¢ or p’. Consider any neighborhood of p = p¢, which does not
contain p/, thus, V < 0 for p # p’ in the region. As a result,
p = p¢ is (locally) asymptotically stable. |

Lemma 7: The undesired equilibrium p = p’ of (16) corre-
sponding to g = —g° is unstable.

Proof: Consider the Lyapunov candidate function V =
1||p — p'[|?, which is positive definite, radially bounded, and
continuous differentiable. Since Hp’ = —z¢, we have

gk>gc)u

8k )g(:)a

V(p) = (p — p)" ' diag Py, (Q)7)sig(diag(QP

— —(p)" A" diag Py, (Q°)" ) sig(diag(QP

—2r° " ~- _

Fig. 1. Interpretation of the proof of Theorem 5: § and ¢.

= (2)" diag Py, (Q°)" )sig(ding(Q Py, Jg*)

= Z(Z;)TPEI; (QC)TSig (Q°Pg, g1)"

=

B
Il
-

Iz | (" Py, Q7 )sig (Q°Pg, )"

Il
Ms

o~
Il
—

3

a+1
(23)

mnz\ Q'Py, gfl;

o~
\ |

Thus, V > 0 in a neighbor of p’. The undesired equilibrium
p = p’ is unstable in recall of the Chetaev instability theorem
[31]. |
Theorem 4: Under the control law (16), the desired equi-
librium p* of (19) is almost globally asymptotically stable.
Proof: Noting that in the proof of Theorem 3, V < 0 ev-
erywhere in R?" except at p/, which is a set of measure zero in
R?" . This along with Theorem 3 and Lemma 7 completes the
proof. |

D. Finite-Time Convergence Analysis

In this section, we show that under the proposed control
scheme, the desired formation is achieved in finite time. For
this, the following useful lemma is needed.

Lemma 8: Under Assumption 2 and control law (19), the
following inequality holds:

lze|| < 2svn—1Vk=1,...,n

where s is the formation scale.

Proof: One may prove this lemma by following the proof
in [7, Corollary 2]. Thus, the proof is omitted. [ |

Theorem 5: Under control law (16), p converges to the
desired formation p’ in a finite time if the initial formation
satisfies p(t.) # p'.

Proof: Define € = minj_
plying the inequality in Lemma 1 with 0 < (« +
obtain

m |12 ||. From (22), and by ap-
1)/2 <1 we

m

RS

k=1i=1

m d (a+1)/2
g—ez< (QPy g, )
k=1 1

(a+1)/2
gk gk ‘2)

i=
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Fig. 2. Formation setup. (a) Orientation sensing graph G, . (b) Bearing sensing graph G,. (c) The desired formation shape.
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Fig. 3. Simulation 1: Finite-time orientation estimation and finite-time formation control of a 12-agent system with undirected orientation sensing
graph. (a) Orientation estimation errors. (b) Bearing error ||g — g|| versus time. (c) Trajectories of all agents.

where v = €/(2sy/n — 1)**1. Rewriting (25) as

m +1)/2 (a+1)/2
<> (IQPy. gl f
I;( &1 Sk ) V - /c_Zk PZ;(Zk_Zk)
k=1
m
<Y (IIP gi |’ ) e < ) A7 diag (P, )H eyt
g1 81 < —v[(p - p*)" H' diag(Pg; )H(p — p°)]
k=1
(a+1)/2
(a+1)/2 < 7[ ﬁ)a} (26)
—e | D IPg g : (24)
) where R(p®) = diag(Pg )H Under the assumption that the

desired forr[latlon is 1nﬁn1tes1ma11y bearing rigid, the ma-
trix M¢ = R” (p°)R(p°) has d + 1 zero eigenvalues. Since

The inequality (24) can be further derived as 5 L Range(1, ®1,), and R(PC) and R(p°) have the same
rank and null space, i.e., N(RT (p*)R(p°)) = N(R(p®)) =
m (a+1)/2 span{Range(1, ® I;),r°}. Let ¢ is the angle between § and
V< ¢ <Z ngPg gi) —r°, then we obtain
. 8k
=1 "R (P)R(P)S = havo8]*sin® ¢ > da |6 sin’ by
m T (a+1)/2 where A o is the smallest nonzero eigenvalue of M€, and ¢y <
< ng Pyg; g #(t), ¢(t) € [0,7/2), due to § — 0 as t — oo as interpreted
k=1 in Fig. 1. Substituting the aforementioned inequality into (26)
m 1 (a+1)/ yields
T
< —¢ ———7, Pye 7y, a+1)/2 o
(; R ) V<= (has2 8] Sm2¢o) < gyl @)
. m (a+1)/2 where k = v(2A,, 2sin? qﬁo) . For0 < a < 1, we have 1 5 <
< Z 7l Py zk> “H < 1. It follows from Lemma 2 that V' — 0 in finite time
(2sv/n — 1)o+! (k—l ' 1f initially we have p(0) # p/. Combining this result with
(a+1)/2 Theorem 5, we conclude that p = p°© is almost globally finite
m . . . . 1— u+1
<y (Z Z' Py Zk) (25) time stable with a settlln}‘g time 7, <t.+V(t.)'" = /(k(1—
=1 } a4)) =t +2V(t) T /(k(1 - a)). =
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Simulation 2: Finite-time orientation estimation and finite-time formation control of a 12-agent system with directed orientation sensing

graph given in Fig. 2(a). (a) Orientation estimation errors. (b) Bearing error ||g — g¢|| versus time. (c) Trajectories of all agents.

VI. SIMULATION

Consider a system of twelve agents in 3-D whose bearing
sensing graph G, is given in Fig. 2(b). The formation control
objective of the system is to achieve a regular icosahedron shape
[see Fig. 2(c)]. The set of desired bearing vectors is derived from

Y 7> Whose positions of
the agents are given as follows: p; = [1,0, —7]7, p5s = [-1,
0,—7|", ps = [0,7,-1]", ps = [0, —7, —1]", py = [r, 1,
O}T’ p3 = [7_3 130]Tv Pio = [77, lvo]T’ P11 = [77—’71’0]1“’
p7 = [07 —T, ]-]T’ Py = [077—7 1]Ts Ps = [17077—]T’ and pi2 =
[—1,0,7]", where 7 = (1 ++/5)/2. In addition, Agents 1,2,
and 3 keep on rotating about their local x-,y-, and z-axes
with the same angular velocity of 0.15 rad/s, i.e., w% =
[0.15,0,0]7,w? = [0,0.15,0]",and w3 = [0, 0, 0.15], respec-
tively; orientations of the other agents are fixed.

Simulation results are provided for a formation of 12 agents
under the orientation estimation law (5) and the control law
(16) with o = 1/2 in two orientation sensing graphs G,: undi-
rected graph, which has the same architecture as the one given
in Fig. 2(b), and a rooted acyclic digraph [see Fig 2(a)]. The
formation control loop is activated at the time instant ¢ = 15 s.
The simulation results for the two formation control scenarios
are shown in Figs. 3 and 4, respectively. It can be observed that
orientations of the agents are estimated up to a coordinate rota-
tion, and the agents achieve the desired formation shape in finite
time.

i

a desired configuration, e.g., g/; = ”’”%g

VIl. CONCLUSION

In this paper, a finite-time bearing-only formation control
strategy via finite-time orientation estimation has been pre-
sented. For estimation of orientation, we proposed a finite-time
orientation estimation law and established finite-time conver-
gence of the estimated orientations for two classes of orientation
sensing graphs: 1) connected undirected graph and 2) rooted
acyclic digraph. Through rigorous analyses of almost global
stability and finite-time convergence, we proved that under the
proposed orientation estimation and formation control schemes
the desired formation shape can be almost globally achieved in
a finite time. The upper bounds on the convergence time are also
estimated.

Some remarks can be made for the future works. The orien-
tation estimation (5) and the formation control (16) might run
in parallel. However, in such scenario, the estimated orientation
error, i.e., Q°(t),t <T,,in (19) is time varying; thus, it is more
challenging to study the behaviors of the system (16), which is
left for future work. Moreover, a possible research direction is
to investigate finite-time bearing-only formation control of di-
rected formations or for autonomous agents with more general
dynamics.
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